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This article pruposes the singly and dorubly conelated bivarinte noncentralF (BNCF)
distibutions. The prubability density function (pdf) 

""d 
the cumul.otive distibution

funttion (cdfi of the distibutions are deived for arbitrary values of the paratneters.
The pdf and cdf of the ilisrributions for d.Wrent arbitrary values oJ the paruneters are
computed" and their graphs are plotted by witing and implemcnting new R codes. An
application oI the conelated BNCF disnibution is illustrated, in the computations of thc
powerfiarction ofthe pre-te testfor the multiyariate simple reqression model (MSRM).

Keywords Bivariate noncentral chi-square distribution; Compounding distribution;
Correlated bivariare norrcentral F distribution; Notrcentrality parameter; Pou,er function;
Prc-test test

Mathematics Subject Classification Primary 62H10; Secondary 60E05

1. Introduction

The bivariate central F (BCF) distribution has been studied by many authors, including
Krishnaiah (1965a), Amos and Bulgren (1972), Schuurmann er al. (1975), Johnson et al.
(1995), and El-Bassiouny and lones (20@). Knshnaiah (1965b) described rhe use of
the BCF distribution in a problem of simultaneous statistical inference. Krishnaiah and
Armitage (1965) later studied the multivariate central F distribution. Hewett and Bulgren
(1971) studied the prediction interval for failure times in certain life testing experiments
using the multivariate central F distribution.

Many authors have also studied the univariate noncentral F distribution, including
Mudholkar et al. ( 1976), Muirhead (1982), Johnson et al. (1995), and Shao (2005). Johnson

Received July 1 , 2O1 3; AccsprEd D€csmbcr I I , 201 4
Address corresp,ondence to Rossita M. Yunus, Faculty of Science, Instihrt€ of Mathematicat

Sciences, University of Malaya 50603, Kuala Lumpur, Malaysia; E-mail: rossita@um.edu.my
Color versions of one or morc of the figures in the article can be found online at

www.tandfonline.com/lssp.
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et al. (1995) Fovided the definition of the univariate noncentral F distribution known as

the srngly noncentral F distribution. The authors also described the doubly noncenffal F
distribution with (u1, u2) degrees of freedom and noncentrality parameters r,l and ),2 as the
ratio of two independent noncenrral chi-square variables, X;:(fr)/ut a\d, X;(L2) /v2. Tiktr,
(1966) proposed an approximation to the multivariate noncentral F distribution.

In the study of improving the power of a statistical test by pre-testing the uncertain
nonsample prior irformation (lt{SPf) on the value ofa set of parameters (see Saleh and Sen,

1983; Yunus and Khan, 201 1a), the cdf of a bivariate noncentral chi-square distribution is
used to compute the power function of the test. For large sample studies, the cdf of the
bivariate noncentral chi-square (BNCC) distribution is used to compute the power function
of the test for testing one subset of regression parameters after pre-testing on another subset
of parameters of a multivariate simple regression model (MSRM; see Saleh and Sen, 1983;
Yunus and Khan, 201 I a). For small sample sizes, the computation of the power function and
the size of the test after a pre-test (PI) requires the cdf of a correlated bivariate noncentral F
(BNCF) distribution, which has not been reported in the fiterature because unlike those for
the bivariate central F (BCF) distribution, the formulae for the pdf and cdf of the correlated
BNCF distribution are more complex; hence, there are no easy computational formulae
available. As such, no statistical packages include this distribution.

