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a b s t r a c t

In the present work, we prove the local well-posedness of non-Newtonian compress-
ible viscous barotropic fluid flow of Oldroyd-B type with free surface in a bounded
domain of N -dimensional Euclidean space (N ≥ 2). The key step is to prove the
maximal Lp–Lq regularity theorem for the linearized equation with the help of the
R-bounded solution operators for the corresponding resolvent problem and Weis’s
operator valued Fourier multiplier theorem.

© 2016 Elsevier Ltd. All rights reserved.

1. Introduction and main result

Let Ω be a bounded domain in the N -dimensional Euclidean space RN (N ≥ 2) whose boundary consists
of two parts Γ0 and Γ1, where Γ0 ∩ Γ1 = ∅. The Ω is occupied by a compressible viscous barotropic
non-Newtonian fluid of Oldroyd-B type. The present paper deals with the problem of determining the
region Ωt ⊂ RN , the density field ρ = ρ(x, t), the elastic tensor τ = τ(x, t), and the velocity field
u = (u1(x, t), . . . , uN (x, t)), which satisfy the system of equations:

∂tρ+ div (ρu) = 0 in Ωt,
ρ(∂tu + u · ∇u)−Div T(u, P (ρ)) = βDiv τ in Ωt,

∂tτ + u · ∇τ + γτ = δD(u) + gα(∇u, τ) in Ωt,
(T(u, P (ρ)) + βτ)nt = −P (ρ∗)nt on Γt,

u = 0 on Γ0,

(ρ,u, τ)|t=0 = (ρ∗ + θ0,u0, τ0) in Ω ,
Ωt|t=0 = Ω0, Γt|t=0 = Γ1

(1.1)
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for 0 < t < T . Here, ρ∗ is a positive constant describing the mass density of the reference domain Ω ,
T(u, P (ρ)) the stress tensor of the form

T(u, ρ) = S(u)− P (ρ)I with S(u) = µD(u) + (ν − µ)div uI, (1.2)

D(u) the doubled deformation tensor whose (i, j) components are Dij(u) = ∂iuj + ∂jui (∂i = ∂/∂xj), I the
N × N identity matrix, µ, ν, β, γ and δ are positive constants (µ and ν are the first and second viscosity
coefficients, respectively), nt is the unit outer normal to Γt, P (ρ) a C∞ function defined for ρ > 0 which
satisfies that P ′(ρ) > 0 for ρ > 0. Moreover, the function gα(∇u, τ) has a form

gα(∇u, τ) = W(u)τ − τW(u) + α(τD(u) + D(u)τ), (1.3)

where α is a constant with −1 ≤ α ≤ 1 and W(u) the doubled antisymmetric part of the gradient ∇u whose
(i, j) components are Wij(u) = ∂iuj − ∂jui. Finally, for any matrix field K whose components are Kij , the
quantity Div K is an N vector whose ith component is

N
j=1 ∂jKij , and also for any vector of functions

u = (u1, . . . , uN ), div u =
N
j=1 ∂juj , and u · ∇u is an N vector whose ith component is

N
j=1 uj∂jui. We

assume that the boundary of Ωt consists of Γ0 and Γt with Γ0 ∩ Γt = ∅.
Aside from the dynamical system (1.1), a further kinematic condition for Γt is satisfied, which gives

Γt = {x ∈ RN | x = x(ξ, t) (ξ ∈ Γ1)}, (1.4)

where x = x(ξ, t) is the solution to the Cauchy problem:

Γt = {x ∈ RN | x = x(ξ, t) (ξ ∈ Γ1)}. (1.5)

Concerning the free boundary problem of the viscous compressible barotropic Newtonian fluid flow, the
local well-posedness and global well-posedness have been studied in the L2 Sobolev–Slobodetskii space by
Denisova and Solonnikov [4,3], Secchi and Valli [17–19], Solonnikov and Tani [28,30,31], and Zajaczkowski
[34,35], and in the Lp–Lq maximal regularity class by Shibata et al. [7,24]. Recently, M. Nesensohn [14]
proved the local well-posedness of the free boundary problem for the non-Newtonian fluid flow of Oldroyd-
B type in the incompressible viscous fluid case (further references are found in [14]). On the other hand,
Shi, Wang and Zhang [20] investigated the asymptotic stability for 1-dimensional motion of non-Newtonian
compressible fluids using L2 energy method. Meanwhile, global existence of strong solutions of Navier–Stokes
equations with non-Newtonian potential for 1-dimensional isentropic compressible fluids has been studied
by Liu, Yuan and Lie [9]. The purpose of this paper is to study the local well-posedness of problem (1.1).

To prove the local well-posedness of problem (1.1), we use the Lagrangian coordinate in order to transform
the time dependent domain Ωt to the fixed domain Ω . Let u(x, t) and v(ξ, t) be velocity fields in the Euler
coordinate and in the Lagrangian coordinate, respectively. The Euler coordinate system {x} and Lagrangian
coordinate system {ξ} are connected by the relation:

x = ξ +
 t

0
v(ξ, s)ds ≡ Xv(ξ, t),

where, v(ξ, t) = (v1(ξ, t), . . . , vN (ξ, t)) = u(Xv(ξ, t), t). Let A be the Jacobi matrix of the transformation
x = Xv(ξ, t), whose (i, j) element is aij = δij +

 t
0 ( ∂vi∂ξj )(ξ, s)ds. There exists a small number σ such that if

max
i,j=1,...,N

 t
0

∂vi
∂ξj

(·, s)ds

L∞(Ω)

< σ (0 < t < T ), (1.6)

then A is invertible, that is, detA ̸= 0. Thus, we have ∇x = A−1∇ξ = (I + V0(
 t

0 ∇v(ξ, s)ds))∇ξ, where
V0(K) is an N ×N matrix of C∞ functions with respect to K = (kij) for |K| < 2σ and V0(0) = 0. Here
and hereafter, kij denote corresponding variables to

 t
0 ( ∂vi∂ξj )(·, s)ds. Let n be the unit outward normal to
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Γ0, and then we have

nt = A−1n
|A−1n| . (1.7)

Suppose that ρ(x, t), τ(x, t) and u(x, t) are solutions of (1.1). Setting ρ(Xv(ξ, t), t) = ρ∗ + θ0(ξ) + θ(ξ, t)
and τ = τ0(ξ) + π(ξ, t), we see that problem (1.1) is transformed to the following equations:

θt + (ρ∗ + θ0)div v = F (θ,v, π) in Ω × (0, T ),
(ρ∗ + θ0)vt −DivS(v) +∇(P ′(ρ∗ + θ0)θ) = g + βDiv π + G(θ,v, π) in Ω × (0, T ),

πt + γπ − gα(∇ν, τ0)− δD(v) = −γτ0 + L(θ,v, π) in Ω × (0, T ),
(S(v)− P ′(ρ∗ + θ0)θI + βπ)n = h + H(θ,v, π) on Γ1 × (0, T ),

v = 0 on Γ0 × (0, T ),
(θ,v, π)|t=0 = (0,u0, 0) in Ω ,

(1.8)

where g = −P ′(ρ∗+θ0)∇θ0 +βDiv τ0 and h =

P (ρ∗+θ0)−P (ρ∗)


n−βτ0n. Moreover, F (θ,v), G(v, θ, π),

L(v, π), and H(v, θ, π) are nonlinear functions of the forms:

F (θ,v) = −θdiv v− (ρ∗ + θ0 + θ)Vdiv

 t
0
∇v, ds


∇v,

G(v, θ, π) = −θvt + Div

µVD

 t
0
∇v ds


∇v + (ν − µ)Vdiv

 t
0
∇v ds


∇vI


+Vdiv

 t
0
∇v ds


∇

µ


D(v) + VD

 t
0
∇v ds


∇v


+ (ν − µ)


div v + Vdiv

 t
0
∇v ds


∇v


I


−P ′(ρ∗ + θ0 + θ)VD
 t

0
∇v ds


∇(θ0 + θ) + βVdiv

 t
0
∇v ds


τ0 + βVdiv

 t
0
∇v ds


π

−∇
 1

0
P ′′(ρ∗ + θ0 + ℓθ)(1− ℓ) dℓθ2


,

H(v, θ, π) = −

µVD

 t
0
∇v ds


∇v + (ν − µ)


Vdiv

 t
0
∇v ds


∇v


I


n

−

µ


D(v) + VD

 t
0
∇v ds


∇v


+ (ν − µ)


div v + Vdiv

 t
0
∇v ds


∇v


I


×VD
 t

0
∇v ds


n +

 1

0
P ′′(ρ∗ + θ0 + ℓθ)(1− ℓ)dℓθ2


n + (P (ρ∗ + θ0 + θ)− P (ρ∗))

×VD
 t

0
∇v ds


n− β(τ0 + π)VD

 t
0
∇v ds


n

L(v, π) = W(v)τ + VW

 t
0
∇vds


∇v(τ0 + τ)− τW(v)− (τ + τ0)VW

 t
0
∇v ds


∇v

+α(τD(v) + (τ + τ0)VD
 t

0
∇v ds


∇v + D(v)τ + VD

 t
0
∇v ds


∇v(τ + τ0)),

and VD(K), VW (K), and Vdiv (K) are some matrices of C∞ functions with respect to K for |K| ≤ 2σ, which
satisfy the condition:

VD(0) = 0, VW (0) = 0, Vdiv (0) = 0. (1.9)

Employing the argumentation due to Ströhmer [32], we can show eventually that the correspondence
x = Xv(ξ, t) is invertible, then problem (1.1) and problem (1.8) are equivalent. Thus, we show the local
well-posedness of problem (1.8).
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To this end, the main step is to prove the Lp–Lq maximal regularity for the following linearized problem:

∂tρ+ γ1div u = f in Ω × (0, T ),
γ2∂tu−Div T(u, γ3ρ) = δ1Div τ + g in Ω × (0, T ),
∂tτ + δ2τ − gα(∇u, τ1) = δ3D(u) + h in Ω × (0, T ),

(T(u, γ3ρ) + δ1τ)n = k on Γ1,

u = 0 on Γ0,

(ρ,u, τ)|t=0 = (ρ0,u0, τ0) in Ω ,

(1.10)

where γ1, γ2, γ3 and τ1 are uniformly continuous functions with respect to x ∈ Ω , which satisfy the
assumptions:

ρ∗/2 ≤ γ2(x) ≤ 2ρ∗, 0 ≤ γ1(x), γ3(x) ≤ ρ1, ∥∇γℓ∥Lr(Ω) ≤ ρ1, (ℓ = 1, 2, 3),
∥τ1∥W 1

r (Ω) ≤ ρ1,
(1.11)

while δ1, δ2, and δ3 are positive constants. Note that in problem (1.1) we have written δ1 = β, δ2 = γ and
δ3 = δ.

