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1. Introduction and main result

Let 2 be a bounded domain in the N-dimensional Euclidean space RN (N > 2) whose boundary consists
of two parts I'y and Iy, where I'o N Iy = (). The 2 is occupied by a compressible viscous barotropic
non-Newtonian fluid of Oldroyd-B type. The present paper deals with the problem of determining the
region {2, C RY, the density field p = p(z,t), the elastic tensor 7 = 7(z,t), and the velocity field

u = (uy(z,t),...,un(z,t)), which satisfy the system of equations:
Op+div(pu) = 0 in (2,
p(Opu+u-Vu) —DivT(u,P(p)) = @Divr in (%,
hT+u-Vr+917 = ID(u)+ go(Vu,7) in §2,
(T(u,P(p))+ PBr)n; = —P(p.)ny on I3, (1.1)
u = 0 on [y,
(p,u,T)|t=0 = (p« + 60,u0,70) in (2,
t]t=0 = $2, Lili=0 = It
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for 0 < t < T. Here, p, is a positive constant describing the mass density of the reference domain {2,
T(u, P(p)) the stress tensor of the form

T(u,p) = S(u) — P(p)I with S(u) = uD(u) + (v — p)divul, (1.2)

D(u) the doubled deformation tensor whose (4, j) components are D;;(u) = d;u; + 0ju; (0; = 0/0x;), I the
N X N identity matrix, u, v, 8, v and ¢ are positive constants (1 and v are the first and second viscosity
coefficients, respectively), n; is the unit outer normal to I, P(p) a C* function defined for p > 0 which
satisfies that P’(p) > 0 for p > 0. Moreover, the function g,(Vu,7) has a form

9o (Vu,7) = W(u)1 — 7W(u) + a(rD(u) + D(u)7), (1.3)

where « is a constant with —1 < o < 1 and W(u) the doubled antisymmetric part of the gradient Vu whose
(¢,7) components are W;(u) = d;u; — d;u;. Finally, for any matrix field K whose components are K;;, the
quantity DivK is an N vector whose ¢th component is Zjvzl 0;K;;, and also for any vector of functions
u=(up,...,uy), diva = Zjvzl Oju;, and u- Vu is an N vector whose ith component is Zjvzl u;0ju;. We
assume that the boundary of (2 consists of Iy and I’y with I'y N Iy = 0.

Aside from the dynamical system (1.1), a further kinematic condition for I} is satisfied, which gives

I ={z eRY |z =x(&1t) (€€ )}, (1.4)
where x = x(¢,t) is the solution to the Cauchy problem:
Iy={z eRY |z =x(&t) (£ € I1)}. (1.5)

Concerning the free boundary problem of the viscous compressible barotropic Newtonian fluid flow, the
local well-posedness and global well-posedness have been studied in the Ly Sobolev—Slobodetskii space by
Denisova and Solonnikov [4,3], Secchi and Valli [17-19], Solonnikov and Tani [28,30,31], and Zajaczkowski
[34,35], and in the L,—L, maximal regularity class by Shibata et al. [7,24]. Recently, M. Nesensohn [14]
proved the local well-posedness of the free boundary problem for the non-Newtonian fluid flow of Oldroyd-
B type in the incompressible viscous fluid case (further references are found in [14]). On the other hand,
Shi, Wang and Zhang [20] investigated the asymptotic stability for 1-dimensional motion of non-Newtonian
compressible fluids using Lo energy method. Meanwhile, global existence of strong solutions of Navier—Stokes
equations with non-Newtonian potential for 1-dimensional isentropic compressible fluids has been studied
by Liu, Yuan and Lie [9]. The purpose of this paper is to study the local well-posedness of problem (1.1).

To prove the local well-posedness of problem (1.1), we use the Lagrangian coordinate in order to transform
the time dependent domain {2 to the fixed domain 2. Let u(z,t) and v(&,t) be velocity fields in the Euler
coordinate and in the Lagrangian coordinate, respectively. The Euler coordinate system {x} and Lagrangian
coordinate system {£} are connected by the relation:

¢
r=¢ +/0 v(&, s)ds = Xy (&, 1),

where, v(£,t) = (v1(&,t),...,un (€, 1)) = u(Xy(&,t),t). Let A be the Jacobi matrix of the transformation
z = Xy(&,t), whose (4, j) element is a;; = d;; + fg(gé’] )(&, s)ds. There exists a small number ¢ such that if

¢ 81)1-
/0 7, (+,8)ds

then A is invertible, that is, det A # 0. Thus, we have V, = A1V, = (I + Vo(fot Vv(¢,s)ds))Ve, where
Vio(K) is an N x N matrix of C*° functions with respect to K = (k;;) for |K| < 20 and V(0) = 0. Here

and hereafter, k;; denote corresponding variables to fot (gg )(+, 8)ds. Let n be the unit outward normal to
J

<o (0<t<T), (1.6)
Loo(£2)

max
i,j=1,...,N
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Iy, and then we have
A~ 'n

nt:m.