Yunus and Khan (20l lb) derived the bivariate noncentral chi-square (BNCC) dis-
tribution by compounding the Poisson distribution with the correlated bivariate central
chi-square distribution, aiming to compute the power function of the test after pre-Gsting.
Therefore, using the same method of derivation, we derive the pdf and cdf of the sizgly
and doubly correlated BNCF distributions in this article. The doubly conelated. BNCF is
defind by mixing the correlated BNCC distribution with an independent central chi-square
distribution. This definition allows for two noncentrality parameters from the two correlated
noncentral chi-square variables in the numerator of the noncentral F variables. Additionally,
by compounding the BCF and Poisson distributions, we derive the singl) correlated BNCF
distribution. This form of the BNCF distribution has only one noncentrality parameter.
We e[so propose the computational formulae of the pdf and cdf of the correlated BNCF
distribution and illustrate their application in the derivation of the power function of the
pre-test test (PTT) (for details on the PTT, see Khan and Pratikno, 2013). The R codes are

written to compute the values of the pdf and cdf of the correlated BNCF distribution and
the power curve of the PTT of the MSRM. ln addition to suggesting the computational
formulae, we also compute and tabulate the critical values of the distribution for selected
values of the parameters and significance levels using the R codes-

The next section derives the expression for the pdf and cdf of the correlated BNCF
distribution. The computational method and graphical presentation ofthe pdfand cdf and the
critical values of the correlated BNCF distribution for diffetent values of the noncentrality
parameter are presented in Section 3. An application of the BNCF distribution to the power
function of the PTT is discussed in Section 4, and concluding remarks are provided in
Section 5.

2. The Bivariate Noncentral F Distribution

In this section, the cdfs of the sirlgly and doubly correlated bivariate noncentral F distribu-
tions are obcained using the compounding ofdistributions technique. The doubly correlated
BNCF is obtained by compounding the correlated BNCC distribution with an indepen-
dent central chi-square distribution, thus allowing for two noncentrality parameters and
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a correlation coefficient parameter. Additionally, by compounding the BCF and Poisson
distributions, the srng/y correlated BNCF distribution is derived. This form of the BNCF
distribution has only one noncent ality parameter and a correlation coemcient parameter.

2.1 The Singly Conelaled Bivariate Noncentral F Distributian

Let a random variable X;, i : l, 2 follow an F distribution with (vi, u2) degrees of freedom,
and let another random variable R follow a Poisson distribution with mean 7. The proposed

srngly correlated BNCF distribution is an extension of the univariate noncentral F distri-
bution introduced by Krishnaiah (1965a) and Johrson et al. (1995) for the bivariate case.

The pdf of Ore singly BNCF distribution with noncentrality parameter l and correlation p
is defined as

i
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f (4, x2, v,, v2, fi(x1, x2, v,, v2), (2.1)

where fy(x1, x2, u,, u2) is the pdf of a BCF distribution with v, md, v2 degrees of freedom
in which u. : ul + 2r, that is,

-,:iery)

ul/'(t - p2)(v, +Lrt /2 / p2il(v, + (v212) + 2j)\
\ jtrttu./zi + jl )fr(xt, xz, v,, v2) : u!' *2j

X (

t(v,/2)t(vz/2)

('r'r)(
lu21l - p2) + et(\ + x2)fu,+("212'r+2i

!, /2)+ j-l

Note that the density function of the srzgly correlated BNCF disributioo is obtained by
compounding the BCF distribution with the Poisson probabilities.

Therefore, the cdf of the singJy correlated BNCF distribution is defined as

P(-) - P(Xt < d, Xz < d, v,, w, ),)

=Dery)'*''o X2 < d, vr, v2), (2.2)

where

Pz(X r <d,X2<d,V,v2):

and I.;, is defined as

/ (l - p2)"'/2 \
\rp, /z\t(vz/2) ) T / p2it(u, + (v2/2) + 2j)\

\ itr(rr,/zr + ji )

h, (drxr10, /21+i' r 6rrOr,
(1 ! 4 ! ar)v'+(w/z)+2i

Li,

,,,= 
lr'' l"

with h, : -jY'-.' w\t- p" )
For the computation of the value of the cdf of the siagly correlated BNCF distribution,

R codes are used. To make the computations easieq we represent the formula of the cdf of

3493
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the singly corrclated BNCF distribution in Eq. (2.2) as the sum of infinite series as follows:

Po:i(#) (#ffi)2€#ffi?),,
/ pzt(u, + (u/z) + 2)\
\ rrrt1,,7zl+ rr ,/

Lr*""''Lo, *

T,[Ho,Lo, + HvLv * Hz, Lu *

T,HuLa +T,HbLt, !T,HyLy + ......