The maximal Lp regularity was proved by Solonnikov [26,27] for the general parabolic equations which
satisfy the uniform Lopatinski–Shapiro conditions. After Solonnikov’s study about the maximal regularity, to
obtain the maximal Lp regularity result in the model problem, Moglievskii [10,11], Mucha and Zajaczkowski
[12] and Solonnikov [29] used the Marcinkiewicz–Mikhlin–Lizorkin multiplier theorems together with some
Hardy type inequality. Prüss and Simonett [15,16] used H∞ calculus and Shibata–Shimizu [25] used the
R-boundedness and the Weis operator valued Fourier multiplier theorem.

On the other hand, Denk, Hieber and Prüss [5], Shibata [21], Enomoto and Shibata [6], Enomoto, von
Below and Shibata [7], Dario and Shibata [8], Murata [13] used another methods, namely they construct the
R bounded solution operator to the resolvent problem and used the Weis operator valued Fourier multiplier
theorem to obtain the maximal Lp in time and Lq in space regularity. In this paper, we follow Enomoto,
von Below, and Shibata [6,7] to prove the maximal regularity result for problem (1.10) with help of the R
bounded operator for the generalized resolvent problem:

λρ+ γ1div u = f in Ω ,
γ2λu−Div T(u, γ3ρ) = δ1Div τ + g in Ω ,
λτ + δ2τ − gα(∇u, τ1) = δ3D(u) + h in Ω ,

(T(u, γ3ρ) + δ1τ)n = k on Γ1,

u = 0 on Γ0.

(1.12)

1.1. Notation and the definition of uniform domains

Before stating our main result, we introduce the notation used throughout the paper, and some definitions.
For Banach spaces X and Y , L(X,Y ) denotes the set of all bounded linear operators from X into Y , and
Hol (U,L(X,Y )) the set of all L(X,Y ) valued holomorphic functions defined on a complex domain U . For
any domain D and 1 ≤ p, q ≤ ∞, Lq(D), Wmq (D) and Bsp,q(D) denote the usual Lebesgue space, Sobolev
space and Besov space, while ∥ · ∥Lq(D), ∥ · ∥Wmq (D) and ∥ · ∥Bsq,p(D) denote their norms, respectively. We set
W 0
q (D) = Lq(D), W sq (D) = Bsq,q(D) and

Wm,ℓq (D) = {(f,g,h) | f ∈Wmq (D), g ∈W ℓq (D)N , h ∈Wmq (D)N
2
}.

C∞0 (D) denotes the set all C∞(RN ) functions whose supports are compact and contained in D. We set
(f, g)D =


D
f(x)g(x)dx. Lp((a, b), X) and Wmp ((a, b), X) denote the usual Lebesgue space and Sobolev
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space of X-valued function defined on an interval (a, b), while ∥ · ∥Lp((a,b),X) and ∥ · ∥Wmp ((a,b),X) denote their
norms, respectively. The d-product space of X is defined by Xd = {f = (f1, . . . , fd) | fi ∈ X (i = 1, . . . , d)},
while its norm is denoted by ∥ · ∥X instead of ∥ · ∥Xd for the sake of simplicity. N, R, and C denote the
sets of all natural numbers, real numbers and complex numbers, respectively. Let N0 = N ∪ {0}. For any
multi-index κ = (κ1, . . . , κN ) ∈ NN0 , we write |κ| = κ1 + · · ·+κN and ∂kx = ∂κ1

1 · · · ∂
κN
N with x = (x1, . . . , xN )

and ∂j = ∂/∂xj . For scalar function f and N -vector of functions g, we set

∇f = (∂1f, . . . , ∂Nf), ∇g = (∂igj | i, j = 1, . . . , N),
∇2f = (∂αf | |α| = 2), ∇2g = (∂αgi | |α| = 2, i = 1, . . . , N).

For a = (a1 . . . , aN ) and b = (b1 . . . , bN ), we set a · b = ⟨a,b⟩ =
N
j=1 ajbj . For scalar functions f, g and

N -vectors of functions f , g we set (f, g) =

D
f(x)g(x)dx and (f ,g)D =


D

f(x) · g(x)dx. The letter C
denotes generic constants and the constant Ca,b,... depends on a, b, . . . . The values of constants C and Ca,b,...
may change from line to line. We use the bold-face letters to denote N -vector valued function and N ×N
matrix of functions. And also, we use the Greek letters to denote mass density as well as elastic tensor.

Next, we introduce a definition.

Definition 1.1. Let 1 < r <∞ and let Ω be a domain in RN with boundary ∂Ω . We say that Ω is a uniform
W

2−1/r
r domain, if there exists positive constants α, β and K such that for any x0 = (x01, . . . , x0N ) ∈ ∂Ω

there exist a coordinate number j and a W 2−1/r
r function h(x′) (x′ = (x1, . . . , x̂j , . . . , xN )) defined on B′α(x′0)

with x′0 = (x01, . . . , x̂0j , . . . , x0N ) and ∥h∥
W

2−1/r
r (B′α(x′0)) ≤ K such that

Ω ∩Bβ(x0) = {x ∈ RN | xj > h(x′) (x′ ∈ B′α(x′0))} ∩Bβ(x0)
∂Ω ∩Bβ(x0) = {x ∈ RN | xj = h(x′) (x′ ∈ B′α(x′0))} ∩Bβ(x0). (1.13)

Here, (x1, . . . , x̂j , . . . , xN ) = (x1, . . . , xj−1, xj+1, . . . , xN ), B′α(x′0) = {x′ ∈ RN−1 | |x′ − x′0| < α} and
Bβ(x0) = {x ∈ R | |x− x0| < β}.

1.2. Main results

The following theorem represents the main result of this paper.

Theorem 1.2. Let N < q <∞, 2 < p <∞ and R > 0. Then, there exists a time T > 0 depending on R such
that if the initial data (θ0,u0, τ0) for Eqs. (1.1) satisfy

∥θ0∥W 1
q (Ω) + ∥u0∥

B
2(1− 1

p )
q,p (Ω)

+ ∥τ0∥W 1
q (Ω) ≤ R, (1.14)

the range condition:
ρ∗
2 < ρ∗ + θ0 < 2ρ∗, (1.15)

and the compatibility condition:

(T(u0, P (ρ∗ + θ0)) + βτ0)n = −P (ρ∗)n on Γ1, u0 = 0 on Γ0, (1.16)

then problem (1.8) admits a unique solution (θ,v, π) with

θ ∈W 1
p ((0, T ),W 1

q (Ω)), v ∈W 1
p ((0, T ), Lq(Ω)) ∩ Lp((0, T ),W 2

q (Ω)), π ∈W 1
p ((0, T ),W 1

q (Ω))

satisfying the conditions:

ρ∗
4 < ρ∗ + θ0 < 4ρ∗, max

i,j=1,...,n

 T
0
∥(∂ui/∂ξj)(·, s)ds∥L∞(Ω) < σ,
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and the estimate:

∥θ∥W 1
p ((0,T ),W 1

q (Ω)) + ∥v∥W 1
p ((0,T ),Lq(Ω)) + ∥v∥Lp((0,T ),W 2

q (Ω)) + ∥π∥W 1
p ((0,T ),W 1

q (Ω)) ≤ CR

with some constant C independent of R.

Using the argumentation due to Ströhmer [32], we see that the map x = Xv(ξ, t) is a diffeomorphism
with suitable regularity, so that for problem (1.1) by Theorem 1.2 we have

Theorem 1.3. Let N < q < ∞, 2 < p < ∞ and R > 0. Then, there exists a time T1 > 0 depending on R

such that if the initial data (θ0,u0, τ0) for problem (1.1) satisfies the same condition as in Theorem 1.2, then
problem (1.1) admits a unique solution (ρ,u, τ) with

ρ− ρ∗ ∈W 1
p ((0, T ), Lq(Ωt)) ∩ Lp((0, T ),W 1

q (Ωt)), u ∈W 1
p ((0, T ), Lq(Ωt)) ∩ Lp((0, T ),W 2

q (Ωt)),
τ ∈W 1

p ((0, T ), L1
q(Ωt)) ∩ Lp((0, T ),W 1

q (Ωt)).

Remark 1.4. In Theorem 1.3, v ∈ W ℓp((0, T ),Wmq (Ωt)) means that ∂jt v ∈ Wmq (Ωt) for t ∈ (0, T ) and
j = 0, 1, . . . , ℓ, where W 0

p = Lp, W 0
q = Lq and ∂0v = v, and

∥v∥W ℓp((0,T ),Wmq (Ωt)) =
ℓ
j=0

 T
0

(∥∂jt v(·, t)∥Wmq (Ωt))
p ds

1/p
<∞.

