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ABSTRACT
In the classical inference, the obsewed sample data is the only source of information. TheBayesian inferential methods rsure prior distribution of trr" *a"rry,rg modelparameters to combine with sampre dau. often non-sample prior information (NSpI) onthe value of the model pa.ameterl is availabre from previous srudies or expert rnowredgewhich could be used 
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2 lmproving Statisaical Infercnce With Unccflain Non-Samplc prior Information

r INTRODUCTION

Statistical int'erence uses both sample and non-sample inlbrmation. Ctassical
infcrcnce uses only the sample data for estimation and test of hypothescs, Baycsian
methods uses sample data ard prior disEibutior of the model paramete$. The notion of
inclusion ofnon-sample prior information (NSPI) on the value of model parameters has
been introduccd to 'improve' fie quality ofstatistical inference. Thc naturai cxpccration is
that the hclusion ofadditional information would rcsurt io a better estimator a,,d test with
relevant statistical propertiss. In some cases this may be true, but in ma[y other cases the
risk ofworse consequcnccs can not bc ruled out.

A number of estimators have been introduced in the literature that uses NSPI and,
undcr particular situation, oyer pcrforms lhc traditional exclusive sample information
based unbiased estfuDaton when judgcd by crileria such as the mean square error and
squared error loss firnction.

In many studics the rescarchcrs estimatc thc slope parametcr ofthe rcgrcssion model.
However, the estimation ofthe intercept panmeter is more difficult than [at ofthe slope
parameter. This is because the estimator of the slope parameter is required in tire
esfimatiotr ofthe intercept pammeter. Khar et al. (2002J studied the improved estimation
of the slope parameter for the linear regression model. They introduced the coeiiicient of
distrust on the belief of Oe null hypothesis, and hcorpomted this coeflicient in rhe
definition and analysis ofthe esrimators.

Io receot time (e.g. Ktrar aod pratikno, 2013; yunus atrd Khao, 2008, 2010, 201la,b)
scvcral saudies used NSPI on the slope of a rcgression modcl to (cst thc interccpi
palam:ter. Yurus (2010) applied the NSPI in the testing regime using M+est along rhe
line of Humbels M-estimatiotr. pratikno (2012) stuOia 

-tne 
pararn'etric test for the

inlerccpt paramcrcr using NSpl hformation on Oc slopc oldiffcrint rcgrcssion models.

_, In general the 
_NSPI 

on rh,e slop€ is uncenain and may falt into one of the fo[owing
tbrce categories: 1i) unspecified. no information available, (ii) specified, correct value
known, and (iii) specified wirh uncenainty

This paper providcs altemativc esl.imators alrd tcsts of the intercept parameter whcn
NSPI on the slopc of the simplc lincar regression modcl is availablc. ihis includc thc
unrestricted (UE). resricted (RE), preliminary test (pTE) estimators as well as the
yr:smcled (UT), resrricted (RT) and pre-test (pT-t) tests of tbe intercepr parameter.
Slatistical propqties of thcse cstimators and rcsB arc iDvcsrigated both an;lyiically and
graphically. Motivation for a real life application oftest for th; intercept is fouod in Ketrt
(2009).

Studies in the area ofthe estimation include Baocroft (19.14), Han and Baocroft (1968),

_S;tove_91.{ 
(1972), Saleh and Sen (1978, 1985), Judge and lioct trsisl, Stet (resr;,

Khao (1998, 2003, 2008), Chiouand Saleh (2002), Sa[h (2006), Khan -a Suf.U 1rOoi,200.1, 2$5\ Salel (2006), Khan et at (2C/i/2, 2oO5), Noque ei at. 1ZOoD. rhe rcsdng
p]:fllr..h* hT _--r*t!,gl!"d by Tamura (1965), Saleh atld Sen (1978, iors;, v*,,i
(2U10), Yunus and Khar (2008, 201 la,b), pratikno (2012) and Khan al1d hatikoo (2013).
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The next sectiotr introduces the model and definition of the unrestricted estimaton of
oando2.The oree altemative estimators are defrned in Sectioo3 along with Ihet
properties. The three tests and their power aualyses are provided in Section 4_ Some
concluding remarks are given in section 5.