- [TyH6L6 * ToHroLrc * ToHzoLx + .' ..--]

* [TlHuLu * TrHtLt * TtHzrlzr + ......]
*fTzHozLm I T2H2Lp * TzHzzLzz + . .....1

-J-.-....

"[(+#83)i
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Ho,
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a.l

v
(l
d.F
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(2.3)

where

and P6 is defined as

(#)(
1r(,1x, + (u/2))

0 - p\"'/2
t(v, /2)t(vz/2) )

Ht, _ p2lO,, + (vz/2) + 2)

M((u,/2) + l)

L66

0!r((u./2))

,. p4t@, + (vz/z) + 4\
- 2!l((v,/2) + 2)

P6 lf,n*b:Io4ry'Lim*T1Hs1Lsl *T2Ho2Lsz+......, tbr j - Q,

:( +"##;( I f(ur + u2l2)\
o!r@/4 )

e-\/2 (+l'- x
(l - p2Y'121'

+ )t+*=*l Lor *1 r((u1 +2)/2)l(v2/2\

(2.4)

Similarly, we obtain rhe expressions for p1 = li=sT,Hblb, p2 
-_ DZ'T, H2, L2, and

so on. Finally, we write

I

PC): Po *Pr* Pz*pr*. .. :I",
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Some properties of the sing/y correlated BNCF distribution are given as follows:

(i) Note that fi(-r1, 12, u,, u2) in Eq. (2.1) is a pdf of a BCF distribution with u, and u2

degrees of freedom; hence, If, Ir7 fr|r, rr, v,, v2)d4dx2 = lima-*- pz(X r <
d, X.z < d) in Eq. (2-2) is equal to one. Furthermore ,7a^e-v24/2'Y : l. Thus,
it can be easily observed that /o* ff f @t,xz,v,,v2,),)dxtdx2:1.

(ii) Because fi(r1,x2.v,,v2)is a pdf of a BCF, /r(.) > 0. It is noted rhat rhe quanrity
e-tl2l1!2)i"-=i.a is always posirive. Therefore, "f( ) > 0.

(iii) From Eq. (2.1), the central case of the bivariate F disrribution proposed by Krish-
naiah (1965a) is a special case of the singly correlated BNCF distribution when
the noncentrality parameter, ),, is equal to zero.

2.2 The Doubty Conelafed Bivariate Noncentral F Distribution

Let the random variables (xr, Xz) jointly follow a correlated BNCC distribution with rz
degrees of freedom, noncentrality parafiIeters 01 and 02, and a correlation coefficient p,
and let the random variable Z follow a cenrral chi-square distribution with n degrees of
freedom. we propose the cdf of the doubly correlated BNCF by compounding ihe two
aforementioned distri butions.

The pdf of the correlated BNCC variables Xl and X2 proposed by yunus and Khan
(201lb) is given by

\o

tro

\o

*?
ctO

v
d
(n'=
?
(,

E
'13q).6
e

>
t-.1

B(xr.x): ff Dtort<, - p2yr2r6p+ 1)

(2.5)

and the pdf of a central chi-square variable Z with z degrees of freedom is given by

,(n/2\-t r-z/2lk)= vare,lz)'
where Z is independent of X1 and X2.

Thereforc, the random variables (Y1 , I2), where

u Xi/m
"- z/n' for i = 1,2,

(2.6)

(2.7\

have a joint cdf given by

EI.:P(y1 <a,y2<b): 
l* fUl g(xt, x)dxdxzdz. (2.8)



The distribution function given in F4. (2.8) is the cdf of the proposed doubly colrelated
BNCF distribution with m and z degrees of freedom, noncentrality parameters pl and 02,
and correlation coefficient p.