Including this introduction, we organize the paper as follows. In Section 2, we discuss the extension of the
unit outer normal n to the whole space, give some proposition about uniform W

2−1/r
r domains and prepare

some calculus lemmas for the latter use. In Section 3, we show the existence of R-bounded solution operator
to problem (1.12) and (1.10). In Section 4, we state the existence ofR-bounded solution operator for problem
(1.12) and we prove the maximal regularity result for problem. In Section 5, we prove Theorem 1.2.

2. Some properties of the uniform W 2−1/r
r domain

In this section, we discuss some properties of the uniform W
2−1/r
r domain and we prepare some calculus

lemmas for the latter use. Let Φ : RN → RN be a bijection of C1 class and let Φ−1 be its inverse map. We
assume that ∇Φ and ∇Φ−1 have the forms: ∇Φ = A + B(x) and ∇Φ−1 = A−1 + B−1(x), where A and
A−1 are orthonormal matrices with constant coefficients and B(x) and B−1(x) are matrices of functions in
W 2
r (RN ) with N < r <∞ such that

∥(B,B−1)∥L∞(RN ) ≤M1, ∥∇(B,B−1)∥Lr(RN ) ≤M2. (2.1)

Let Aij , A−ij , Bij(x) and B−1ij(ξ) be the (i, j) elements of A, A−, B(x) and B−1(x), respectively. We will
choose M1 small enough eventually, so that in the sequel, we may assume that 0 < M1 ≤ 1 ≤ M2. Let
Ω+ = Φ(RN+ ) and Γ+ = Φ(RN0 ), where

RN+ = {(x1, . . . , xN ) ∈ RN | xN > 0}, RN0 = {(x1, . . . , xN ) ∈ RN | xN = 0}.

The Γ+ is the boundary of Ω+ and represented by ξ = Φ(x′, 0) with x′ = (x1, . . . , xN−1). Let

Ni = det



∂1ξ1 · · · ∂N−1ξ1
... · · ·

...
∂1ξi−1 · · · ∂N−1ξi−1
∂1ξi+1 · · · ∂N−1ξi+1

... · · ·
...

∂1ξN · · · ∂N−1ξN


with ∂iξj = ∂Φj(x)

∂xi
, (2.2)
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where Φ = (Φ1, . . . ,ΦN ), let ñ+i = (−1)N+iNi/
N

k=1 N
2
k , let n+i = ñ+i ◦ Φ−1, and let nΓ+ =

(n+1, . . . , n+N ). We see that nΓ+ |Γ+ is the unit outer normal to Γ+. Moreover, nΓ+ is defined on RN

and by (2.1)

∥nΓ+∥L∞(RN ) ≤ CN , ∥∇nΓ+∥W 1
q (RN ) ≤ CM2 . (2.3)

Several properties of uniform W
2−1/r
r domains are given in the following proposition which was proved

in Enomoto and Shibata [6, Proposition 6.1].

Proposition 2.1. Let N < r < ∞ and let Ω be a uniform W
2−1/r
r domain in RN . Let M1 be any small

number ∈ (0, 1). Then, there exist constants M2 > 0, 0 < d0, d1, d2 < 1, an open set U , at most countably
many N -vector of functions Φ0

j and Φ1
j , and points x0

j ∈ Γ0, x1
j ∈ Γ1 and x2

j ∈ Ω such that the following
assertions hold:

(i) The maps: RN ∋ x → Φij(x) ∈ RN (i = 0, 1) are bijective of C1 class.
(ii) Ω =

1
i=0
∞
j=1(Φij(RN+ ) ∩ Bdi(xij))


∪
∞
j=1 Bd2(x2

j )


, Bd2(x2
j ) ⊂ Ω , Φj(RN+ ) ∩ Bdi(xij) = Ω ∩

Bdi(xij) (i = 0, 1), Φij(RN0 ) ∩Bdi(xij) = Γi ∩Bdi(xij) (i = 0, 1).
(iii) There exist C∞ functions ζij and ζ̃ij(i = 0, 1, 2, j = 1, 2, 3, . . .) such that

0 ≤ ζij , ζ̃ij ≤ 1, supp ζij , supp ζ̃ij ⊂ Bdi(xij), ∥ζij∥W 2
∞(RN ), ∥ζ̃ij∥W 2

∞(RN ) ≤ c0,

ζ̃ij = 1 on supp ζij ,
2
i=0

∞
j=1

ζij = 1 on Ω ,
∞
j=1

ζij = 1 on Γi (i = 0, 1).

Here, c0 is a constant which depends on M2, N , q and r, but is independent of j = 1, 2, 3, . . . .
(iv) ∇Φij = Aij + Bij, ∇(Φij)−1 = Aij,− + Bij,−, where Aij and Aij,− are N × N constant orthonormal

matrices, and Bij and Bij,− are N×N matrices of W 1+i
r (RN ) functions defined on RN which satisfy the

conditions: ∥Bij∥L∞(RN ) ≤M1, ∥Bij,−∥L∞(RN ) ≤M1, ∥∇Bij∥Lr(RN ) ≤M2 and ∥∇Bij,−∥Lr(RN ) ≤M2 for
i = 0, 1 and j = 1, 2, 3, . . . .

(v) There exists a natural number L ≥ 2 such that any L + 1 distinct sets of {Bdi(xi
j
) | i = 0, 1, 2, j =

1, 2, 3, . . .} have an empty intersection.

By Proposition 2.1(v), we have

C1
q ∥f∥

q
Lq(Ω) ≤

2
i=0

∞
j=1
∥ζijf∥

q
Lq(Ω) ≤

2
i=0

∞
j=1
∥f∥q

Lq(Ω∩B1
j

) ≤ C
2
q ∥f∥

q
Lq(Ω) (2.4)

for any f ∈ Lq(Ω) and 1 ≤ q <∞ with some positive constants C1
q and C2

q .
In the sequel, we write Bij = Bdi(xij), (Φij)−1 = Ψ ij , Ω1

j = Φ1
j (RN+ ), and Γ 1

j = Φ1
j (RN0 ) for the sake of

simplicity. The Γ 1
j is the boundary of Ω1

j . We introduce some properties of the unit outer normal n to Γ1, the
extension operator E, the space W−1

q (Ω) and its norm ∥ · ∥W−1
q (Ω), and we prove some inequalities for the

later use. From the consideration at the beginning of this section it follows the existence of n1
k ∈W 1

r,loc(RN )
such that n1

k = n on Γ1 ∩B1
k and

∥n1
k∥W 1

r (B1
k

) ≤ C. (2.5)

Let ñ =
∞
k=1 ζ

1
kn1
k and S = ∪∞k=1 supp ζ1

k , and then n = ñ on Γ1 and supp ñ ⊂ S. For the notational
simplicity, hereinafter we write ñ =

∞
k=1 ζ

1
kn1
k. Since ñ = n on Γ1, we write n = ñ unless confusion may

occur.
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Next, let pj (j = 1, 2, 3, 4) be numbers such that
4
j=1(−j)kpj = 1 for k = −1, 0, 1, 2. Given function

f ∈ L1,loc(RN+ ), let

ι[f ](x) =


f(x′, xN ) (xN > 0),

4
j=1

pjf(x′,−jxN ) (xN < 0).

Obviously, ∂kN ι[f ]xN=0+ = ∂kN ι[f ]xN=0− = (∂Nf)(x′, 0+), so that ∥ι[f ]∥Wkq (RN ) ≤ C∥f∥Wkq (RN+ ) for
k = 0, 1, 2, where W 0

q = Lq. Moreover, ι[∂Nf ] = ∂N (
4
k=1(−j)−1pjf(x′,−jxN )) for xN < 0 and4

k=1(−j)−1pjf(x′,−jxN )|xN=0− = f(x′, 0+), so that ∥ι[∂Nf ]∥W−1
q (RN ) ≤ C∥f∥Lq(Ω), where W−1

q (RN )
is the dual space of W 1

q (RN ).
Let the extension operator E be defined by

E[f ] =
1
i=0

∞
j=1

ι[(ζijf) ◦ Φij ] ◦Ψ ij +
∞
j=1

ζ2
j f.

For the product fg, E[fg] is defined by E[fg] = E[f ]E[g], and if g is defined on RN , E[fg] is defined by
E[fg] = E[f ]g. Obviously, E[f ] = f in Ω . Moreover, we have

∥E[u]∥Wkq (RN ) ≤ C∥u∥Wkq (Ω) for k = 0, 1, 2,
∥E[∇u]∥W−1

q (RN ) ≤ C∥u∥Lq(Ω).
(2.6)

Let

W−1
q (Ω) = {f ∈ L1,loc(Ω) | E[f ] ∈W−1

q (RN )}, ∥f∥W−1
q (Ω) = ∥E[f ]∥W−1

q (RN ).

For the later use, we prove

Lemma 2.2. Let 1 < q < ∞ and N < s < ∞. Assume that max(q, q′) ≤ s. Then, the following assertions
hold.

(1)

∥fg∥W 1
q (Ω) ≤ C∥f∥W 1

q (Ω)∥g∥W 1
s (Ω), ∥g∥L∞(Ω) ≤ C∥g∥W 1

s (Ω).

(2)

∥∇u∥W−1
q (Ω) ≤ C∥u∥Lq(Ω),

∥uv∥W−1
q (Ω) ≤ Cq∥u∥W−1

q (Ω)∥v∥W 1
s (Ω),

∥uv∥W−1
q (Ω) ≤ Cq∥u∥Lq(Ω)∥v∥Ls(Ω).

