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Introduction

Spectral theory is one of the studies in the field of algebra related to the eigenvalues and
eigenvectors of an operator in a certain space. In its development, this theory can be applied to the
study of graph theory. Spectral graphs theory examines a graph through algebraic properties such
as the presence of characteristic polynomials, eigenvalues and eigenvectors from graph
representation into a matrix. Some matrices that can represent a graph are adjacent matrix, Laplace
matrix, signless Laplace matrix, normalized Laplace matrix and seidel adjacency matrix. One of the
algebraic properties of a graph can be seen from its spectrum.

According to Biggs (1993), the graph spectrum is the arrangement of the eigenvalues of the
graph representation matrix and its multiplicity. The spectrum of a type of graph has a regular form,
but there is a spectrum of a type of graph that is irregular. One of the methods for determining the
spectrum of graph is the circulant matrix (Biggs, 1993). Thefirculant matrix is a technique to
change the adjacent graph matrix into a matrix in which the i th row elements, i = 2, 3, .., n is
obtained from the first row by rotating the first-row elements i - 1 steps to the right.

One of the important applications of the spectrum of a graph in quantum chemistry is
calculating the energy levels of electrons in hydrocarbons. Also, the stability of such molecules is
studied with the graph spectrum and corresponding eigenvectors. Meanwhile, in theoretical
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physics and quantum mechanics, spectral graph theory is used to minimize the energy of
Hamiltonian systems. [n general, physicists and chemists are interested in calculating the spectra
from a graph for certain purpose, whereas graph theorists and combinatorialists are interested
about the graph structure of a given spectra.
Theoretically, spectral graphs have been studied by Hasmawati (2008), Kristiana, et al
(2010), Nurshiami, et al (2011), and Side, et al. (2013) to determine the shape of the spectrum in
several classes of graphs. The graph spectrum that has been studied includes complete graph
spectrum, Mobius ladder graph, cycle graph and hyperoctahedral graph. Furthermore, Selvia, et. AL
(2015) determined the spectrum of simple graphs using adjacent matrices, Laplacian matrices,
signless Laplace matrices, normalized Laplace matrices and Seidel adjacency matrices. This
research investigates the algebraic properties of graphs through the spectrum of k-regular graphs

using circulant matrix.

Definitions and Notations
All the definitions and notations in this article refers to Biggs (1993) and Wilson et al. (1990).

Definition 1. Graph G is defined as a pair of sets (V, E] denoted by G = [V, E), where V is a non-empty
set of objects called vertices and E is a set of possible empty edthat connect a pair of vertices on the
graph. Ifeis the edge joining point v; with point v;, then e can be written as e = (v;, v;) where v;, v; €
V and (v;,v;) € E.

Definition 2. Two vertices v; and v; on graph G are said to be adjacent if (v, v;) is an edge on graph G.
Forany edge e = (v;,v;), edge e is said to be incident to vertex v; and vertex v;.

Definition 3. A graph is said to be regular with degree r (r-regular) if every vertex has degree r.

Definition 4. The Cartesian product of graphs G, and Gy is a new graph which is @gnoted by G =
G, X G, with the set of vertices (G) = V(G,) X V(G,), i.e. each vertex in graph G is a pair (u, v), with
u € V(G,) and v € V(G3), and two vertices (x,y) and (s,r) are adjacent in graph G if and only if x = s
and (y,r) € E(G;) ory =rand (x,5) € E(G,).

Definition 5. Prism graph is a graph can be obtained by P, x C;. The prism graph P, X C; will be
denoted by Pz,

Definition 6. An Antiprism graph A is a graph that composed ofoutm:ycle V1V ... Vs and inner cycle
UslUy ... Uy, then between the two cycles are connected by edges w;v; dan WVyi4imoas) With i =
1,2,3, ..., s. (See Figure 1 for the illustration of Antiprism graph A..

Figure 1. Antiprism graph A,
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Definition 7. Let G be a simple graph with n vertices. The adjacency matrix of graph G, denoted by
AG) = [a,;-] is a square matrix with n vertices whose elements are 0 and 1 where a;; = 1 if v;s
adjacent to v; and a;; = 0 if the v, is not adjacent to v;.