In addition, Eq. (2.8) can be expressed as the following sum of infinite series

P(Y1 < a, Y2 < b) : (r - p\7_4"!. 
E ? pzi r2s,, t, By

,e-e'/2(0_, /2),' e-s,/z(0r/Z),, 
, (2.g)

rr ! rzl
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Here, y(cu, *) - !{ e-r ta-t dt and f(cu) : [f, e-r l--r dt.
To ease the computational difficulties of the cdf, we use the following form of 12 given

by Amos md Bulgren (1972),

Iz@j,e, il - I,(."t, fl) _53ffi#

" 8f13,'k'Ir-v(r * fl *ar.a), (2.10)

u = cr/(l + cr), 1-y-(1 *c)/(t + ct+ cz),

I,-#+#dz:Iz@'n) and

are the regularized beta llrncrions, with cv > 0,8 > 0,x: c/(ltc),andl_x: l/(1*c).
See the Appendix for the pdf of the iloubry conelated, BNCF distribution, which is

derived using the transformation of variables method.
some properties of the doubly conelated BNCF distribution are given as follows:

(i) From Eq. (2.9), we fi nd that F1(a, b; r 1, 12) - ( - pz)i li_, G! p2 i t 1a,, t, B 1

is the cdf of a BCF distribution (Amos and Bulgren'iSZll; tf,ur, Atr, Al
approacbes I as both a and b^ go to jnfr]rnty. It js clear that both quaatities

D:-4t#1u: ard II=o 1+'t are equal to one. It follows that the cdf
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of the tloubly correlated BNCF distribution approaches I as both a and b go to
infinity.

(ii) When a and b are zero, it is easy to show that the cdf of the doubly correlated
BNCF is zero.

(iii) Note that F1 (a, D) is an increasing function because it is a cdf of a BCF distribution.
It follows that the cdf of the doubly correlated BNCF distribution is also an
increasing function.

(iv) As 6 approaches infinity, y(c2, c2z) : f(o2) throush c2 : bm/n(l - p2), and the
second term on the right-hand side of Eq. (2.10) becomes zero because I - y
approaches zero as b goes to infinity. Funher simplifications yield the following
marginal distribution function:

np-r.

\o

a.l

bn

\o
.+

c\

v
(!

a

-
.(,
.6o

o

Lt y, 1m/2+n,n/z)
e-o'/2(Ot /2).

rr!
: F(y;m, n,9t), Q.tt)

which is the cdf of the noncentral F distribution of y1 , with noncentrality parameter
01 and degrees of freedom z and n - In the same manner, the marginal distribution
function for Y2 can be deived-

(v) The central F distribution can be obtained fiom the noncentral distribution if the
noncentrality parameters, $ and 02, are equal to 0. Because rl and 12 are both
zero, we rewrite (2.9) as

P(Yy 3 a. y2 < b) : (t - p2)i i.9! p4 tr<a,. e. pl
-j=t lt

with

with

a= . (2.12)(
am bm

(l - p2)n' (1 - p2\n
mm
i+j'r+j) ( )

Thus, we arrive at the central correlated bivariate F distribution proposed by Amos
and Bulgren (1972) after allowing both noncentrality parameters equal zero in the
do u b ly corr elated BNCF di stribution.

(vi) For p -- 0, which implies j = 0, we write Eq. (2.9) as

p(\ < a,y2 < b) : f f ata, ;, fl e-q P (e | / 2),' e-k /2 
@2 / 2),2

rt\. rZ\

+) a: mm
2 * "'r+"

am

n
,: (

n
P=a ( )

(2.13)

(2.14)

It can be observed that Y1 and Y2 are not independent, although the correlation
coefficient between Y1 and 72 is zero. In other words, the doubly correlated BNCF
can have a zero co*elation, but the marginal distributions do not support statistical
independence.
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Figure l. The pdf of the sin8ly conelated bivariate noncentral F distribution.