(3) Let gk (k = 1, 2, . . .) be functions in W 1
s,loc(RN ) such that

supp gk ⊂ B1
k, ∥gk∥W 1

s (B1
k

) ≤ γ0, (2.7)

for some constant γ0 independent of k = 1, 2, 3, . . . . Then,
∞
k=1

ζ1
kfgk


W−1
q (Ω)

≤ Cqγ0∥f∥W−1
q (Ω),

∞
k=1

ζ1
kfgk


Wkq (Ω)

≤ Cqγ0∥f∥Wkq (Ω) (k = 0, 1).
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Proof. (1) It follows from the Sobolev imbedding theorem that ∥g∥L∞(Ω) ≤ C∥g∥W 1
s (Ω), so that we also

have ∥(f,∇f)g∥Lq(ω) ≤ C∥f∥W 1
q (Ω)∥g∥W 1

s (Ω). By the Sobolev imbedding theorem, we have

∥fg∥La(Ω) ≤ C∥f∥Ls(Ω)∥g∥W 1
a (Ω) (a = q, q′). (2.8)

In fact, by the Hölder inequality, we have ∥fg∥La(Ω) ≤ C∥f∥Ls(Ω)∥g∥Lb(Ω) with 1/a = 1/s + 1/b. Note
that a ≤ s. If a = s, then b = ∞ and N < a < ∞, so that by the Sobolev imbedding theorem
∥g∥Lb(Ω) ≤ C∥g∥W 1

a (Ω). If a < s, then N(1/a − 1/b) = N/s < 1, so that by the Sobolev imbedding
theorem we also have ∥g∥Lb(Ω) ≤ C∥g∥W 1

a (Ω). Thus, we have (2.8).

Applying (2.8), we have ∥f∇g∥Lq(Ω) ≤ C∥f∥W 1
q (Ω)∥∇g∥Ls(Ω). Summing up, we have shown the assertion

(1).

(2) The first inequality follows from (2.6). To prove the second one, we observe that

|(E[uv], ϕ)RN | ≤ ∥u∥W−1
q (Ω)∥E[v]ϕ∥W 1

q′
(RN )

for any ϕ ∈W 1
q′(RN ). By (2.8) we have

∥(∇E[v])ϕ∥Lq′ (RN ) ≤ C∥∇E[v]∥Ls(RN )∥ϕ∥W 1
q′

(RN ). (2.9)

Thus, we have ∥E[v]ϕ∥W 1
q′

(RN ) ≤ C∥E[v]∥W 1
s (RN )∥ϕ∥W 1

q′
(RN ), which implies the second inequality.

Analogously, using Hölder’s inequality and replacing ∇E[v] by E[v] in (2.9), we have

|(E[uv], ϕ)RN | ≤ ∥E[u]∥Lq(RN )∥E[v]ϕ∥Lq′ (RN ) ≤ C∥E[u]∥Lq(RN )∥E[v]∥Ls(RN )∥ϕ∥W 1
q′

(RN ),

which implies the last inequality.

(3) To prove the first inequality, setting g =
∞
k=1 ζ

1
kgk, we observe that

|(E[fg], ϕ)RN | = |(E[f ], gϕ)RN | ≤ ∥f∥W−1
q (Ω)∥gϕ∥W 1

q′
(RN )

for any ϕ ∈W 1
q′(RN ). By (2.4) replacing Ω by RN , (2.7) and (2.9), we have

∥∇(gϕ)∥q
′

Lq′ (RN ) ≤ CN,q′
∞
k=1
∥∇(ζ1

kgk ζ̃
1
kϕ)∥q

′

Lq′ (RN )

≤ CN,q′
∞
k=1

(∥∇(ζ1
kgk)∥

q′

Ls(RN )∥ζ̃
1
kϕ∥

q′

W 1
q′

(RN ) + ∥ζ1
kgk∥

q′

L∞(RN )∥ζ̃
1
kϕ∥

q′

W 1
q′

(RN ))

≤ CN,q′γ
q′

0

∞
k=1
∥ϕ∥q

′

W 1
q′

(B1
k

) ≤ CN,q′γ
q′

0 ∥ϕ∥
q′

W 1
q′

(RN ).

Analogously, we also have ∥gϕ∥Lq′ (RN ) ≤ CN,q′γ0∥ϕ∥W 1
q′

(RN ). Thus, we have the first inequality.

Analogously, by (2.4) we easily have the second inequalities, which complete the proof of Lemma 2.2. �

For example, using (2.5) and Lemma 2.2 we have

∥fn∥Lq(Ω) ≤ C∥f∥Lq(Ω), ∥fn∥W 1
q (Ω) ≤ C∥f∥W 1

q (Ω),

∥fgn∥W−1
q (Ω) ≤ C∥f∥W−1

q (Ω)∥g∥W 1
q (Ω), ∥fgn∥W−1

q (Ω) ≤ C∥f∥Lq(Ω)∥g∥Lq(Ω)
(2.10)

with some constant C > 0.
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3. R bounded solution operators

In this section, we prove the existence ofR bounded solution operator associated with generalized resolvent
problem (1.12). First of all, we introduce the definition of the R bounded operator family.

Definition 3.1. A family of operators T ⊂ L(X,Y ) is called R-bounded on L(X,Y ), if there exist constants
C > 0 and p ∈ [1,∞) such that for any n ∈ N, {Tj}nj=1 ⊂ T , {fj}nj=1 ⊂ X and sequences {rj}nj=1 of
independent, symmetric, {−1, 1}-valued random variables on [0, 1], we have the inequality:

 1

0


n
j=1

rj(u)Tjxj


p

Y

du


1/p

≤ C


 1

0


n
j=1

rjxj


p

X

du


1/p

.

The smallest such C is called R-bound of T , which is denoted by RL(X,Y )(T ).

The resolvent parameter λ in problem (1.12) varies in Σϵ,λ0 with

Σϵ,λ0 = {λ ∈ C | | arg λ| ≤ π − ϵ, |λ| ≥ λ0} (ϵ ∈ (0, π/2), λ0 > 0).

The main result for the R bounded solution operator is the following theorem.

Theorem 3.2. Let 1 < q < ∞, 0 < ϵ < π/2 and N < r < ∞. Assume that r ≥ max(q, q′). Let Ω be a
uniform W

2−1/r
r domain and λ ∈ Σϵ,λ0 . Set

Xq(Ω) = {(f,g,h,k) | (f,g,h) ∈W 1,0
q (Ω),k ∈W 1

q (Ω)N},

Xq(Ω) = {(F1,F2,F3,F4,F5) | F1 ∈W 1
q (Ω),F2 ∈ Lq(Ω)N ,F3 ∈ Lq(Ω)N ,F4 ∈ Lq(Ω)N

2
,F5 ∈W 1

q (Ω)N
2
}.

Then, there exists a λ0 ≥ 1 and an operator family R(λ) with

R(λ) ∈ Hol(Λϵ,λ0 ,L(Xq(Ω),W 1,2
q (Ω)))

such that for any (f,g,h,k) ∈ Xq(Ω) and λ ∈ Σϵ,λ0 , (ρ,u, τ) = R(λ)(f,g, λ1/2k,∇k,h) is a unique solution
to problem (1.12).

Moreover, there exists a constant C such that

RL(Xq(Ω),W 1,0
q (Ω))({(τ∂τ)ℓ(λR(λ)) | λ ∈ Σϵ,λ0}) ≤ C (ℓ = 0, 1),

RL(Xq(Ω),W 1,0
q (Ω))({(τ∂τ)ℓ(γR(λ)) | λ ∈ Σϵ,λ0}) ≤ C (ℓ = 0, 1),

RL(Xq(Ω),Lq(Ω)N2 )({(τ∂τ)ℓ(λ1/2∇PvR(λ)) | λ ∈ Σϵ,λ0}) ≤ C (ℓ = 0, 1),

RL(Xq(Ω),Lq(Ω)N3 )({(τ∂τ)ℓ(∇2PvR(λ)) | λ ∈ Σϵ,λ0}) ≤ C (ℓ = 0, 1), (3.1)

with λ = γ + iτ . Here, Pv is the projection operator defined by Pv(ρ,u, τ) = u.

Remark 3.3. The F1, F2, F3, F4 and F5 are variables corresponding to f , g, λ1/2k, ∇k, and h, respectively.

In the sequel, we prove Theorem 3.2. To prove Theorem 3.2, we reduce the problem to the Lamé equation:
γ2λu−Div S(u) = g in Ω ,

S(u)n = k on Γ1,

u = 0 on Γ0.

(3.2)

According to Enomoto, von Below and Shibata [7], we know
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Theorem 3.4. Let 1 < q < ∞, 0 < ϵ < π/2 and N < r < ∞. Assume that r ≥ max(q, q′). Let Ω be a
uniform W

2−1/r
r domain. Let

Yq(Ω) = {(g,k) | g ∈ Lq(Ω)N ,k ∈W 1
q (Ω)N},

Yq(Ω) = {(F2,F3,F4) | F2 ∈ Lq(Ω)N ,F3 ∈ Lq(Ω)N ,F4 ∈ Lq(Ω)N
2
}.

Then there exist a λ0 ≥ 1 and an operator family A(λ) with

A(λ) ∈ Hol(Σϵ,λ0 ,L(Yq(Ω),W 2
q (Ω)N ))

such that for any (g,k) ∈ Yq(Ω) and λ ∈ Λϵ,λ0 , u = A(λ)(g, λ1/2k,∇k) is a unique solution of
problem (3.2) and A(λ) satisfy the estimates

RL(Yq(Ω),Lq(Ω)Ñ )({(τ∂τ)ℓ(GλA(λ)) | λ ∈ Σϵ,λ0}) ≤ C (ℓ = 0, 1)

with λ = γ + iτ , where we set Ñ = 2N +N2 +N3 and Gλu = (λu, γu, λ1/2∇u,∇2u).