2 THE MODEL AND SOME PRELTMTNARIES

Thc r intependently and identically distributed responses from a linear regression
model can be expressed by the equation

y=01, +pr+e, (2.1)
Where y and x are the columr vecto$ ofresponse and explauatory variables respectively,
l, = 0,. .., l)' - a vector of z-tuple of l,s,oand p are the unlmowu intercept and slope
parameteE respectively and e=(et,....e,), is a vector of enors with independent

components which is distributed as 1V,,(0, o2l,y. So that ,(e) = O utd E(ee')=c2.,
where o2 is the variance of each of the error component n eand l, is the idsntity
mafix oforder r.

Assume that uncenaio NSPI oD the yalue of p is available, either from previous study
or fiom practical experience of the rescarcheE or experts. Let the NSPI b€ expressed in
the form of llo : p = 0 which may be true, but not sure. We wish to incorporate both the
sample information and the uncertair NSpl in estimating and rc$ing the intercepto.
Following Khan et al (2M2) we assign a coeflicient of distrust, 0 < d I I , for the NSpI,
that represerts the degree ofdistrust fu the null hypothesis.

T\e unresrricted $le of the slope p and intercept 0 are giyen by

i1=1x'x)-t x'y ana 6=y-p;, e.z)
._l

Where .r = -

i=et"+9,

2.xi ^dr=*\y,. rhe mle of o2is sj2 =Lrtr- il.{r- }), rto"

Howevcr, sj = frg - il' <t - il ;,
unbiased foro2. To remove the unce ainty from the NSpl, we perform an appropnate
statistical test ou llo:p=pragainst H,:g+Fo. Here the appropriate test is giver by

I

Z, = S,-'SlG - P, ). Under theIl,,Z,.. follows a non-cenlral Student-t distribution with
v = (z - 2) df and non-centrality parametera2 = o-2S; (p _po)2 ,

3 AITERNATIVE ESTIMATORS OF INTERCEPT
ln this scction wc dcfine thc altemative cstimators ofthc intqcept and investigatc itspropcnies-

This cstimator is biascd foro2



4 Improying Statistical')nference With Uncertain Non-Sample Prior Information

3,1The Esrl orors

The UE, RE and PTE of 0 are given by

eE = y -Br- (3.1)

om(d) =do+0-dP, o<a<t e.2)
0ru1a1 = gru;17y11p < 4)+6/(F > 4 )

=6+610-4r(r<r'"). (3.3)
The bias of lhe estimalors are obtained as (cfHoque er al_ 2006)

BrtdG(d)l = o (3.4)

4to*(d)l= s-{'2io(r-d)A (3.5)

,3[ere(d)] = (l-a;rpq.,(3-r4;A2), (3.6)

where G,,.,, ( ;42) is the c.d.f- of anon-central Fdistribution with (z,,nr) df and non-

certrality parameter A2 which is the departure constqnt from the null_hypothesis.
Among the three estimators, the UE is rhe only unbiased estimator.
The mean squared errors (MSE) ofthe estimators b€come

Miswlo= dH e.7)
M2tore(d)l =o'la,n *(-qrs-)tr*f (3.s)

ur1$nE la11= js + s*ro:;, 
[a, {zO - Acl"e-t L.:^2)

-(t-d2)c5."6n F.:a'?;)-6 - a,;q,,.1lr q;a')], (3.e)

w5ers a = {z-t +s;l;2} .