3. Computution of the PDF and CDF

To compute the values of the pdf and cdf of the BNCF distributions, R codes are written.
The R package is also used for the graphical represenration of the pdf and cdf. The pdf
of the singly BNCF distribution is computed using Eq. (2.1) and ploned in Fig. 1. The
graph in Fig. l(iii) has a wider spread than thar in Fig. l(i) due to the smaller value of u1.

Comparing Fig. l(i) and l(iv), lhe spread of the distribution in Fig. I(iv) decreases due
to the increase in the value of the noncentrality parameter. As the value of p increases,
the spread of the distribution decreases and the pdf shrinks, as shown in Fig. l(ii). For the
doubly correlxed BNCF distribution, the pdf is calculated using Eq. (A.4) and plotted in
Fig. 2. The graphs in Fig. 2 show properties similar ro those shown in Fig. I but with varying
probabilities.

To compute the cdf of the srngly correlated BNCF distribution in Eq. (2.3), we choose
arbitrary values of the degrees of freedom (u1, u2), noncenrality parameter (I), correlation
coefficient (p), and upper limit (d) ofthe variable. Figure 3 shows that the cdfofthe srngly
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FiguE 2. The pdf of the doubly correlated bivariate noncentral F distribution.

1z

correlated BNCF distribution increases as the value of any of the parameters, namely, the
degrees of freedom u1 (for fixed v), ),, or d, increases.

The cdf ot the doubly correlated BNCF distribution is computed using Eq. (2.) for ar-

bitrary degrees of freedom (rz, n ), noncentrality parameters (0r,02), correlation coefficient
(p), and upper limit (a : b: d). T\e gaphs of the cdf of the doubly correlated BNCF
distribution are presented in Fig. 4. Interestingly, the cdf curve approaches I more rapidly
for a larger correlation coefficient (see Fig. 4(i)), a smaller noncentrality parameter (see

Fig. a(ii)), and a greater number of degrees of freedom (m, n) (see Fig. 4(iii) and 4(iv)).
Figure 4 shows that the shape of the cdfcurve is sigmoidal, which depends on the values of
the noncentrality parameters (01 , 02), degrees of freedom (m, n), and correlation coefficient
(p). Tablexs 1 and 2 provide the values of d for different values of m, n, fi,02, and a, where

I,
P(Yt<d,Yr.al= 
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Figure 3. The cdf of the singty correlated BNCF distribution with arbitrary values of p, ),, yr , and
Dz

for the case in which p : Q.J.

4. Application to the Power Function ot the pTT

To test the null hypothesis on the intercepr vector H6 : f.o: Bm (given known vector)
against Hu : 0o > i,a in the multivariate simple regression rnodel

!i:Bo*0ii*ei, (4.1)

(for details, see Khan, 2006) when there is nonsample prior information on the slope vector
p,' the test statistic follows a correlated bivariate F distribution. The ultimate test on Hs
is called the pre-test test (P-IT) because it depends on the outcome of the pre-test on the
suspected slope, that is, II,f : Fr: |..t (see Khan and hatikno, 2013). The cdf of the
doubly conelated BNCF distribution is involved in the formula for the power function of
the PTT. To illustate the method, we conduct a simulation study by gineraring random
data using the R package.

The explanatory variable (-r) is generated from the uniform distribution between 0
and l. The error vector (c) is generated from a p:3 dimensional multivariate normal
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Figure 4. The cdf of the doubly correlated BNCF disaibution with arbitraqr values of p, 01, rz, and
n.

to:1- F't.F,:Di:, (J -rx'r-i) ,;: II:r x;/n,and j:Di:tyi/n

distribution with p : 0 and ! - o213, where.I3 is the identity matrix of order 3. Then,
the dependent variable (y; ) is determined Ay y1 : po + frlrx + et fot p'o: 3 and pr : 1.5.