Setting θ = λ−1(f − γ1div u) and τ = (λ+ δ2)−1δ3D(u) + gα(∇u, τ1) + h


for the case λ ̸= 0 in (1.12),
we have

γ2λu−Div S(u) = g− λ−1∇(γ3f) + δ1(λ+ δ2)−1Div h
+λ−1∇(γ1γ3div u) + δ1(λ+ δ2)−1Div (gα(∇u, τ1) + δ3D(u)) in Ω ,

S(u)n = k + (λ−1γ3f − δ1(λ+ δ2)−1h)n
− (λ−1γ1γ3div u + δ1(λ+ δ2)−1(gα(∇u, τ1) + δ3D(u)))n on Γ1,

u = 0 on Γ0.

Thus, g − λ−1∇(γ3f) + δ1(λ + δ2)−1Div h and k + (λ−1γ3f − δ1(λ + δ2)−1h)n being renamed g and k,
respectively, for the sake of simplicity, we consider the following equations:

γ2λu−Div S(u)−B1(λ)(u) = g in Ω ,
S(u)n−B2(λ)(u) = k on Γ1,

u = 0 on Γ0,

(3.3)

where we have set
B1(λ)(u) = λ−1∇(γ1γ3div u) + δ1(λ+ δ2)−1Div (gα(∇u, τ1) + δ3D(u)),
B2(λ)(u) = −(λ−1γ1γ3div u + δ1(λ+ δ2)−1(gα(∇u, τ1) + δ3D(u)))n.

(3.4)

To prove Theorem 3.2, we use the following two lemmas about the R-norms.

Lemma 3.5 ([5]). Let X, Y and Z be Banach space and let T and S be R-bounded families

1. If X and Y are Banach spaces and let T and S be R-bounded families in L(X,Y ), then T +S = {T +S |
T ∈ T , S ∈ S} is also an R-bounded family in L(X,Y ) and

RL(X,Y )(T + S) ≤ RL(X,Y )(T ) +RL(X,Y )(S).

2. If X, Y and Z are Banach spaces and let T and S be R-bounded families in L(X,Y ) and L(Y, Z),
respectively, then ST = {ST | T ∈ T , S ∈ S} is also an R-bounded family in L(X,Z) and

RL(X,Z)(T S) ≤ RL(X,Y )(T )RL(X,Y )(S).

Lemma 3.6 ([2]). Let 1 < p, q <∞ and let D be a domain in RN .

1. Let m(λ) be a bounded function defined on a subset Λ in a complex plane C and let Mm(λ)
be a multiplication operator with m(λ) defined by Mm(λ)f = m(λ)f for any f ∈ Lq(D).



120 S. Maryani / Nonlinear Analysis 141 (2016) 109–129

Then

RL(Lq(D))({Mm(λ) | λ ∈ Λ}) ≤ Cn,q,D∥m∥L∞ .

2. Let n(τ) be a C1 function defined on R \ {0} that satisfies the conditions: |n(τ)| ≤ γ and |τn′(τ)| ≤ γ

with some constants γ > 0 for any γ ∈ R \ {0}. Let Tn be an operator valued Fourier multiplier defined
by Tnf = F−1[nF [f ]] for any f with F [φ] ∈ D(R, X). Then, Tn is extended to bounded linear operator
from LqR, Lq(D) into itself. Moreover, denoting this extension also by Tn, we have

∥Tn∥L(Lq(R,Lq(D))) ≤ Cp,q,Dγ.

Hereinafter, we consider problem (3.3). Let A(λ) be the operator given in Theorem 3.4, and let
u = A(λ)Fλ(g,k) in (3.3), where Fλ(g,k) = (g, λ1/2k,∇k). By Theorem 3.4, (3.3) and (3.4), we have

γ2λu−Div S(u)−B1(λ)(u) = g− C1(λ)Fλ(g,k) in Ω ,
S(u)n−B2(λ)(u) = k− C2(λ)Fλ(g,k) on Γ1,

u = 0 on Γ0,

(3.5)

where we have set

C1(λ)F = λ−1∇(γ1γ3divA(λ)F) + δ1(λ+ δ2)−1Div (gα(∇A(λ)F, τ1) + δ3D(A(λ)F)),
C2(λ)F = −(λ−1γ1γ3divA(λ)F + δ1(λ+ δ2)−1(gα(∇A(λ)F, τ1) + δ3D(A(λ)F)))n.

(3.6)

Let Eλu = (γ2λu − Div S(u) − B1(λ)(u),S(u)n − B2(λ)(u)) and GλF = (C1(λ)F, C2(λ)F). For F =
(F1,F′,F5) ∈ Xq(Ω) with F′ = (F2,F3,F4) ∈ Yq(Ω), we may write Eq. (3.5) in the form:

EλA(λ)Fλ(g,k) = (I− GλFλ)(g,k), (3.7)

where I is the identity map from Yq(Ω) into itself.
Let λ1 be any positive number ≥ λ0. By (1.11), Lemma 2.2(1), (2.10), Lemma 3.5, Lemma 3.6 and

Theorem 3.4, we have

RL(Yq(Ω),Lq(Ω)N )({(τ∂τ )ℓC1(λ) | λ ∈ Σϵ,λ1}) ≤ Cλ−1
1 (ℓ = 0, 1),

RL(Yq(Ω),Lq(Ω)N )({(τ∂τ )ℓλ1/2C2(λ) | λ ∈ Σϵ,λ1}) ≤ Cλ−1
1 (ℓ = 0, 1),

RL(Yq(Ω),Lq(Ω)N2 )({(τ∂τ )
ℓ∇C2(λ) | λ ∈ Σϵ,λ1}) ≤ Cλ−1

1 (ℓ = 0, 1).
(3.8)

In fact, for any n ∈ N, λj ∈ Σϵ,λ1 , Fj ∈ Yq(Ω), and independent, symmetric, {−1, 1}-valued random
variables rj (j = 1, . . . , n), we have 1

0


n
j=1

rj(u)∇C2(λj)Fj


Lq(Ω)

du

≤ Cρ1

 1

0


n
j=1

rj(u)λ−1
j A(λj)Fj


W 2
q (Ω)

+


n
j=1

rj(u)(λj + δ2)−1A(λj)Fj


W 2
q (Ω)

 du

≤ Cρ1(λ−1
1 + (λ1 + δ2)−1)

 1

0


n
j=1

rj(u)A(λj)Fj


W 2
q (Ω)

du

≤ Cρ1λ
−1
1

 1

0


n
j=1

rj(u)Fj


Lq(Ω)

du.
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Analogously, we have 1

0


n
j=1

rj(u)C1(λj)Fj


Lq(Ω)

du ≤ Cρ1(λ−1
1 + (λ1 + δ2)−1)

 1

0


n
j=1

rj(u)A(λj)Fj


W 2
q (Ω)

du

≤ Cρ1λ
−1
1

 1

0


n
j=1

rj(u)Fj


Lq(Ω)

du.

And also, 1

0


n
j=1

rj(u)λ1/2
j C2(λj)Fj


Lq(Ω)

du ≤ Cρ1(λ−1
1 + (λ1 + δ2)−1)

 1

0


n
j=1

rj(u)λ1/2
j A(λj)Fj


W 1
q (Ω)

du

≤ Cρ1λ
−1
1

 1

0


n
j=1

rj(u)Fj


Lq(Ω)

du.

Thus, we have (3.5) for ℓ = 0. Analogously, we have (3.5) for ℓ = 1.
In particular, by (3.8) we have

RL(Yq(Ω),Yq(Ω))({(τ∂τ )ℓFλG(λ) | λ ∈ Σϵ,λ1}) ≤ Cλ−1
1 (ℓ = 0, 1). (3.9)

We choose λ1 ≥ λ0 so large that

Cλ−1
1 ≤ 1/2 (3.10)

in (3.9). Let ∥(g,k)∥Yq(Ω) = ∥g∥Lq(Ω) + ∥k∥W 1
q (Ω) and ∥F∥Yq(Ω) =


k=2,3,4 ∥Fk∥Lq(Ω). By (3.10)

∥Fλ[GλFλ(g,k)]∥Yq(Ω) = ∥FλGλ(Fλ(g,k))∥Yq(Ω) 5 (1/2)∥Fλ(g,k)∥Yq(Ω).

Since ∥Fλ(g,k)∥Yq(Ω) is equivalent norms to ∥(g,k)∥Yq(Ω) provided that λ ̸= 0, I − GλFλ has its inverse
operator (I − GλFλ)−1 in Yq(Ω). By (3.7), EλA(λ)Fλ(I − GλFλ)−1(g,k) = (g,k), so that problem (3.3)
admits a solution u = A(λ)Fλ(I − GλFλ)−1(g,k). The uniqueness follows from the existence of solutions
to the dual equations. Moreover, Fλ(I − GλFλ)−1 = (I − FλGλ)−1Fλ. Thus, if we define the operator
B(λ) = A(λ)(I − FλGλ)−1, then u = B(λ)Fλ(g,k) = A(λ)Fλ(I − GλFλ)−1(g,k) is a unique solution of
problem (3.3), and by Theorem 3.4, Lemma 3.5, (3.9), and (3.10), we have

RL(Yq(Ω),Lq(Ω)Ñ )({(τ∂τ)ℓ(GλB(λ)) | λ ∈ Λϵ,λ0}) ≤ C (ℓ = 0, 1). (3.11)

For F = (F1,F′,F5) ∈ Xq(Ω) with F′ = (F2,F3,F4) ∈ Yq(Ω), let R(λ)F be defined by

R(λ)F = (λ−1(F1 − γ1divB(λ)F′)),B(λ)F′, (λ+ δ2)−1(δ3D(B(λ)(λ)F′) + gα(∇B(λ)F′, τ1) + F5),

and then by Lemma 3.5 and (3.11), we see that R(λ) is the required operator in Theorem 3.2, which
completes the proof of Theorem 3.2.