(1.7)

Suppose that p(z,t), 7(z,t) and u(x,t) are solutions of (1.1). Setting p(Xy(&,t),t) = ps« + 00(&) + 0(, 1)
and 7 = 19(&) + w(&,t), we see that problem (1.1) is transformed to the following equations:

Ot + (ps + Og)divv = F(0,v, ) in 2x(0,7),
(px +00)ve — DivS(v) + V(P'(p« +00)0) = g+ BDivr + G(6,v,7) in 2 x (0,7),
T+ 37 — 9o (Vv, 70) — 6D(V) = —vy719 + L(0, v, 7) in 2x(0,7), (1.8)
(S(v) = P'(psx +00)01 + Br)n = h+ H(A, v, ) on It x (0,7), '
v=0 on Iy x (0,7),
(0,v,m)|t=0 = (0,u0,0) in £2,

where g = —P/(p. +6y) V6o + Div 7y and h = (P(ps+6o) — P(p.))n— B7on. Moreover, F(6,v), G(v,0,),
L(v,m), and H(v, 0, 7) are nonlinear functions of the forms:

¢
F(0,v) = —0divv — (p« + 0 + 0)Vaiy (/ Vv,ds) Vv,
0

t t
G(v,0,7) = —0vy + Div <,uVD </ Vv ds) Vv + (v — u)Vaiy (/ Vv ds) VvI)
0 0

Vay (/ wvas) ¥ (i (D0 4 v (/ Vvds ) ) + (v = ) (div et Vo (/ vvis) v

¢ ¢ ¢
—P'(pe +600+0)Vp (/ Vv ds) V(0o + 0) + BVaiy (/ Vv ds) 70 + BViiv (/ Vv ds) 0
0 0 0
1
- v(/ P"(p, + 0 + (0)(1 — 0) d€92),

0

i m) =t ([ 9was) ¥ s 0 (v ([ 7vas) 7)1
(o 70 ([ 9wy o) - v v ([ 9vas) )]

X Vp (/ot des> (/01 P’ (p, + 00 + 0)(1 — £)d£02> n+ (P(ps + 60+ 0) — P(p.))
(!

XVD

vv ds> n— B(ro + Vb (/Ot Vv ds> n
L(v,7) = W) + Viv < /0 t Vvds) Vv(ro 4 7) — TW(V) — (7 + 70)Viw ( /0 "oy ds) Vv

t

+a(rD(V) + (7 + 70)Vp (/Ot Vv ds) Vv + D)+ Vi (/0 Vv ds) Vv(r + 7)),

and Vp(K), Viy (K), and Vg;y (K) are some matrices of C* functions with respect to K for |K| < 20, which
satisfy the condition:

Vp(0) =0, Vi (0) =0, Vaiv (0) = 0. (1.9)

Employing the argumentation due to Stréhmer [32], we can show eventually that the correspondence
x = X,(& t) is invertible, then problem (1.1) and problem (1.8) are equivalent. Thus, we show the local
well-posedness of problem (1.8).
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To this end, the main step is to prove the L,~L, maximal regularity for the following linearized problem:

Op + ndivu = f in 2 x (0,7,

Yo0ru — Div T (u,y3p) = 6:Divr+g in 2 x (0,7),

T + 02T — go(Vu, 1) = 03sD(u)+h in 2 x (0,7),
(T(u,7vsp) +07)n = k on I,
u=20 on Iy,
(psu,7)t=0 = (po,w0,70)  in £2,

(1.10)

where i, 72, 73 and 7; are uniformly continuous functions with respect to x € 2, which satisfy the
assumptions:

Pe/2 <y2(x) <208y 0<mi(2),  w(x)<p1, Vvl <p, (£=1,2,3),

(1.11)
IT1llwr 2y < p1,

while d1, d2, and d3 are positive constants. Note that in problem (1.1) we have written §; = (3, 02 = 7 and
d3 = 4.

The maximal L, regularity was proved by Solonnikov [26,27] for the general parabolic equations which
satisfy the uniform Lopatinski-Shapiro conditions. After Solonnikov’s study about the maximal regularity, to
obtain the maximal L, regularity result in the model problem, Moglievskii [10,11], Mucha and Zajaczkowski
[12] and Solonnikov [29] used the Marcinkiewicz—Mikhlin—Lizorkin multiplier theorems together with some
Hardy type inequality. Priiss and Simonett [15,16] used H* calculus and Shibata—Shimizu [25] used the
R-boundedness and the Weis operator valued Fourier multiplier theorem.

On the other hand, Denk, Hieber and Priiss [5], Shibata [21], Enomoto and Shibata [6], Enomoto, von
Below and Shibata [7], Dario and Shibata [8], Murata [13] used another methods, namely they construct the
R bounded solution operator to the resolvent problem and used the Weis operator valued Fourier multiplier
theorem to obtain the maximal L, in time and L, in space regularity. In this paper, we follow Enomoto,
von Below, and Shibata [6,7] to prove the maximal regularity result for problem (1.10) with help of the R
bounded operator for the generalized resolvent problem:

Ap+mdiva = f in §2,
YeAu — Div T (u,v3p) = §1Divr+g  in (2,
AT+ 027 — go(Vu, 1) = 3D(u) +h  in £, (1.12)
(T(u,y3p) + 517)n = k on I,
u=20 on Iy.