Similarly, y2 and y3 are determined by y2 : Bo + fl'rx + ez for po : 5 and B', :2.5 and by
yr: pli' + pix*qfor pi :Aarrrd fi : 3. For each of the three cases, n:20random
variates are generated.

Considering the three cases (i) unspecified p1, (ii) specified p1, and (iii) uncertain
pdor information on 8,, we define the unrestricted" restricted. and pte-test test statistics
asfollows: Iw: fi-,(.r; -x)21(Fo- fln)'i-'(Fo- fm)1,7m = Il=,(ri -t)'?(, -
g roz - f *y f-, (y - fi rcx - 0 ,;1l, and rPr : II=r (rr - t)2tt1 r - f ,o)' i - I (d, - f ,o )1,

respecrively.Here.f -r : .-l Dt,U,- io-f .l,i)Oi-i)o-P1x,)'.wherefio: !-f rci,n-p 1

Under H, : Fo > f m, Tu and Im follow a no{rcentral F distribution with (p, n - p)
degrees of freedom and noncentrality parameters A?/2 and Ll/2, respectively, where Al :
II=r(r,-i)2t(po-f.)'t-' (fo-p*)l and Al : tl=r(r,-;)2t(r-Pr0t-p00yi-'(r-
f ni - f rill.Under Hi : f t > f rc,78 follows a noncentral Fdistribution with (p, n - p)
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Table 1

Percentage points for the doubly correlated BNCF distribution for p - 0.5 and o - 0.05
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0z 02 02
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5
6
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6
8
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6
8

l0
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6
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6

8
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5
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\oo
$
a..l

v
(l

?
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s€
ID.6
r!

t-.1

2

l0

11.9
10.4

8.8
8.4
8.4
t.)
6.1

5.4
7.2
6.2
5.1
4.6
6.6
5.6
4.7
4.1

6.2
5.3
4.4
3.9

14.1

12.3

10.4
9.5
9.5
8.2
6.8
6.1
'7.9

6.8
5.6
5.0
7.1

6.1
5.0
4.5
6.7
5.7
4.6
4.1

22.8
19.8

16.6
15.0
13.6
1l.l
9.8
8.8

10.6

9.1

7.5
6;l
9.0
7.7
6.4
5.7
8.1

6.9
5.7
5.1

t4.5
12.6

r0.6
9.6
9;l
8.3
6.9
6.2
8.0
6.9
5.1
5.1

7.2
6.2
5.1

4.5
6.7
5.7
4.7
4.1

16.2
14.0

11.8
10.6

10.5

9.0
7.5

6.7
8.6
'7.3

6.0
5.4
7.6
6.5
5.3
4.7
7.O

6.0
4.9
4.3

23.4
20.3
17.0
15.2
14.0
12.0
10.0
8.9

10.9

9.3
7.7
6.8
9.3
8.0
6.5
5.8
8.3
7.t
5.8
5.2

23.6
20.4
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r 5.1

t4.l
12.1

10.0

8.9
10.9

9.3
7.6
6.8
9.3
8.0
6.5
s.8
8.4
7.1

5.8
5_l

24.2
20.8

17.3

15.4

14.4

12.3

to.2
9.0
ll.t
9.5
7.8
6.9
9.5
8.1

6.6
5.9
8.5
l-5
5.9
5.2

2'.7.9

24.0
19.8

17.6

16.3

t4.o
tt.4
l0.l
12.4

10.6

8.7
7.7
10.5

8.9
7.3

6.4
9.3
7.9
6.4
5.7

degrees of freedom and noncentrality paramerer LZ/z, where ar2 - !l:, (-t; - i)2[{p | -
Fro)'i-'(1, - f ,o)1.