4. Lp–Lq maximal regularity for problem (1.10)

In this section, we shall prove the following theorem concerned with the Lp–Lq maximal regularity.

Theorem 4.1. Let 1 < p, q <∞, N < r <∞, and max(q, q′) ≤ r (q′ = q
q−1 ). Let T be any positive number.

Assume that Ω is a uniform W
2− 1

r
r domain. Let

ρ0 ∈W 1
q (Ω), u0 ∈ B2(1−1/p)

q,p (Ω)N , τ0 ∈W 1
q (Ω)N

2



122 S. Maryani / Nonlinear Analysis 141 (2016) 109–129

be initial data for problem (1.10), and let

f ∈ Lp((0, T ),W 1
q (Ω)), g ∈ Lp((0, T ), Lq(Ω)), h ∈ Lp((0, T ),W 1

q (Ω)N
2
),

k ∈ Lp((0, T ),W 1
q (Ω)N ) ∩W 1

p ((0, T ),W−1
q (Ω)N ),

be right members for problem (1.10). Assume that they satisfy the compatibility condition:

(T(u0, γ3ρ0) + δ1τ0)n = k|t=0 on Γ1, u0 = 0 on Γ0. (4.1)

Then, problem (1.10) admits unique solutions ρ, u and τ with

ρ ∈W 1
p ((0, T ),W 1

q (Ω)), u ∈ Lp((0, T ),W 2
q (Ω)N ) ∩W 1

p ((0, T ), Lq(Ω)N ), τ ∈W 1
p ((0, T ),W 1

q (Ω)N
2
)

possessing the estimate:

[[(ρ,u, τ) ]]t ≤ Ce
γt(∥(ρ0, τ0)∥W 1

q (Ω) + ∥u0∥B2(1−1/p)
q,p (Ω) + ∥(f,g,h)∥Lp((0,t),W 1,0

q (Ω))

+ ∥k∥Lp((0,t),W 1
q (Ω)) + ∥∂tk∥Lp((0,t),W−1

q (Ω))) (4.2)

for any t ∈ (0, T ) with some positive constants γ and C, where we have set

[[(ρ,u, τ) ]]t = ∥(ρ, τ)∥W 1
p ((0,t),W 1

q (Ω)) + ∥u∥Lp((0,t),W 2
q (Ω)) + ∥∂tu∥Lp((0,t),Lq(Ω)) (4.3)

and the constant C in (4.2) depends on ρ0 and ρ1.

To prove Theorem 4.1, first of all we transform problem (1.10) to the zero initial data case. To this end,
we take a domain Ω1 such that ∂Ω1 = Γ0 and Ω ⊂ Ω1. The Ω1 is a uniform W

2−1/r
r (N < r <∞) domain.

Let u0 ∈ B
2(1−1/p)
q,p (Ω) be an initial velocity field for problem (1.10) and let ũ0 = (ũ01, . . . , ũ0N ) be an

extension of u0 to Ω1 such that u0 = ũ0 on Ω and ∥ũ0∥B2(1−1/p)
q,p (Ω1) ≤ C∥u0∥B2(1−1/p)

q,p (Ω). We consider the
time-shifted heat equations:

∂tvj + λ0vj − µ∆vj = 0 in Ω1 × (0,∞), vj |Γ0 = 0, vj |t=0 = ũ0j (4.4)

(j = 1, . . . , N). Since ũ0j satisfies the compatibility condition: ũ0j |Γ0 = u0j |Γ0 = 0 as follows from (4.1),
employing the similar argumentation to that in Shibata [21,22], we see that there exist vj (j = 1, . . . , N)
such that

vj ∈ Lp((0,∞),W 2
q (Ω1)) ∩W 1

p ((0,∞), Lq(Ω1)),
∥∂tvj∥Lp((0,∞),Lq(Ω1)) + ∥vj∥Lp((0,∞),W 2

q (Ω1)) ≤ C∥ũ0j∥B2(1−1/p)
q,p (Ω1) ≤ C∥u0∥B2(1−1/p)

q,p (Ω).
(4.5)

Set v = (v1, . . . , vN ). In problem (1.10), we set ρ = ρ0 + θ, u = v + w and τ = τ0 + ω, and then θ, w and ω
satisfy the following equations:

∂tθ + γ1div w = f ′ in Ω × (0, T ),
γ2∂tw−Div T(w, γ3θ) = δ1Divω + g′ in Ω × (0, T ),
∂tω + δ2ω − gα(∇w, τ1) = δ3D(w) + h′ in Ω × (0, T ),

(T(w, γ3θ) + δ1ω)n = k′ on Γ1 × (0, T ),
w = 0 on Γ0 × (0, T ),

(θ,w, ω)|t=0 = (0, 0, 0) in Ω ,

(4.6)

with f ′ = f − γ1div v, g′ = g− γ2∂tv + Div T(v, γ3ρ0) + δ1Div τ0, h′ = h− δ2τ0 + gα(∇v, τ1) + δ3D(v), and
k′ = k− (T(v, γ3ρ0) + δ1τ0)n. By (4.5) and Lemma 2.2(1) with s = r, (2.10) and (1.11), we have

∥(f ′,g′,h′)∥Lp((0,t),W 1,0
q (Ω)) + ∥k′∥Lp((0,t),W 1

q (Ω)) + ∥∂tk′∥Lp((0,t),W−1
q (Ω)) ≤ CDt (4.7)

with

Dt = ∥(ρ0, τ0)∥W 1
q (Ω) + ∥u0∥B2−1/p

q,p (Ω) + ∥(f,g,h)∥Lp((0,t),W 1,0
q (Ω))

+ ∥k∥Lp((0,t),W 1
q (Ω)) + ∥∂tk∥Lp((0,t),W−1

q (Ω)).
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Thus, from now on we consider problem (4.6). We modify the right members to consider the problem on
R for time. Given any function f(·, t) defined on (0, T ), let f0 denote the zero extension of f to (−∞, 0),
namely f0(·, t) = f(·, t) for t ∈ (0, T ) and f0(·, t) = 0 for t ∈ (−∞, 0). Let Et be an operator defined by

[Etf ](·, s) =

f0(·, s) for s < t,

f0(·, 2t− s) for s > t.
(4.8)

Obviously, [Etf ](·, s) = 0 for s ̸∈ (0, 2t). Moreover, if f |t=0 = 0, then we have

∂s[Etf ](·, s) =


0 for s ̸∈ (0, 2t),
(∂sf)(·, s) for s ∈ (0, t),
−(∂sf)(·, 2t− s) for s ∈ (t, 2t).

(4.9)

For t ∈ (0, T ), let

F = Et[f ′], G = Et[g′], H = Et[h′], K = Et[k′].

By the compatibility condition (4.1), k′|t=0 = 0, so that by (4.9), we have

∂sK = (∂sk′)(·, s) for s ∈ (0, t), ∂sK = −(∂sk′)(·, 2t− s) for s ∈ (t, 2t),
∂sK = 0 for s ̸∈ (0, 2t).

(4.10)

First, we consider the whole time problem:

∂tθ + γ1div w = F in Ω × R
γ2∂tw−Div T(w, γ3θ) = δ1Divω + G in Ω × R
∂tω + δ2ω − gα(∇w, τ1) = δ3D(w) + H in Ω × R

(T(w, γ3θ) + δ1ω)n = K on Γ1 × R,
w = 0 on Γ0 × R.

(4.11)

Let L and L−1 denote the Laplace–Fourier transform and the inverse Laplace–Fourier transform with respect
to t defined by

L[f ](λ) = f̂ =
 ∞
−∞

e−(γ+iτ)tf(t) dt (λ = γ + iτ), L−1[g](t) = 1
2π

 ∞
−∞

e(γ+iτ)tg(τ) dτ.

Let Ft and F−1
τ be the Fourier transform with respect to t and the inverse Fourier transform with respect

to τ defined by

F [f ](τ) =
 ∞
−∞

e−iτtf(t) dt, F−1[g](t) = 1
2π

 ∞
−∞

eiτtg(τ) dτ.

We see that

L[f ](λ) = Ft[e−γtf(t)], L−1[g](t) = eγtF−1
τ [g(τ)](t). (4.12)

Applying the Laplace–Fourier transform to (4.11), we have

λθ̂ + γ1div ŵ = F̂ in Ω
γ2λŵ−Div T(ŵ, γ3θ̂) = δ1Div ω̂ + Ĝ in Ω
λω̂ + δ2ω̂ − gα(∇ŵ, τ1) = δ3D(ŵ) + Ĥ in Ω

(T(ŵ, γ3θ̂) + δ1ω̂)n = K̂ on Γ1,

ŵ = 0 on Γ0.

(4.13)

Let R(λ) be the solution operator to problem (1.12) given in Theorem 3.2, and then we have

(θ,w, ω) = L−1[R(λ)(F̂ , Ĝ, λ1/2K̂,∇K̂, Ĥ)]. (4.14)
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Let Λ1/2
γ f be the operator defined by

Λ1/2
γ f = L−1[λ1/2L[f ](λ)].

Note that λ1/2K̂ = L[Λ1/2
γ K]. To estimate (θ,w, ω), we quote the Weis operator valued Fourier multiplier

theorem. Let D(R, X) and S(R, X) be the set of all X valued C∞ functions having compact support and
the Schwartz space of rapidly decreasing X valued function, respectively, while S ′(R, X) = L(S(R,C), X).
Given M ∈ L1,loc(R \ {0}, X), we define the operator TM : F−1D(R, X)→ S ′(R, Y ) by

TMφ = F−1[MF [φ]] (F [φ] ∈ D(R, X)). (4.15)

The following theorem is obtained by Weis [33].