Thc relative efficiency ofthe pTE relative to the UE and RE is

RE[oPE(4:6u] = alr+s*'r,o,g1ary]-r (3.10)

and

REIePm(d): eE(d)'1=la, u *g-il, trsl?l
,fa+sl;'?g1a'?t]-r (3 ll)

respectively, where

c(L2 ) = L2 lz(t - d)G3."(3-r4;ar)-0 -dr)c5..(5r4;Ar))
1t-dr)c3.,.(3rq;a2). (3.12)

- . -'The 
bias, MSE ard relative elnciency functions of the estimators car be analyzed for

}T:::I_I-:,X :,f " TS ^ Tg thelcrformarces or tn" 
"sti-uion "iuJo" "ornpur"oaccoromgly. Graphs ofthe relative efficiercy ofthe pTE is given in Figure l.
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4 TIIR.EE TESTS OF INTERCEFT
In this section we defire three alicmative t€sts of the itrtercept atrd investigate tbeir

properties.

To rcmovc 0re uncertainty in thc NSpl onp, wc perform a prctest (pT) on
Hi ,0 = 0o before restirg on the intercept. Let 6Pr be the rest firctiotr for Fetestiog
1/i'0=Po (a suspected coDstanr) agatustr4:p*Bo. tf the F/; is rejected in the pT,
then tbe UT is used ro lesr the irlerccpr, otherwise lhe RT is used. The appropnate rest
sratistic for rhe pT is fn = s;r(0_go trE _ r,_u.

_ l-t1o
* uE(o-0.05)
-.- nE(a=0.05)
+ UE(a{.15)

- 
RE(a.O.tS)

-,1
- 

UE(o=o 05)
.-.* RE(q=0-05)
+ UE(q=o.15)

- RE(c-0.15)

I

1

1

5 10



6 lmproying Slatistical Infcrcnce WiO Unccnain Non-Sample Prior lnformation

4l fhrce Tes, Sladslics

Under the three sceuarios on I thc UT, RT and PTT for testhg Ho :0 = 0o ftnown
corstant) against Ho:0*0o are defrncd as follows:

(i) 0r= test function and ?ur is the lest statistic when p is unspecified,

(ii) fxr = test firnction and fir is the test statistic when p = po is specified and

(iii) OPTa = test function aad Itr is the test statistic following a PT oa I/i when
p = po is unceltaio.

The &s1 slatistics are obrained as

rtr=(6-00)/.rr(6)=J;(r-6x-e0)[s,.tr*s;rxry1-i (4.1)

7tr = 1e-eoyrsr{ey"7" =.Q:$} =,;,.,61r -eo'1 - r,-,, (4.2)
s' / '!n

wherel'u - t,-2 , utd s,? : )rLtv, 
.'tt. Ler us choose a posirive number

crr,(O < cr, <1, for j=1,2,3; then lel ro_2.o/ be such thar p(2"t, >r, ,.",tie=eo)=c,,
r(rRr > r,-r.,,0e =oo)= c,, and

f (f Pr > t, 
- r.,,0 9 =09 ) = os. Then,Ure f TT foiesting fl. : 0 = 0, when p = Bo is

uncertain is giveD by the lest fulction

L if(TPr < r*2.o,,TRr > t-Lo,

or(TP't > tn-r.o,,Tur > r*r.o,

0, otherwise.

4.2 Properdcs o! thc Tes,s

Let {i(, } be a sequence ofattemative hypo&eses defined as
/^ \K,:(o-eo,p-po)=l+,t't l=n 

urL. 
@.4)\.ln '!n )

llr'llgrs1= (1,,,I2) is a vector of fixed real numbers a[d e is the hue value of the
interccpt. Undel ,l(,,(e - 0o) * O and under}1o,(O_ 00 ) = o.