1.1. Notation and the definition of uniform domains

Before stating our main result, we introduce the notation used throughout the paper, and some definitions.
For Banach spaces X and Y, £L(X,Y") denotes the set of all bounded linear operators from X into Y, and
Hol (U, L(X,Y)) the set of all £L(X,Y") valued holomorphic functions defined on a complex domain U. For
any domain D and 1 < p,q < oo, Ly(D), W;*(D) and B;, (D) denote the usual Lebesgue space, Sobolev
B (D) denote their norms, respectively. We set

space and Besov space, while || - ||, (p), [| - [lwy(p) and | - |
WO(D) = Ly(D), W (D) = B, (D) and

WD) = {(f,& h) | f € WD), g € WAD)N, h e WD)V}

C§°(D) denotes the set all C>°(RY) functions whose supports are compact and contained in D. We set
(f,9)p = [p f(x)g(x)dx. Ly((a,b),X) and W;*((a,b), X) denote the usual Lebesgue space and Sobolev
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space of X-valued function defined on an interval (a,b), while |- ||, ((a,5),x) and ||- HWm ((a,p),x) denote their
norms, respectively. The d-product space of X is defined by X% = {f (fiy--sfa)l fl eX (z =1,...,d)},
while its norm is denoted by || - ||x instead of || - || xa for the sake of simplicity. N, R, and C denote the
sets of all natural numbers, real numbers and complex numbers, respectively. Let Ng = N U {0}. For any
multi-index & = (k1,...,kNn) € NJ, we write |k| = k1 +---+ry and OF = 97 -+ OWN with z = (z1,...,2N)
and 0; = 0/0z;. For scalar function f and N-vector of functions g, we set

Vf=(f....onf), Vg=(digjli,j=1,....N),
Vif=(0flel=2), V’g=(9"il|la|=2i=1,..,N).

Fora = (a;...,ay) and b = (by .. bN) we set a - b = (a,b) = ZN a;b;. For scalar functions f, ¢ and

N-vectors of functlons f, g we set ( = [p f(x)g(x)dz and (f,g)p = [, f(z) - g(x)dr. The letter C

denotes generic constants and the constant Cap,... dopcnds on a,b,.... The values of constants C' and Cop, ..

may change from line to line. We use the bold-face letters to denote IN-vector valued function and N x NV

matrix of functions. And also, we use the Greek letters to denote mass density as well as elastic tensor.
Next, we introduce a definition.

Definition 1.1. Let 1 < » < co and let {2 be a domain in RY with boundary 942. We say that 2 is a uniform

Wf_l/r domain, if there exists positive constants «, § and K such that for any z¢ = (zo1,...,zon) € 002
there exist a coordinate number j and a W2~ "/" function h(z') (&' = (z1,...,2;,...,2n)) defined on B}, (z)
with z( = (2o1,...,Z0j,...,Zon) and ||hHW271/T(B/ (ary) < I such that
T [e3 0]
2N Bg(wo) = {z € RN | 2; > h(z)) (2/ € BL(x())} N Ba(xo)
902N Bg(xo) = {x € RY | z; = h(2)) (2 € Bl (z4))} N Bg(xo). (1.13)
Here, (z1,...,%j,...,2n) = (T1,...,Tj—1,%j41,---,2N), Bh(zy) = {2’ € RN"1 | |2/ — 2| < o} and

Bg(zo) ={z € R |z — 0| < B}
1.2. Main results
The following theorem represents the main result of this paper.

Theorem 1.2. Let N < ¢ < 00,2 < p < oo and R > 0. Then, there exists a time T > 0 depending on R such
that if the initial data (6o, wg, 70) for Egs. (1.1) satisfy

100l[w () + lluoll 2(0-4) ) + [Imollwy (@) < R, (1.14)
the range condition:
% < pu+00 < 2ps. (1.15)

and the compatibility condition:
(T(ug, P(ps +60)) + Bro)n = —P(p.)n  on I, uy =0 on Iy, (1.16)
then problem (1.8) admits a unique solution (0, v, ) with
b€ Wpl((O7T)anl(‘Q))7 veE Wpl((oaT)qu(‘Q))mLP((OaT)7Wq2(‘Q))a e Wpl((OaT)qul(‘Q))
satisfying the conditions:

T
% < ps + 00 < 4p., _jmlax / 1 (Qui/O&;)(+, 8)ds| (o) < o,
i,5=1,..., n Jo
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and the estimate:

10llw2(0,7), w22 + IVIlwrom),L2)) + IVIIL, 01, w22) + [ITllwiom),wre) < CR
with some constant C' independent of R.

Using the argumentation due to Strohmer [32], we see that the map x = X (&, t) is a diffeomorphism
with suitable regularity, so that for problem (1.1) by Theorem 1.2 we have

Theorem 1.3. Let N < g < 00, 2 < p < 0o and R > 0. Then, there exists a time 17 > 0 depending on R
such that if the initial data (6p, v, 70) for problem (1.1) satisfies the same condition as in Theorem 1.2, then
problem (1.1) admits a unique solution (p,u,T) with

p—pe € Wy ((0,7), Lg(£2)) N Lp((0,T), Wy (), we W,((0,T), Lg($2:)) N Ly((0,T), W (),
T E Wp1(<O’T)7L;(‘Qt)) n Lp((OaT)’qu(Qt))

Remark 1.4. In Theorem 1.3, v € Wﬁ((O,T),W[;”(Qt)) means that d/v € Wit (%) for t € (0,7) and
i=0,1,...,¢, where WI(,J =Ly, W,? = L, and 8% = v, and
‘

T ] 1/p
||v||Wé((0,T),W(;"(Qt)) = Z(/O (Hagv(,t)”W;"(Qt))p dS) < 0OQ.

=0

Including this introduction, we organize the paper as follows. In Section 2, we discuss the extension of the
unit outer normal n to the whole space, give some proposition about uniform W2 ~Y" domains and prepare
some calculus lemmas for the latter use. In Section 3, we show the existence of R-bounded solution operator
to problem (1.12) and (1.10). In Section 4, we state the existence of R-bounded solution operator for problem
(1.12) and we prove the maximal regularity result for problem. In Section 5, we prove Theorem 1.2.