Theorem 4.2. Let X and Y be two UMD Banach spaces and 1 < p < ∞. Let M be a function in
C1(R \ {0},L(X,Y )) such that

RL(X,Y )


τ
d

dτ

ℓ
M(τ) | τ ∈ R \ {0}


≤ κ <∞ (ℓ = 0, 1)

with some constant κ. Then, the operator TM defined in (4.15) is extended to a bounded linear operator from
Lp(R, X) into Lp(R, Y ). Moreover, denoting this extension by TM , we have

∥TM∥L(Lp(R,X),Lp(R,Y )) ≤ Cκ

for some positive constant C depending on p, X and Y .

Remark 4.3. For the definition of UMD space, we refer to a book due to Amann [1]. For 1 < q < ∞,
Lebesgue space Lq(Ω) and Sobolev space Wmq (Ω) are both UMD spaces.

Applying the Weis theorem stated above to (θ,w, ω) defined in (4.14), we have

∥e−γs(∂tθ, ∂tω)∥Lp(R,W 1
q (Ω)) + ∥e−γs(∂tw,Λ1/2

γ ∇w,∇2w)∥Lp(R,Lq(Ω))

≤ C(∥e−γs(F,G,H)∥Lp(R,W 1,0
q (Ω)) + ∥e−γs(Λ1/2

γ K,∇K)∥Lp(R,Lq(Ω))) (4.16)

for any γ ≥ λ0 + 1 with some constants C independent of γ, where λ0 is the constant given in Theorem 3.2.
By using the fact due to Shibata [23, Appendix], Lemmas 2.2 and 3.6, we can prove easily that

∥e−γsΛ1/2
γ f∥Lp(R,Lq(Ω)) ≤ C{∥e−γs∂sf∥Lp(R,W−1

q (Ω)) + ∥e−γsf∥Lp(R,W 1
q (Ω))},

∥e−γsγf∥Lp(R,Lq(Ω)) ≤ C∥e−γs∂sf∥Lp(R,Lq(Ω)),

∥e−γs∂tf∥Lp(R,Lq(Ω)) + ∥e−γsf∥Lp(R,W 2
q (Ω)) ≤ C∥e−γs(∂sf,Λ1/2

γ ∇f,∇2f)∥Lp(R,Lq(Ω)),

(4.17)

which, combined with (4.16), furnishes that

γ∥e−γs(θ,w, ω)∥Lp(R,W 1,0
q (Ω)) + ∥e−γs(∂tθ, ∂tω)∥Lp(R,W 1

q (Ω)) + ∥e−γs∂tw∥Lp(R,Lq(Ω)) + ∥e−γsw∥Lp(R,W 2
q (Ω))

≤ C(∥e−γs(F,G,H)∥Lp(R,W 1,0
q (Ω)) + ∥e−γs∇K∥Lp(R,Lq(Ω)) + ∥e−γs∂sK∥Lp(R,W−1

q (Ω))) (4.18)

for any γ ≥ λ0 + 1. By (4.8) and (4.10), we have

∥e−γs(F,G,H)∥Lp(R,W 1,0
q (Ω)) + ∥e−γs∇K∥Lp(R,Lq(Ω)) + ∥e−γs∂sK∥Lp(R,W−1

q (Ω)) ≤ CDt (4.19)

with some constant C independent of t. By (4.18) and (4.19), we see that

(θ,w, ω)(·, s) = 0 for s < 0. (4.20)
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In fact, we observe that

∥(θ,w, ω)∥Lp((−∞,0),W 1,0
q (Ω)) ≤ ∥e

−γs(θ,w, ω)∥Lp(R,W 1,0
q (Ω)) ≤ γ

−1Dt

for any γ ≥ λ0 + 1, so that we have (4.20) as γ →∞. Combining (4.18)–(4.20), we have

[[(θ,w, ω) ]]t ≤ Ce
γtDt (4.21)

for any γ ≥ λ0 + 1 with some constant C independent of γ. Moreover, since [Etf ](·s) = f(·, s) for s ∈ (0, t),
by (4.11) and (4.20), the (θ,w, ω) is a solution to the equations:

∂sθ + γ1div w = f ′ in Ω × (0, t)
γ2∂sw−Div T(w, γ3θ) = δ1Divω + g′ in Ω × (0, t)
∂sω + δ2ω − gα(∇w, τ1) = δ3D(w) + h′ in Ω × (0, t)

(T(w, γ3θ) + δ1ω)n = k′ on Γ1 × (0, t),
w = 0 on Γ0 × (0, t),

(θ,w, ω)|s=0 = (0, 0, 0) in Ω .

(4.22)

For 0 < t1 < t2 ≤ T , let θti , wti , and ωti be solutions of Eqs. (4.22) with t = ti. By the uniqueness
of solutions which follows from the solvability of the dual problem (cf. [25]), we have (θt1 ,wt1 , ωt1) =
(θt2 ,wt2 , ωt2) for s ∈ (0, t1), so that if we set (θ,w, ω) = (θT ,wT , ωT ), then we have (θ,w, ω) = (θt,wt, ωt)
for any t ∈ (0, T ]. This completes the proof of Theorem 4.1.

5. A proof of the local wellposedness

In this section, we prove Theorem 1.2 by using the Banach fixed point theorem. In the sequel, we assume
that 2 < p <∞, N < q <∞, and that Ω is a uniform W

2−1/q
q domain in RN (N ≥ 2). Let T and L be any

positive numbers and let IL,T be the space defined by

IL,T = {(θ,v, τ) | θ ∈W 1
p ((0, T ),W 1

q (Ω)), v ∈W 1
p ((0, T ), Lq(Ω)) ∩ Lp((0, T ),W 2

q (Ω)),
τ ∈W 1

p ((0, T ),W 1
q (Ω)), (θ,v, τ)|t=0 = (0,u0, 0) in Ω , [[(θ,v, τ) ]]T ≤ L}. (5.1)

Since we choose T > 0 small enough and L > 0 large enough eventually, we may assume that 0 < T ≤ 1 and
L ≥ 1. Moreover, we choose ρ1 in (1.11) in such a way that ∥τ0∥W 1

q (Ω) ≤ R ≤ ρ1. Given (κ,w, ϕ) ∈ IL,T ,
let θ,v and ψ be solutions to problem:

θt + (ρ∗ + θ0)div v = F (κ,w) in Ω × (0, T ),
(ρ∗ + θ0)vt −DivS(v) +∇(P ′(ρ∗ + θ0)θ) = βDivψ + g + G(w, κ, ϕ) in Ω × (0, T ),

ψt + γψ − gα(∇u, τ0)− δD(v) = −γτ0 + L(w, ϕ) in Ω × (0, T ),
(S(v)− P ′(ρ∗ + θ0)θI + βψ)n = h + H(w, κ, ϕ) on Γ1 × (0, T ),

v = 0 on Γ0 × (0, T ),
(θ,v, τ)|t=0 = (0,u0, 0) in Ω .

(5.2)

In the sequel, C denotes generic constants independent of R and L, and CR denotes generic constants
independent of L. Mi denotes some special constants. The values of C and CR may change from line to
line. First, we estimate the right-hand side of (1.8). By the Sobolev inequality (cf. Lemma 2.2(1)), Hölder
inequality and the identities: κ(·, t) =

 t
0 ∂sκ(·, s) ds and ϕ(·, t) =

 t
0 ∂sϕ(·, s) ds, we have

sup
t∈(0,T )

 t
0
∇w(·, s)ds


L∞(Ω)

≤M1T
1/p′L, sup

t∈(0,T )

 t
0
∇w(·, s)ds


W 1
q (Ω)
≤M1T

1/p′L

sup
t∈(0,T )

∥κ(·, s)∥L∞(Ω) ≤M1T
1/p′L, sup

t∈(0,T )
∥κ(·, s)∥W 1

q (Ω) ≤M1T
1/p′L

sup
t∈(0,T )

∥ϕ(·, s)∥L∞(Ω) ≤M1T
1/p′L, sup

t∈(0,T )
∥ϕ(·, s)∥W 1

q (Ω) ≤M1T
1/p′L (5.3)
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with p′ = p/(p − 1). To determine functions with respect to κ, ϕ and
 t

0 ∇w(·, s) ds, in view of the range
condition: ρ∗2 < ρ∗ + θ0 < 2ρ∗ in Theorem 1.2 and (1.6), we choose T small enough in such a way that
M1T

1/p′L ≤ ρ∗/2, M1T
1/p′L ≤ σ and M1T

1/p′L ≤ 1, and then we have

ρ∗
4 < ρ∗ + θ0 + ℓκ < 4ρ∗ (ℓ ∈ [0, 1]), sup

t∈(0,T )

 t
0
∇w(·, s) ds


L∞(Ω)

< σ. (5.4)

Recall that ∥θ0∥W 1
q (Ω) + ∥u0∥

B
2(1− 1

p
)

q,p (Ω)
+ ∥τ0∥W 1

q (Ω) ≤ R (cf. Theorem 1.2 (1.14)). By (5.3) and (5.4) we

have

sup
t∈(0,T )

Vi t
0
∇w(·, s) ds


L∞(Ω)

≤ CT 1/p′L, sup
t∈(0,T )

∇W
 t

0
∇w(·, s)ds


W 1
q (Ω)
≤ CT 1/p′L

sup
t∈(0,T )

∇  1

0
P ′′(ρ∗ + θ0 + ℓκ)(1− ℓ)dℓ


Lq(Ω)