Definition 8. Circulant matrix is an n X n matrix with i-th row elements, i = 2,3, ...,n obtained from
the first row by rotating the first-row elements i — 1 steps to the right.

The general form of the circulant matrix C is as follows.

Co Cp-1 v G2 G
C1 Co  Cpna Ca
C= 4] Co
Cn-2 Cn-1
Ch-1 Cp-2 i G

The circulant matrix has the input elements in the first row. Furthermore, the elements of the
i-th row with i = 2,3,..., n arggjbtained from the elements of the row (i— 1) with the nth celumn
element as the first element of the i-th row, the i-th row element of the next column successively
obtained from the elements of the row to (i — 1) from column 1 to column to (n — 1). A graph whose
adjacency matrix can be converted into a circulant matrix is called a circulant graph (Biggs, 1993).
Definitiog} Given the graphs G = (V,E] and H = (V,E). An isomorphic graph G with graph H, denoted
by G =H, if there is a bijective mapping f:V(G) — V(H) such that ¥ (u,v) € E(G) © (f(w), f(v)) €
E(H).

Definition 10. Spectrum of a graph G, denoted by Spec(G) is the arrangement of the different
eigenvalues of the adjacent matrix A(G) and their multiplicity. For emmle, there are s different
eigenvalues  from A namely  Ag,Aq, .o, As_1 with Ag > A > >A,_4 and
m(4g), m(Ay), ..., m(A;_4) is the multiplicity of each eigenvalue, then the spectrum of graph G is

(@ (AU B . ,15_1)
Spec = .

m(dy) m(dy) .. m(d_q)

23
Proposition 1. (Biggs, 1993}.% G be a r-regular graph with n vertices, then:
1. ggy the eigenvalue of G;
2. if G is a connected regular graph, then the multiplicity of r is 1;
3. for each eigenvalue of G, then || <.

Proposition 2. (Biggs, 1993). Suppose S is a circulant matrix of size nxn whose first-row element is
[$1, 52,83, ..., Sy ], then the eigenvalues are
n

2w,
1 = Zsjw(j_ljr foreveryr =01, ..,n— 1withw = e(5),

j=1

The spectrum on prism graph (Triyani, Mashuri, Anarkis, Riyadi) 3
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Proposition 3. (Biggs, 1993). If G is a circulant graph with n vertices and the first-row element of the
adjacency matrix is [0,a,, as, ..., a,], then the eigenvalues of graph G are
. 21,
Ay = Z 20" foreveryr = 0,1,...,n — 1 withw = ().
j=2

Method
The research method used is the study of literature and journals. The steps in this study are:

1. Constructing circulant matrix of prism graph P, ;, s = 3;

2. Determining eigen value A of circulant matrix;

3. Determining multiplicity of eigen value A;

4. Investigating spectrum of prism graph P, , s = 3.

Results and Discussion

Proposition 4. If s,q4, 5 = 3 then the prism graph P, ¢ is a circulant graph.

Proof of Proposition 4. Given a prism graph P, 5y withn s;44 = 3 (See the illustration in Figure 2).
The vertex and edge set P,5) can be defined by V(Pq) ={vi|1<i<2s}and E(Ppg)=
{vivied [1Si<s—1} U {(vy,ve)} U{(viyvig) [ s+ 1<i<25—1} U {(vge1,Vas) } U
{v,viss) |1 i< s}

Figure 2. Prism graph P

Based on this definition, the form of the adjacency matrix P, ;) can be expressed as

s = Vs¥s Vg Vs Vas—2 Vgs_q Vg

Vi 0 1 0 01 1 0 .. 0 0 0
V2 |1 0 1 o o 0 1 =~ 0 0 O
v |0 1 0 0 0 0 0o 0 o0
Vs-1 |0 0 0 0 1 0 O 0 1 0
A(P(gjs)) _ Vs |1 0 0 1 0 0 © 0o 0 1
Vs+1 |1 0 0 0 0 0 1 0 0 1
Vs+2 |0 1 0 0 0 1 o0 0 0 O
Vas-2| 0 0 0 o0 0 0o 1 o0