2. Some properties of the uniform W2~/ domain

In this section, we discuss some properties of the uniform w? ~1/" domain and we prepare some calculus
lemmas for the latter use. Let @ : RN — R be a bijection of C! class and let #~! be its inverse map. We
assume that V& and V&1 have the forms: V& = A+ B(z) and V&1 = A_; + B_;(z), where A and
A_; are orthonormal matrices with constant coefficients and B(x) and B_;(z) are matrices of functions in
W2(RY) with N < r < oo such that

(B, B-)llo@yy < My, V(B B-1)|[L,&y) < Ma. (2.1)

Let A;;, A_;j, B;j(z) and B_1;;(§) be the (4, j) elements of A, A_, B(x) and B_;(x), respectively. We will
choose M7 small enough eventually, so that in the sequel, we may assume that 0 < M; < 1 < Ms. Let
2, = o(RY) and I'y = &(R'), where

Rﬁ = {(-le'wa) ERN | TN > 0}, R(J)V = {(-le'me) ERN | TN :0}.
The I'y is the boundary of 2, and represented by £ = &(a’,0) with 2’ = (z1,...,2y_1). Let
0161 - Ona&s
P e &
Ny = det | D181 On—bit | i 0i&; = 8@2@, (2.2)

81£i+1 o aN—lfi-{-l

Oén -+ On—1éN
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where & = (&4,...,Pn), let gy = (—l)N”Ni/\/ZszlNﬁ, let ny; = 7y 0 @71 and let nr, =

(n41,...,nyn). We see that np, |p, is the unit outer normal to I'y. Moreover, np, is defined on RY
and by (2.1)

Inr l[z.@v) < Chn, IVor, lwiey) < Chs- (2.3)

Several properties of uniform W2 ~Y" Jomains are given in the following proposition which was proved
in Enomoto and Shibata [6, Proposition 6.1].

Proposition 2.1. Let N < r < oo and let 2 be a uniform W,?_l/r domain in RN. Let M, be any small
number € (0,1). Then, there exist constants My > 0, 0 < d°,d',d* < 1, an open set U, at most countably
many N -vector of functions @? and !I’Jl, and points 1:9— € Iy, le eIt and 3:? € {2 such that the following
assertions hold:

(i) The maps: RN 3z — &i(x) € RN (i =0,1) are bijective of C* class.
(i) @ = (U Uy (9RY) N Ba (@) U (Ui Bie(@?)), Bae(a?) € 2, @;(RY) N Bus(ai) = 20
Bgi(2}) (i=10,1), )(R)") N By: (xj) =I;NBg(z}) (i=0,1).
(iii) There exist C* functions C} and (;(z =0,1,2, j=1,2,3,...) such that

0<¢, (i <1, supp(l, supp(l C Byi(ah), 1 w2 @y, [1CHIwz @y < co,
¢;=1 onsupp(j, ZZg;:l on 2, Z(}zl on I; (i=0,1).
i=0 j=1 j=1

Here, cq is a constant which depends on My, N, q and r, but is independent of 7 =1,2,3,....

(iv) Voi = .A;» + B;-, V(@;)’l = A§)7 + B;‘»)f, where A% and A;A-yf are N x N constant orthonormal
matrices, and B;» and B;»,f are N x N matrices of W (RN) functions defined on RN which satisfy the
conditions: ||Bj| L wvy < My, ||B} _|l.@y) < My, [[VB|L, vy < Ma and |VB; |1, @~y < Ma for
i=0,1and j=1,2,3,....

(v) There exists a natural number L > 2 such that any L + 1 distinct sets of {Bdi(x;) |i=0,1,2, j=
1,2,3,...} have an empty intersection.

By Proposition 2.1(v), we have

2 oo 2 oo
CallFI% oy < DD NG o) < ZZIfll‘iq(mB;)SC?IIquLq(Q) (2.4)

i=0 j=1 i=0 j=1

for any f € Ly(f2) and 1 < ¢ < oo with some positive constants C; and qu.

In the sequel, we write B} = By (%), (¢5)~' = wi, 2} = ¢}(RY), and I'} = &1(Ry') for the sake of
simplicity. The I ]-1 is the boundary of le. We introduce some properties of the unit outer normal n to Iy, the
extension operator E, the space Wq_l(Q) and its norm || - ”w;l( Q) and we prove some inequalities for the
later use. From the consideration at the beginning of this section it follows the existence of n}, € Wlloc( Ny
such that nj, =n on I} N B} and

Ingllw: sy < C. (2.5)

Let n = > 2, Cén}f and § = U2, supp C,L and then n = i on [ and suppn C S. For the notational
simplicity, hereinafter we write i = Y ;- Q,in,lﬁ. Since i = n on I, we write n = n unless confusion may
occur.
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Next, let p; (j = 1,2,3,4) be numbers such that Z?:l(—j)kpj =1 for k = —1,0,1,2. Given function
f c Ll,lOC(R£)7 let

f(:c’ TN) (xny > 0),
ij —jzn) (zny <0).
Obviously, 9% t[flay=0+ = Ofilflay=0- = (Onf)(a’,0+), so that [e[fllwrey) < Cllfllwpmy) for

k = 0,1,2, where W) = L,. Moreover, ([nf] = 8N(Zi (=) tpif(a —jzN)) for xxy < 0 and
(=) i —jon anmo- = F(@',04), 50 that [40x STyt gy < Cllfllaay, where Wy (RY)
is the dual space of W} (RY).