Let {K"} be a sequence of alternative hypotheses

Kn: Po- f.m+\/Jn,Fr: Arc+Lz/J", (4"2)

where I 1 and 12 are vectors of fixed real numbers. Under I K, | , the power function of the
PTT is given by

zm1tl: P (r*. a, rRr > c) +P(rPr>a,Tw>b)
: p (rn . a) r (rm > c) + d61a.b, p1

: [r -r(r*r")] p(zo, c)+a1,g,t,pS, @.3)

wherel: (\/ ^fn,lz/ Ji), a = Fa,p.n-p-h,b= Fo,.o,,-o - 51, and. c = Foz,n,,-t -
lh + QzTl * ari for dr - tiE-rll, h:\LE-tLz, ar: liX-llz * Il!-tI1, and

4
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Table 2
Percentage points fot the doubly correlated BNCF distribution for p : 0.5 and a : 0.01

0r

2 4 10

02 02 02

m n 2 4 10 2 4102 410
5
6
8

t0
5
6
8
l0
5

6
8

l0
5

6
8
10

5

6
I
l0

6

8

\o

a.l

bI)

\oo
:f
a!

d

t4
c
<t

a
s
o
(s

a

2

4

26.O

20.9
15.9
13.6

18.0

14.3

10.7
9.0
15.3

12.O

8.9

7"5
14.0
10.9
8.1

6.7
l3.l
lo.2
7.5
6.2

30.7
24.7
r8.8
16.0
20.3

t6.1
12.0
l0.t
16.8
13.2

9.7
8.2
15.0
tt.7
8.7
7.2
14.0
10.9

8.0
6.6

31.4
25.1
19.0
l6.l
20.6

16.3

12.2
10.2

i7.0
13.3

9.9
8.2
15.2

11.8

8.7
7.2
14.1

11.0

8.0
6.6

35.0
27.7
20.9
17.6

22.3

17.6
l3.l
I1.0
l8.l
14.2

10.5

8.?
16.0

12.5

9.2
7.6
14.8

il.5
8.4
6.9

50.3
39.8
29.8
25.1

29.7

23.4
17.4
14.5

23.O

18.0
13.2

11.0
19.6
15.2
11.2
9.3
17.5

13.6

10.0
8.2

50.5

39.8
29.7
24.9
29.8

23.4
17.3

14.4
23.0
17.9

13.2
10.9

19.6

15.2
ll.t
9.2
17.5

13.6

9.9
8.2

51.6
44.6
30.2
25.3

30.4
23.9
17.6

t4.6
23.5
18.3

13.5

11.1

20.0
15.5

11.3

9.4
17.8

r 3.8
10.1

8.3

59.3
46.5

34.3
28.6
34.4
26.8
19.7

16.3

26.1

20.3
14.9

12.3

21.9
t7.t
12.4
to.2
19.5

t5.l
I 1.0

9.0
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d1@, b, p) is a correlated bivariate F probabiliry integral defined as

I,*Id1@,b, p) - .f (Fn , Fw\dFndFw (4.4)

with p - 6#;4 Clearly, the power of the FrfT is defined in rerms of the powers
of the RT and PT as well as the cdf of the doubly cotelated BNCF distribution.

Figure 5 sbows t}e graphs of the pwer funcioa of the PTT i, rerms of d1,@,d, p)
for selected values ofthe correlation coefficients (p), noncentrality parameters (91, g2), and
degrees of freedom (m,n). The power of the PTT decreases as the values of p increases.
The porwcr of the Pfi is idenrical fur a fixed',value of p, regadless of its sign. This figure
shows that the power of the PTT increases as the values of the noncentrality parameters
increase. The power of the PTT decreases as the value of the first degrees of freedom (m)
increases and that of the second degrees of freedom (n) decreases.
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5. Concluding Remarks

This article derives the pdf and cdf of both the srzgly and doubly correlated BNCF distri-
butions . The R codes are wri(en to calcutate and plot ttre pdf and cdf of the distributions as
well as the power function of the PTT. Two tables of critical values of the do ubly conelated
BNCF distribution for selected values of the noncentrality parameters and p : 0.5 at the
signirtcance levrls O.OI and O.O5 arv rresented'. As an application of the distribution, thc
power function of the PTT for the MSRM is calculared and plotted.