Vzs-2/O O O =~ 1 O O O =~ 1 0
Vas 0 1 0 o 1 o

4 d  10.12928/bamme.v2i1.5129
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The adjacency matrix of a prism graph A(PZJS) is not a circulant matrix. Therefore, the prism graph
P is reconaructed so that the adjacency matrix is a circulant matrix. Prism graph reconstruction
P () is done by rotating the inner cycle graph by 180° and enlarge it to the outer cycle graph. See
graph Q(zs) in Figure 3.

Ui Ugiq

Figure 3.Graph Qzs = Py ¢

The general form of the adf&lency matrix of the graph Q, ¢is

Up Uz Uz Uy .. U Ugpy Usiz WUps 1
LW r0 0 1 0 0 1 0 0 1 0
U 10 0 0 1 0o 0 1 0o 0 1
uz {1 0 0 0 0 0 0 0 0 0
U (0 1 0 0 1 0 0 1 0 0
u 0 0 1 0 1 0 1
A(QZJS) - Us41 1

Usy2 fO 1 O O =~ 1 0 0 =~ 1

Ups2f0O O O 1 =~ 0 0 1

Us-111 0 O 0O =~ 0 0 0

Us L0 1.0 0 - 1 0 0 .. 1

The adjacency matrix of the graph Q¢ is a circulant matrix, so the prism graph P, ¢ fors,qq = 3 is
a circulant graph. [ |

Proposition 5. For 5,44 = 3, the circulant prism graph P, . has eigenvalues
2rm

Ar =2 cos (T) + (1) foreveryr=10,1,2,...,2s — 1.
Proof of Proposition 5. Based on adjacency matrix of the graph Q, ¢, the first-row element of this
matrixis[d1 az a3 .. a5y s dg41 Ag4z - dpg—p dAps-1  Azs], withs,gg = 3and
1 ,forj=3,j=s+1l,andj=2s-1
-]
0 | for other j

The spectrum on prism graph (Triyani, Mashuri, Anarkis, Riyadi) 5
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Based on Proposition 3, eigen value A, of this matrix for every r = 0,1, ...,n — 1 successively can be

determined as follows
25

A :Zajm(i—l)ﬂ

=2

2, W@ 10 4 2,010 4 3,4 D0 4y a WG 4 g @620 4 g (510 4

as+1m(s)0 +as+2m(s+1)0 +'325—2('0(25_3)0+325—1m(zs_2)0 +325m(25—1)0

=ay 0’ + 230" + 240" + - + 2 20° + 2g;0° + a,0° + 8541 0° +ag20" + o+ Az 0 +
alm‘[J + 325(.\)0

=00 +1L0’+00’+ 400 +0.0’+0.0’+1.0’+0.0++ 00"+ 1w’ +00°

=0+14+0+-4+0+0+0+1+0+~+0+1+0

=3

28
A= Z 2,011
=2

=a,0@ D4 2,00 D1 4,00 D1y pa L6 pa w64 g -1 4
as-'_1(0(5)1 + ﬂs+2m(s+l)1 4ot aZs—Zm(25_3)l + HZS_1(10(25—2)1 + azsm(25—].)1

=a0 +a30? + 23,0 + -+ a;, 00 + a0 + a0t +ag 0 +ag e +
ot Ans 0@ + 2y 10D By @D

=00 +Lw?+0.w ++0.05F +0w52 +0.05 + 1.0 + 006+ + .-+
0.0@-3) 1 1,252 4 0, @s-D

=0+w?+0+4+040+0+0+0+-+0+0@ 240

=w?+ o'+ oBw?

2T
By substituting = elzs) = cosz—: + isin z—: ,

2_1.“))25

to w?s = (e( zs =cos2m+ isin2m = 14 0 = 1, then it is obtained that

2miy? 2w g 2miy 2
)Ll: 325) +(EZS) +(325)

2.21 .. 22m 2sm . . 28T 221 . . 2.2m
=cos— +isin—+cos—+1sin— + cos— —isin
2s 25 2s 2s 2s

25
22m 251 . . 28T
=2co0s— +cos— +isin—
2s 2s 2s
2 P
=2 cos?“-% cosT+isinT
2m
=2cos—~+ (-1)+0
2m
=2 cos—+ (—1).