Let the extension operator E be defined by

ZZ (¢5f) o @] o&l'“rZCf

=0 j=1

For the product fg, E[fg] is defined by E[fg] = E[f]E[g], and if g is defined on RY E[fg] is defined by
E[fg] = E[f]g. Obviously, E[f] = f in 2. Moreover, we have

||E[ ]HW" (RN) < C”uHWk (£2) for k = 0,1,2,

2.6
BVl gy < Cllullzagoy (26)

Let
W Q) = {f € Liaoc(2) | E[f] e W R}, (Ifllw 1y = 1B w2 vy

For the later use, we prove

Lemma 2.2. Let 1 < ¢ < 00 and N < s < oo. Assume that max(q,q’) < s. Then, the following assertions
hold.

(1)

f9llwr ey < Cllfllwro)lgllwz o), l9llze2) < Cllgllwzo)

IVullww-1 0y < Cllull,2),
HUUHW—l(Q) <C ||UHW—1(Q)HU||W1 (£2)
luvllw.1(2) < CollullL, @ llvllz.e

(3) Let gx (k=1,2,...) be functions in W} (RN) such that

suppgr C By, llgrllwr sy <0, (2.7)
for some constant g independent of k=1,2,3,.... Then,
(oo}
ZClifgk < Cq'YOHJc”w;l(Q)a
k=1 W (92)

< Covollfllwrey (k=0,1).
Wk ()
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Proof. (1) It follows from the Sobolev imbedding theorem that ||g||z_ () < Cllgllwi(e), so that we also
have [[(f, V)gllr,w) < Cllfllwro)llgllwi(e)- By the Sobolev imbedding theorem, we have

179l ) < CllA . lglwi@) (@ =q:d)- (2.8)

In fact, by the Holder inequality, we have || fgllr,2) < Clfllz,ll9llz,(2) with 1/a = 1/s + 1/b. Note
that @ < s. If @ = s, then b = oo and N < a < o0, so that by the Sobolev imbedding theorem
lgllz,2) < Cllgllwi(e). If a < s, then N(1/a —1/b) = N/s < 1, so that by the Sobolev imbedding

theorem we also have [|g[|z,(2) < Cl|gllw:(@). Thus, we have (2.8).

Applying (2.8), we have || fVyg[L,(0) < Cllfllwz2)IVglL,(2)- Summing up, we have shown the assertion
(1).

(2) The first inequality follows from (2.6). To prove the second one, we observe that
Blur], P)a] < [l oy 1Ll )
for any ¢ € W), (RY). By (2.8) we have

[(VE[])ellL,, @y < CIIVE[Y]]

LS(RN)H@”W;,(RN)- (2.9)

Thus, we have [E[v]¢lws@wyy < ClER]|lw:@yllellwy, @y), which implies the second inequality.
Analogously, using Hoélder’s inequality and replacing VE[v] by E[v] in (2.9), we have

|(E[uv], @)~ | < ||E[U]||Lq(RN)||E[U]S0||Lq,(JRN) < C||E[u]||Lq(RN)”E[v]| LS(RN)H‘PHW;,(RN),
which implies the last inequality.

(3) To prove the first inequality, setting g = > =, ({gk, we observe that
I(E[fgl, p)r~ | = [(B[f], gp)rn | < ||wa;1(Q)H9<P||qu,(RN)
for any ¢ € qu, (RM). By (2.4) replacing £2 by R, (2.7) and (2.9), we have
||V(Q‘P)H%q,(RN) < Cnyg Z ||V(Cligkéligo)”%q,(ﬂ{1\’)

k=1
oo

< Cnyg (Hv(gégk)”%S(RN)”Eli@”?/[/ll(]RN) + ||Cligk||qOO(RN)HGSO||(‘]/V1/(RN))
k}:l q q

o0
< Ong 8 D 1ol sy < Ona s 19l vy
k=1 q 4 q

Analogously, we also have Hg<p||Lq,(RN) < Cn,gollellw, ery. Thus, we have the first inequality.

Analogously, by (2.4) we easily have the second inequalities, which complete the proof of Lemma 2.2. O

For example, using (2.5) and Lemma 2.2 we have

Ifallz, 2 < Clflc, ) Ifallwae) < Cllfllwr ) (210

1fonllw. 1oy < Clflw o lglwscar 1Fomlw1ia) < Ol iy lgllzy )

with some constant C' > 0.
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3. R bounded solution operators

In this section, we prove the existence of R bounded solution operator associated with generalized resolvent
problem (1.12). First of all, we introduce the definition of the R bounded operator family.

Definition 3.1. A family of operators 7 C L(X,Y) is called R-bounded on £(X,Y), if there exist constants
C > 0 and p € [1,00) such that for any n € N, {T;}7_; C 7, {f;}}_; C X and sequences {r;}7_; of
independent, symmetric, {—1, 1}-valued random variables on [0, 1], we have the inequality:
P
> ri(u) Ty,

1 1
/ du <C /
o |Ii= v 0

The smallest such C'is called R-bound of 7, which is denoted by R, (x v (7).

1/p " » 1/p
Z TiT; du

j=1

n

X

The resolvent parameter A in problem (1.12) varies in X », with
Zerog ={AeC| Jarg | <7 —¢, |A] > Ao} (e€(0,7/2), 0 > 0).

The main result for the R bounded solution operator is the following theorem.