The cdf of both the srng/y and doubly correlated BNCF distributions depend on the
values of the noncentrality parameters, degrees of freedom, and correlation coefficient. The
cdf curves for both singly and doubly correlated BNCF disributions are closer to one when
there is an increase in the value of the degrees of freedom, conelation coefficient, and
the variables for which the cdfis required. However, a smaller value of the noncentrality
parameter leads to a larger value ofthe cdf for the doubly correlated BNCF distribution.

The power function of the PTT depends on the number of degrees of freedom, the
correlation coemcient, and the noncentrality parameters. It decreases as the value of the
correlation coefficient p, the number of degrees of freedom of the numerator u1, or both
increase, but it increases as the value of the noncentrality parameter increases.
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We find that the central bivariate F distribution proposed by Krishnaiah (1965a) is
a speciai case of lhe proposed sizg/y correlated BNCF distribution, whereas the central
bivariate F distribution introduced by Amos and Bulgren (1972) is a special case of the
pmposed doubly cortelated BNCF distribution when the noncentrality parameters are zero-
We also observe that the two variables of the BNCF distributions are not independent even
if the value ofp is 0. This is another example ofa case in which zero correlation between
two random variables dnes not imply the variables' indepen&nce.

Appendix: Derivation of the PDF of the Doubly Correlatrd BNCF
Distribution

Using the transformation of variables method for the multivariable case (se€, for instance,
WackerlyetaI.,2O08,p.325),weobtainthejointpdfofy:[yt,y21' and z variables as

f(y,r): f(x)f(z)lJ((x,z) --+ (y,z)) l, (A.1)

where y1 : ff, lz = !!z and the Jacobian of the transformati on (x1, x2, 1) -+ (yt, yz, z)
is given by

0x1 0x1 0x1

\o
O
a.l

bo

\o

!t

..i

v

6'=
ad

a
p
!i)E
do

o

0y1 0y2 0z
lxz |xz }xt
0v' 0v,6i 

'iz.
):".(

0 Y2
n

0

= (:,)'

m

n
!
n
m

0 )t
det.

0z
?z

m

n
0

z

I
oyr 4,2 Az

Therefore, the joint pdf of y and 7 is given by

f(y. r) - f D ! fo'i {r - p')^/2r@ /z + i))

r9v,a
(iytz) /2+i+"-t r- ii7'

, e-e,/2(0, /z),'
rrl

l! E!)
(L y2z) t2+t+4-1e-fi'Ji' e-ez/2(0h/2)h

rz!

Xblzl-t "-z/z tm t2x 2"/2r@/z)'\;t) ' (A'2)

Thus, the density function of y is obtained as

f 0): f (y,, D: l,f tt,zlaz. (A.3)

Therefore, by applying some algebra and calculus, the pdf of the douDly correlated BNCF
distribution becomes

f 0,. yz) : (:)^ l#ffilE,F_ .; l# (:)",,. /2 + i)f

fz(l - p2))^t1+j +"1(m /2 + i + rt)
X

x
l2(1 - p2)ln/2+j+nl(m/2 * j -f 12)
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e-et12(q /2),1 e)"

X

(-y )
m /2+ j+tt-l
Irr! l(m12+j-lrr)

e\"
l(m/2+ j *rz)(ry) }]

n/2+ j +rz-l
2( )

r"mmt-Q,,)x t(q,;)[(l _ p.)+:y11- _n1

wtrere g,; : m + (n/2\ + 2j * rr * rz.

(A.4)
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