25
A = Z aj00~D2

j=2

= azm(Z—l)Z + a3m(3‘1)2 +a4m(4‘1)2 4ot as_zm(s‘3)2 +as_1m(s‘2)2 + asm(5‘1)2 +
as-'_1“)(5)2 + ﬂs+2m(s+ 1)2 + ot aag m(25—3)2 _@S_lm(ZS—Z)Z + az!Sm(Zs— 1)2

= a0’ +azw’ + 2,0° + - + 25,207 + a0 + a,0® ) + a0 +
854205 ot ay L0 +a o @@Y + a0

=00 +1Lo*+ 0w+ +0.0®9+0 0% +0.0% 2+ 1.0 + 0.0 ...+
0.0 + 1.0~ 4 0, w2

=0+0'+0++0+0+04+0*+0++0+ 040

= (.\J4 + mZS + m4sm—1—

6 d  10.12928/bamme.v2i1.5129
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2miy 4 2y 28 2miy 4

= E:Zs) +&25) + (E:Zs)
24m . . 24T Z2sm . . 2.25T 2.4 . . 24T
=cos—+isin—+cos—— +isin—— +cos— —1sin—
234 2252 2522 25 28 2s
AT 2sm |, . 2.25T
=2 cos— 4+ cos—— + isin—

22251'[ 2
=2 cos'T+c0521t+isin21t

=2cos%+1+0

:2(:05%—%1.

2s
=S s

=2

=a, @@"13 4 a3m(3' D3 4 a4m(4' D34y as_zm(s'3)3 + as_lm(s'2)3 + asm(5'1)3 +
as+lm(5)3 + ﬂs+2m(s+ 1)3 4ot T (.\)(25_3)3 + azs_lm(25—2)3 + azsm(25— 1)3

=a,0’ + 2308 +2,0° + - + a2, 035 +a_wC) + 2,05 +a W) 4+
as-'_2(0(3s+3) FRR aZS—Zm(GS_g) + aZs—lm(Gs_G) + HZSm(ﬁs—S)

=00+ 10+ 0.0+ 40035 +0.0% 9 4+ 0033 4+ 1,08 + 0.5+ 4 .. 4
0.5 4 1, (65-6) 4, (p(65-3)

=04+ +0++0+0+0+w* +0++0+0® % +0

=0+ w4+ 0Sws

21y © 21y 38 2mi
8 ) ()
= cosE + isir\xE + cos Z3sm + isin Z3sm + cosﬁ —1i sin@
2s 2s 252 o 2s 2s 2s

-6

2. 2.3sm s
=2 cos—zSn+ cosT+ isin

23m s
=2 cos—— +cos3m +isin3m

=2 cos% +(-1)+0
231

=2cos=—+(-1).

By substituting r = 2s — 1 then the obtained eigen value of A,5_4 as follows

25
N1 = Z a0~ D@D
=

= ﬂzm(Z—l)(ZS-l) + aBm(B-l)(ZS-l) + a4m(4—1)(25- Dyt as_zm(S-S)(ZS- D+
as_lm(s—z)(ZS—l) + ﬂsm(s—l)(ZS—l) + as+1m(s)(2s—1) + Els"_2('\)(s+1)(25—1) 4ot
325_2(.\)(25_3)(25_1) + 325—103(25_2)(25_1) + aZSm(Zs—l)(Zs—l)

— Elz00(25—1) + a3m2(25'1) + a¢m3(25'1) 4ot El5_2(1\)(252—5—6“3) + as_lm(252—5—4s+2) +
asm(252—5—25+1) + Els"_100(252—5) + ﬂs+2m(252_5+25_1) 4ot 32s-2m25(25_1)_3(25_1) +
325_1(025(25_ 1)-2(2s-1) + aZSmZS(ZS—l)—(ZS—l)