Theorem 3.2. Let 1 < ¢ < 00, 0 < € < w/2 and N < r < co. Assume that v > max(q,q'). Let 2 be a
uniform Wy *'" domain and X € Yeny- Set

X(2) ={(f.g.h.k) | (f,g.h) € W;°(2), ke W (2)"},
X,(2) = {(F\,F2,F3,Fy, Fs) | Fi € WH(Q),Fa € Ly(2)N, Fy € Ly(2)V, Fy € Ly(2)N ,F5 € WH2)N'}.
Then, there exists a Ao > 1 and an operator family R(\) with

R(\) € Hol(A x,, £(X,(2), WE2(02)))

such that for any (f,g,h, k) € X (£2) and X € X »,, (p,u,7) = R(N)(f, g, M2k, Vk, h) is a unique solution
to problem (1.12).

Moreover, there exists a constant C' such that

RL(XQ(Q),W;’O(Q))({(TaT)é()‘R()‘)) A€ TN} <C (£=0,1),

Rz:(xq(n),wavo(g))({(TaT)Z(’YR(/\)) A€ X)) <C (£=0,1),

Ry (@), La vy ({(TOT) (A2VP,RON) [ A € Zp ) < C - (£=0,1),
RL(Xq(Q),Lq(Q)N3)({(787)Z<VQPUR()‘)) A€ TN} <C (£=0,1), (3.1)

with A =~ +i7. Here, P, is the projection operator defined by P,(p,u,7) = u.

Remark 3.3. The Fy, Fy, F3, F4 and F5 are variables corresponding to f, g, \'/?k, Vk, and h, respectively.

In the sequel, we prove Theorem 3.2. To prove Theorem 3.2, we reduce the problem to the Lamé equation:

Y2Au—DivS(u) = g in {2,
S(uyn =k on I, (3.2)
u=0 on Iy

According to Enomoto, von Below and Shibata [7], we know
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Theorem 3.4. Let 1 < ¢ < 00, 0 < € < /2 and N < r < oo. Assume that v > max(q,q'). Let 2 be a
uniform Wffl/r domain. Let

Yy (2) ={(g.k) | g € Ly(2)", k € Wy ()"},
Vo) = {(F2,F3,Fy) | Fa € Ly()V, Fs € L()V Fy € Ly(2)").
Then there exist a A\g > 1 and an operator family A(\) with
A(N) € Hol(Z xy, L(Vg(2), WE(2)Y))
such that for any (g, k) € Yy (2) and X € Ay, u = AN (g, \/?k,Vk) is a unique solution of
problem (3.2) and A(N) satisfy the estimates
Rﬁ(yq(()),Lq(Q)N)({(TaT)Z(G)\A()‘)) [AeXen})<C (£=0,1)
with X =~ + it, where we set N = 2N + N? + N3 and Gyu = (Au, yu, \'/2Vu, V2u).
Setting § = A7 (f — yidivu) and 7 = (A + d2) 7' (d3D(u) + go(Vu, 71) + h) for the case A # 0 in (1.12),
we have
yeAu — DivS(u) = g — A 'V(93f) + 61 (A + 62) " 'Divh
+ ATV (y1yzdiva) 4+ 6 (A + 82) T Div (9o (Vu, 71) + 83D ()  in 2,
S(un = k+ (A" 'y3f —61(A+62) 'h)n
— (A typyadiva 4+ 81 (A + 82) " (ga(Vu, 1) + 63D (u)))n on I,
u=20 on [j.
Thus, g — A7V (v3f) + 61(A + d2) "' Divh and k + (A"1y3f — §1 (A + d2) "*h)n being renamed g and k,
respectively, for the sake of simplicity, we consider the following equations:
voAu — DivS(u) — Biy(A)(u) = g in £,
S(u)n — By(A\)(u) =k on I, (3.3)
u=0 on [y,
where we have set
Bi(A\)(u) = A"V (y1y3diva) 4 01 (A + 62) "' Div (9 (Vu, 71) + 63D (u)),
By(N)(u) = =A™ 'yiysdiva + 81 (A + 82) 71 (ga(Vu, 71) + 33D (u)))n,

To prove Theorem 3.2, we use the following two lemmas about the R-norms.
Lemma 3.5 (/5)). Let X, Y and Z be Banach space and let T and S be R-bounded families

1. If X and Y are Banach spaces and let T and S be R-bounded families in L(X,Y), then T+S ={T+5 |
T eT,S €S} is also an R-bounded family in L(X,Y) and

RL(X,y)(T + S) < R/;(va)('f) + 'Rg(ny)(S).

2. If X, Y and Z are Banach spaces and let T and S be R-bounded families in L(X,Y) and L(Y,Z),
respectively, then ST = {ST | T € T,S € S} is also an R-bounded family in L(X,Z) and

Rex,2)(TS) S Rex vy (T)Re(x,v)(S)-

Lemma 3.6 (/2)). Let 1 < p,q < oo and let D be a domain in RY.