≤ C(R+ T 1/p′L) (5.5)

where i = D, div , W , and W = W(K) is any matrix of functions with respect to K. By Lemma 2.2(1),
(2.10), (5.3), (5.4) and (5.5), we have

∥(0,g,−γτ0)∥Lp((0,T ),W 1,0
q (Ω)) + ∥h∥Lp((0,T ),W 1

q (Ω)) + ∥∂th∥Lp((0,T ),W−1
q (Ω)) ≤ CRT

1/p,

∥(F (κ,w),G(w, κ, ϕ),L(w, ϕ))∥Lp((0,T ),W 1,0
q (Ω)) ≤ C(L+R)2(T 1/p′ + T 1/p),

∥H(w, κ, ϕ)∥Lp((0,T ),W 1
q (Ω)) ≤ C(L+R)2(T 1/p′ + T 1/p),

(5.6)

where we have used the fact that ∂th = 0.
To obtain the following estimates,

sup
t∈(0,T )

∥w(·, t)∥
B

2(1−1/p)
q,p (Ω) ≤ C(∥∂tw∥Lp((0,T ),Lq(Ω)) + ∥w∥Lp((0,T ),W 2

q (Ω)) + ∥u0∥B2(1−1/p)
q,p (Ω)) (5.7)

we use the embedding relation:

Lp((0,∞), X1) ∩W 1
p ((0,∞), X0) ⊂ BUC((0,∞), [X0, X1]1−1/p,p) (5.8)

for any two Banach spaces X0 and X1 such that X1 dense in X0 and 1 < p <∞ (cf. [1]). In fact, as was seen
in Section 4, let ũ0 ∈ B2(1−1/p)

q,p (Ω1) be an extension of u0 such that ũ0 = u0 on Ω and ∥ũ0∥B2(1−1/p)
q,p (Ω1) ≤

C∥u0∥B2(1−1/p)
q,p (Ω), and then there exists a Z ∈ W 1

p ((0,∞), Lq(Ω)N ) ∩ Lp((0,∞),W 2
q (Ω)N ) which satisfies

the equations:

∂tZ + λ0Z− µ∆Z = 0 in Ω1 × (0,∞), Z|Γ0 = 0, Z|t=0 = ũ0 in Ω1,

and possesses the estimate:

∥∂tZ∥Lp((0,∞),Lq(Ω1)) + ∥Z∥Lp((0,∞),W 2
q (Ω1)) ≤ C∥u0∥B2(1−1/p)

q,p (Ω) (5.9)

with some constant C. Let z = w− Z. Since z|t=0 = 0, by (4.8) and (4.9) we have

∥ET z∥W 1
p ((0,∞),Lq(Ω)) + ∥ET z∥Lp((0,∞),W 2

q (Ω)) ≤ C{∥z∥W 1
p ((0,T ),Lq(Ω)) + ∥z∥Lp((0,T ),W 2

q (Ω))}

≤ C{∥∂tw∥Lp((0,T ),Lq(Ω)) + ∥w∥Lp((0,T ),W 2
q (Ω)) + ∥∂tZ∥Lp((0,∞),Lq(Ω)) + ∥Z∥Lp((0,∞),W 2

q (Ω))}. (5.10)

Thus, noting that w = Z + ET z for t ∈ (0, T ) and using (5.8), we have

sup
t∈(0,T )

∥w(·, t)∥
B

2(1−1/p)
q,p (Ω) ≤ sup

t∈(0,∞)
∥Z(·, t)∥

B
2(1−1/p)
q,p (Ω) + sup

t∈(0,∞)
∥ET z(·, t)∥

B
2(1−1/p)
q,p (Ω)

≤ C{∥∂tw∥Lp((0,T ),Lq(Ω)) + ∥w∥Lp((0,T ),W 2
q (Ω)) + ∥∂tZ∥Lp(R+,Lq(Ω)) + ∥Z∥Lp(R+,W 2

q (Ω))}, (5.11)
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which, combined with (5.9), furnishes (5.7). Since B2(1−1/p)
q,p (Ω) ⊂ W 1

q (Ω) as follows from the assumption:
2 < p <∞ by (5.7) and the fact: supt∈(0,T ) ∥

 t
0 ∇w(·, s)ds∥L∞(Ω) ≤ 1, we have

sup
t∈(0,T )

∥w(·, t)∥W 1
q (Ω) ≤ sup

t∈(0,T )
∥w(·, t)∥

B
2(1−1/p)
q,p (Ω)

≤ C{∥wt∥Lp((0,T ),Lq(Ω)) + ∥w∥Lp((0,T ),W 2
q (Ω)) + ∥u0∥B2(1−1/p)

q,p (Ω)}.

By (5.1) we have

sup
t∈(0,T )

∥w(·, t)∥W 1
q (Ω) ≤ C(L+R). (5.12)

Writing V ′j (K) = ∂Vj/∂K for j = D and = div , we have

∂tH(w, κ, ϕ) = −


µVD

 t

0

∇w ds


∇∂tw + µ


V ′D

 t

0

∇w ds


∇w


∇w

+ (ν − µ)


Vdiv

 t

0

∇w ds


∂t∇w +


V ′div

 t

0

∇w ds


∇w


∇w


I


n

−


µ(D(∂tw) + VD

 t

0

∇w ds


∇∂tw +


V ′D

 t

0

∇w ds


∇w


∇w)


VD

 t

0

∇v ds


n

−


µ


D(w) + VD

 t

0

∇w ds


∇w


V ′D

 t

0

∇w ds


∇w


n

− (ν − µ)


(div (∂tw) + Vdiv

 t

0

∇w ds


∇∂tw +


V ′div

 t

0

∇w ds


∇w


∇w)I


VD

 t

0

∇v ds


n

−


(ν − µ)


div w + Vdiv

 t

0

∇w ds


∇w


I


V ′D

 t

0

∇w ds


∇w


n

+


2
 1

0

P ′′(ρ∗ + θ0 + ℓκ)(1− ℓ) dℓ κ∂tκ+
 1

0

P ′′′(ρ∗ + θ0 + ℓκ)(1− ℓ)ℓ dℓ κ2∂tκ


n

+


(P (ρ∗ + θ0 + κ)− P (ρ∗))V ′D

 t

0

∇w ds


∇w + P ′(ρ∗ + θ0 + κ)∂tκVD

 t

0

∇w ds


n

−


β∂tϕVD

 t

0

∇w ds


+ β(ϕ+ τ0)V ′D

 t

0

∇w ds


∇w


n.

Applying Lemma 2.2 and using (5.12), (5.3) and (5.4), we have

∥∂tH(w, κ, ϕ)∥Lp((0,T ),W−1
q (Ω)) ≤ C(L+R)2(T 1/p′ + T 1/p). (5.13)

Thus, applying Theorem 4.1 to problem (5.2) and using (5.6) and (5.13), we have

[[(θ,v, ψ) ]]T ≤ CR(L+R)2(T 1/p′ + T 1/p). (5.14)

Choosing T > 0 so small that CR(L+R)2(T 1/p′ + T 1/p) ≤ L in (5.14), we have

[[(θ,v, ψ) ]]T ≤ L. (5.15)

Let us define a map Φ by Φ(κ,w, ϕ) = (θ,v, ψ), and then by (5.15) Φ is a map from IL,T into itself. For
(κi,wi, ϕi) ∈ TL,T (i = 1, 2) let (θ,v, ψ) = Φ(κ1,w1, ϕ1)− Φ(κ2,w2, ϕ2), and let

F = F (κ1,w1)− F (κ2,w2), G = G(w1, κ1, ϕ1)−G(w2, κ2, ϕ2),
L = L(w1, ϕ1)− L(w2, ϕ2), H = H(w1, κ1, ϕ1)−H(w2, κ2, ϕ2),
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then by (5.2) we have

θt + (ρ∗ + θ0)div v = F in Ω × (0, T ),
(ρ∗ + θ0)vt −DivS(v) +∇(P ′(ρ∗ + θ0)θ) = βDivψ + G in Ω × (0, T ),

ψt + γψ − gα(∇u, τ0)− δD(v) = L in Ω × (0, T ),
(S(v)− P ′(ρ∗ + θ0)θI + βψ)n = H on Γ1 × (0, T ),

v = 0 on Γ0 × (0, T ),
(θ,v, τ)|t=0 = (0, 0, 0) in Ω .

(5.16)

Since

sup
0∈(0,T )

∥(v1 − v2)(·, t)∥
B

2(1−1/p)
q,p (Ω) ≤ C(∥∂t(v1 − v2)∥Lp((0,T ),Lq(Ω)) + ∥v1 − v2∥Lp((0,T ),W 2

q (Ω)))

as follows from (5.7), employing the same argumentation as in proving (5.6) and (5.13) we have

∥(F ,G,L)∥Lp((0,T ),W 1,0
q (Ω)) + ∥K∥Lp((0,T ),W 1

q (Ω)) + ∥∂tK∥Lp((0,T ),W−1
q (Ω))

≤ C(R+ L)(T 1/p′ + T 1/p)[[(κ1,w1, ϕ1)− (κ2,w2, ϕ2) ]]T .

Thus, applying Theorem 4.1 to Eqs. (5.16), we have

[[Φ(κ1,w1, ϕ1)− Φ(κ2,w2, ϕ2) ]]T ≤ CR(R+ L)(T 1/p′ + T 1/p)[[(κ1,w1, ϕ1)− (κ2,w2, ϕ2) ]]T
with some constant CR depending on R. Choosing T > 0 so small that CR(R+L)(T 1/p′ + T 1/p) ≤ 1/2, we
see that Φ is a contraction map on IL,T , and therefore by the Banach fixed point theorem we have a unique
fixed point (θ,v, π) of the map Φ, which solves Eqs. (1.8) uniquely. This completes the proof of Theorem 1.2.
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