Nole that fr and Im are correlated, but lir aud lnr are uncorrelated (but trot
independent). Thejoinr distribution of the I{D andf{ is 1tltn ,T{r 1, 

_ r,_r, a bivariate

o
)

) (4.3)
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Student-, distribution with (n-2)df and corelation

c-1rr* ,r{ 1=\'-1!.E (cf.. Korz and Nadaraiah, 2oo4).(n-4)

The power functions ofthe tess are given by
rcw 11t1= P17tr , q,,,-r0x,1

=FP(rla <e,,-24.t-t)

ttRr 1x1= e(7nr ,6,.,-,0x,)

= p(rf', L,.,-, - Ji(te-eoi+tF-Box)";')

to,-,-, -)r"rk 
t,p*O

7

coelnciert p with

(4.5)

(4.7)

=r P(T{r < e,.,-t .Lt +1\2-Xs;,) t+.ol

"m 1x1 = e(rn < 4_rn,,TBr > t,_,..) +e(rn > q_r..,,Tw > t,_r.,,)

t,-r.,, - x,ti -1sl nl1 ,t,^,.,_, -t ,k-t ,p * o

vq
S, J,

(l,r + l,2X)
1,2 o/oto.,.,'.1-

(- -r)
= 4, 

f,-r.", 
- r, Js- ls,':n I z ,ro,.,-, -s;r{i., + l.rxl.o = o_f

.orrl
]

,, =.}

^.€'s"J,

= 0.1,,-,.,. -
t

*0,{,*,,,,-

J,,

whcrc t = S, (l + rx?s;i ), dro and./2p arc bivariatc Studcnt,s I probabiliry intcgrals.

Hcre d,o is dcfined as ar, = J"-*[i 1{tPr ,tR )dr drr, ,

" =1,,-,.,,-^, -f,.'El-." = f,,-, ". - 
r, * r,r 

l, -aL J"V'I L ,, ]
d2p is dclined as

v+2r
dzp(a, b,p) -_ ), tt

in which -l < p < I is the conelation coelficient between the Tq , Tn arrd

t =1t,,,-, -x, rt).

.(;)^u;
v+2

,*(r' * y_' -?w)fi a,ay,v(r_p-) l

2
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The power curves of thc PTT for differcnl valucs of p is providcd in Figrnc 3

Poi!.ar0ro PTT Fo6r oltr pTT

0

9

q

l<j
Ir

dt.

i

:

lct

Ir
at

e

q

ld&r

5t013
1,. p - o,r. o.',0.7, 0.9

ttolS?0
r. . c - 0. l. 0,!, -O.1. -0-5

20 0

Po'r6r ot fhe PTT si2o c, ttb PTT

o.0 02 0.a o.e o.r

p,lr. t. a a. s

r0 0 5l015m
l"

Figure 3: The power curre of the pTT agaiost 1.2, atrd its power and size c[rves
against p .

5 CONCLUDING REMARKS

. In pmcticc, the NSpl is obtainc{ from cxpcrt knowlcdge or prcvious studics, andhence the value of the parameter ayailable from prior informitlon iJe*pJi"a to Ue 
"foseto its true value and rhe degree ofdistrust o, ,n" ,rir tyfiGoi, i, ,"i,y"ii"ry ,o u" .ror"to0

Based on thc above analvses_ ir is evjdelt thar the power ofthe RT is always higher
lT,*,":tq: ,T -d pTT,_aad the power otrtre pri[es Uetweeo tie po*", or *,e nraflo ul for a[ values of ].,.i.randp. The size ofthe u"r is smaller than that ofthe RT
ard PTT.

/
I
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Of the three tesb, rhe RT has the maximum power and size, and the UT has minimum
power and size. So none of them is achieving the highest power and lowest size- Bnt tbe
PTT protects against maximum size of the RT and minimum power of the UT.AS
1", -+ 0 the difference between the power ofthe PTT and RT diminishes for all values of
),2 -+ 0 . That its, if the NSPI is accurate the power ofthe PTT is about the same as that
of the RT. Moreover, the power of rhe PTT ges closer to thar of rhe RT asp -+ l If
p =l then the power ofthe PTT matches witb that of the RT. Thus if there is a high (near

l) corelation betwe€n the I@andlPrthe power ofthe pfi is very close to that ofthe
RT
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