1. Let m(X\) be a bounded function defined on a subset A in a complex plane C and let M,,(\)
be a multiplication operator with m(X) defined by My, (AN)f = mA)f for any f € LgD).
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Then
Re(r, o) ({Mm(A) [ A € 4}) < C g pllml|L.
2. Let n(7) be a C* function defined on R\ {0} that satisfies the conditions: |n(7)| < v and |mn/(7)| < v
with some constants v > 0 for any v € R\ {0}. Let T,, be an operator valued Fourier multiplier defined

by Tof = F-nF[f]] for any f with Fl¢] € D(R,X). Then, T, is extended to bounded linear operator
from LR, L,(D) into itself. Moreover, denoting this extension also by T,,, we have

1Tl (L, ®,L, (D)) < Cpg,D7V-

Hereinafter, we consider problem (3.3). Let A(\) be the operator given in Theorem 3.4, and let
u = A\)Fx(g, k) in (3.3), where F)(g, k) = (g, \}/?k, Vk). By Theorem 3.4, (3.3) and (3.4), we have

Y2Au = DivS(u) — Bi(A)(u) = g - C1(M)Fa(g k) in £,
S(u)n — Ba(A)(u) = k —Ca(N)Fa(g, k) on I, (3.5)
u=20 on [y,

where we have set
Ci(MF = AV (y173div AN)F) + 61 (A + 02) "' Div (9o (VANF, 71) + 53D (ANF)),
Co(MF = —(A\ 1 y193div ANF + 61 (A + 02) " H(ga (VAWNF, 11) + 03D (ANF)))n.
Let £xu = (y2Au — DivS(u) — Bi(A)(u),S(u)n — Bz(A)(u)) and G\F = (C1(M)F,C2(M)F). For F =
(F1,F',F5) € X,(2) with F' = (Fg,F3,F4) € V;(2), we may write Eq. (3.5) in the form:
EXAN)Fa(g k) = (I - GaF))(g k), (3.7)

where I is the identity map from Y;(£2) into itself.
Let A1 be any positive number > Ag. By (1.11), Lemma 2.2(1), (2.10), Lemma 3.5, Lemma 3.6 and

Theorem 3.4, we have
Ry @), {(70) CL(A) | A € £ x, 1) SCATH (£=0,1),
Re@a(@).La2™) (T NPC (N | A e Zon ) <CATH (£=0,1), (3.8)
Reyyonaiopty ({0 VEO) [ X € Zun ) SON (€=0,1)

In fact, for any n € N, \; € X x,, F; € V,(12), and independent, symmetric, {—1,1}-valued random
variables 7; (j =1,...,n), we have

(3.6)

ZT’] VCQ du
Ly(2)
1 n
éCpl/ S )F Zm YO\ + 62) AT, du
0 Jj=1 qu(_Q) WL?(Q)
1| »
<G+ Out o) [ AR da
¢ = A
1l n
< Cpl)\fl/ er(u)Fj du.
0 °
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Analogously, we have
1
~/0

du < Cpy (AT + (M +52)—1)/ du

1

0
1
< Cp Ayt /
0

> ri(w)Ci(X)F;
j=1

> i) AN)F;
j=1

Lq(£2) W(£2)

du.

ZTJ'(U)FJ‘

Lq(£2)
And also,

/

n

S A2 Ca(A)F;
L

n

> (U)A;/QA()\J')FJ‘

Jj=1

du
Wi(£2)

Jj=1

Thus, we have (3.5) for £ = 0. Analogously, we have (3.5) for £ = 1.
In particular, by (3.8) we have

R, (2,2 {70 FAGA) | A € Zen ) SCATY (£=0,1). (3.9)
We choose A\ > Ag so large that
CA\ ' <1/2 (3.10)
n (3.9). Let [[(g: k)llv,(2) = lI8llz,(2) + [kllwr(e) and [Flly, () = > 4—03.4 IFkllz,2)- By (3.10)
IEAGAEA (8, W)y, (2) = IFAGA(FA (g, k))ly,(2) = (1/2)|1Fx(g, K)lly,(2)-

Since |[F(g,k)|ly,(2) is equivalent norms to [|(g, k)|ly,(e) provided that A # 0, I — GxF) has its inverse
operator (I — GyF\)™! in Y, (2). By (3.7), EAAN)FA(I — GAFy) " !(g, k) = (g,k), so that problem (3.3)
admits a solution u = A(A)F)\(I — GoFy)"*(g, k). The uniqueness follows from the existence of solutions
to the dual equations. Moreover, F\(I — G\F)\)™! = (I — F)\G,)"'F). Thus, if we define the operator
B(A) = AN — F\G))~Y, then u = B(\)Fy(g, k) = AN FA(I — Gy\Fy) (g, k) is a unique solution of
problem (3.3), and by Theorem 3.4, Lemma 3.5, (3.9), and (3.10), we have
Rﬁ(yq(ﬂ),Lq(Q)N)({(TaT)Z(G)\B()‘)) [A€den}) <C (£=0,1). (3.11)
For F = (Fl,F/,F5) S Xq(ﬂ) with F/ = (F27F3,F4) S yq(.Q), let R()\)F be defined by
R(MNF = (A1 (Fy — ydiv B(A)F)), BOF, (A + 62) " (53D(BA)(NF') + go(VB(NF', 1) + F5),

and then by Lemma 3.5 and (3.11), we see that R()\) is the required operator in Theorem 3.2, which
completes the proof of Theorem 3.2.

4. L,—L, maximal regularity for problem (1.10)
In this section, we shall prove the following theorem concerned with the L,—L, maximal regularity.

Theorem 4.1. Let 1 < p,qg < 0o, N <r < 00, and max(q,q') <r (¢ = q%l) Let T be any positive number.