= 0.0@5 D) £ 1, 2@5-1) 4, 3@~ ;... 4 m(252—5—65+3) + O_m(252—5—4s+2) +
0. m[252—5—25+ 1) +1. ws2s-1) +0. m(252—5+25— 1) + 40 L'\:‘25(25—1)—3(25— 1) +
1. mZS(ZS— 1)-2(2s-1) +0. mZS(Zs—l)—(Zs—l)

=0+ @ D40+ +0+0+0+ @ V404 40+ @202 4
= mZ(ZS—l) + ms(Zs— 1) + st(Zs—l)m—Z(Zs—l)

2y 2(25-1) 2y, S(25—-1) 2miy —2(25-1)
L@ )

The spectrum on prism graph (Triyani, Mashuri, Anarkis, Riyadi)
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— BoS 22(2s=-1)m +isin 2.2(2&)11 4 coe 25(2s=-1)m + isin 2s(2s=-1)m 4 koe 22(2s=-1)m N
25 25 2s 25 25
s 2.2(2s-1)m
25
-2 COSZ.Z(ZZSS—I)H + cos 25(2:5—1)11 + 1sin 25(2;"— 1)m
=2 cos@ + cos(2s — 1)m + isin(2s — I)m
=2cos 2B T L (=D 4

=2 cos—z(zss-l)“ + (=1)@-1),

So that it can be concluded to find the r-th eigenvalue of the prism graph P, ; (soqq = 3) we can use
the general formula as follows

A = 2 cos (ZFT“)—%(—])‘” forallr=0,1,2,..,2s — L. n
Proposition 6. For 5,54 = 3, the spectrum of the circulant prism graph P, ; is as follow
g A A A A
Snec P. — 0 125-1 2,25=-2 5=1,5+1 s,
pecss=(7 3 5t )

Proof of Proposition 6. Based on Proposition 5, the r-th eigen value of P 5,44 =3 is
A = 2 cos (“T“) + (=1 forallr=0,1,2, .., 25 — 1.

Therefore, the graph spectrum P(35) is sought successively for each value of s as follows

(1) Spectrum of Py
Eigen values P, 3) withs = 3 andr = 0,1,2, ...,5 it is obtained Ay = 3 with multiplicity 1, A; =
As, A, = A4 and A;=1 with multiplicity 1.

SPECPZSZ(?;-D ?k;,s ?t;,“r ?;Ci)

(2) Spectrum of Py g

Eigen values Q25 withs =5and r = 0,1,2, ...,9, it is obtained

Ay A A A A A
S p.=("0 1,9 2.8 3,7 4,6 5
Pec T2 ( 1 2 2 2 2 1 )

(3) Graph spectrum P, 7y withs = 7and r=0,1,2,...,13, it is obtained

Spec P, = (7\0 Maz Aziz Azir Ao Ase Agg 17)

’ 1 2 2 2 2 2 2 1

Based on these results, it is obtained that the circulant prism graph P, (sqqg = 3) has (s + 1)
different eigen values. The eigenvalue pattern is different from each graph P, is X, = 3 with
multiplicity 1, A = 1 with multiplicity 1, and other eigenvalues obtained by finding the eigenvalues
A1 Ay, oo, Agq with multiplicity 2. So it can be concluded that the general shape of the prism
spectrum graph P, g, for s,4q4 = 3 obtained from the different eigenvalues and their multiplicity,

Ao 7\1,25-1 7\2#25—2 As—l,s+1 ;\s)
1

namely: Spec Py s = ( 2 2 3 L)

[

anlusion

Based on the results of the discussion, the following conclusions are obtained:

(1) Prism graph P, ) is a circulant graph;

(2) Prism graph is a regular graph of maximum degree 3 with one of its eigenvalues is 3 with a
multiplicity of 1;

(3) Prism graph P,y with 5,44 = 3 is a circulant graph with

Ao Aizs—1 Azzs—z - As A
Spec P = (10 1,225 1 2,225 2 5 ;,5+1 15)

8 d  10.12928/bamme.v2i1.5129
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