_1
Assume that {2 is a uniform VVT2 " domain. Let

po €WHR),  wge BXIYD(@N, me who)N
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be initial data for problem (1.10), and let
2
f € LP((OvT)qul(“Q))a gE Lp((OaT)an(“Q))a hG LP((OvT)anl('Q)N ),
k € Ly((0,7), Wy ()™) N W, ((0,T), W (2)%),
be right members for problem (1.10). Assume that they satisfy the compatibility condition:
(T(UO,"}/gpo) + 517’0)11 = k|t:0 on Fl, Uy = 0 on F(). (41)
Then, problem (1.10) admits unique solutions p, u and T with
2
pEW,((0.1), W (1)), we Ly((0,1), Wg(2)™) N W, ((0,7), Le(2)™), 7€ W,((0,T), Wy (2)™)
possessing the estimate:
[(p,u, )], = C@W(||(P077'0)||WC}(Q) + ||u0||B§,(;71/p)(Q) + (/.8 h)HLP((O,t)7qu‘U(Q))
+ Hk”LP((o,t),qu(Q)) + HatkHLp(((),t)7W;1(Q))) (4‘2)
for any t € (0,T) with some positive constants v and C, where we have set
[(o,u, 7)1, = (o, T)llw 0.0y, w2c2)) + [l (0,0, w2(0) + 100allL, (0.),2,02)) (4.3)
and the constant C' in (4.2) depends on py and pi.

To prove Theorem 4.1, first of all we transform problem (1.10) to the zero initial data case. To this end,

we take a domain §2; such that 82y = Iy and 2 C §2;. The §2; is a uniform Wffl/r (N < r < o0) domain.
Let uy € Bg

extension of ug to 27 such that ug = g on 2 and ||f10||Bz(171/p>(nl) < CHuOHBz(lfl/p)(Q). We consider the
q,p a,p

7(,3171/”)((2) be an initial velocity field for problem (1.10) and let @ig = (@o1,...,%oN) be an

time-shifted heat equations:
8tvj + )\ovj — ,uAvj =0 in Ql X (O, OO)7 ’Uj‘[‘o = 0, Uj|t:0 = ’lNLOj (44)
(j =1,...,N). Since 1o; satisfies the compatibility condition: tg;|r, = uo;|r, = 0 as follows from (4.1),

employing the similar argumentation to that in Shibata [21,22], we see that there exist v; (j = 1,...,N)
such that

v; € Ly((0,00), Wy (£21)) N W, ((0,00), Lq (1)),

19603 11, ((0.00). Lo (20)) + [05]]2,,((0.00) w2 (21)) < Cllaosll g2ai-1m g,y < Clloll g2a-1/m - (4.5)
Set v = (v1,...,vn). In problem (1.10), we set p = pg+6, u =v+w and 7 = 79 + w, and then 6, w and w
satisfy the following equations:
00 + ndivw = f in 2 x (0,7),
y20rw — Div T(w,736) = §;Divw +g'  in 2 x (0,7),
Ow + 62w — go(Vw, 1) = 53D(w) +h’  in 2 x (0,7), (4.6)
(T(w,30) + 61w)n = Kk’ on Iy x (0,T), )
w =20 on Iy x (0,7),
(0, w,w)|=0 = (0,0,0) in {2,

with f/ = f—yidivv, g = g —¥20;v+ Div T(v,v3p0) + §1Div 1y, h' = h — 6270 + 9o (VVv, 71) + d3D(v), and
k' =k — (T(v,y3p0) + 0170)n. By (4.5) and Lemma 2.2(1) with s =, (2.10) and (1.11), we have

||(f/7g/a h,)||Lp((o,t),quv0(Q)) + ||k/||L,,((0,t),qu(Q)) + Hatk/”Lp((o,t),wqfl((z)) < CDy (4.7)
with

Dy = H(/)OaTO)”qu(Q) + ||u0||B§_fp1/v(Q) + (/.8 h)||Lp((0,t)7W;’U(Q))

+ Kz, 0.0.wz ) + 10K L 0,0.w; (@)
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Thus, from now on we consider problem (4.6). We modify the right members to consider the problem on
R for time. Given any function f(,t) defined on (0,T), let fo denote the zero extension of f to (—o0,0),
namely fo(-,t) = f(-,¢t) for t € (0,T) and fy(-,t) =0 for t € (—00,0). Let E; be an operator defined by

) foleys) for s < t,
Efls) = {fo(',Qt —s) fors>t. (48)

Obviously, [E: f](-,s) = 0 for s & (0, 2t). Moreover, if f|;—o = 0, then we have

0 for s & (0,2t),
Os[Ee f1(-,8) = < (05 F) (-, 8) for s € (0,t), (4.9)
—(0sf)(-,2t —s) for s € (t,2t).

For t € (0,T), let
F = Et[fl}, G = Et [g/], H= .E‘t[hl]7 K= Et[k/]
By the compatibility condition (4.1), k’|t=g = 0, so that by (4.9), we have

IsK = (0:k')(-,s) for s € (0,1), 0K = —(0:K')(-,2t — 5) for s € (t,2t),

(4.10)
0, K =0 fors¢(0,2t).
First, we consider the whole time problem:
0i0 + v1divw = F in 2 xR
YoOyw — Div T(w,v30) = 61Divw+ G in 2 xR
Ow + bow — go(Vw, 7)) = 0sD(w)+H in 2 xR (4.11)
(T(w,v30) + s w)n = K on It X R,
w =20 on Iy x R.

Let £ and £7! denote the Laplace-Fourier transform and the inverse Laplace-Fourier transform with respect
to t defined by

LN = = /OO ORI d (=g in), L) = o [ T g dr.

—00 2m —o0

Let F; and F.! be the Fourier transform with respect to ¢ and the inverse Fourier transform with respect
to 7 defined by

A = [ et F0 =5 [ ertelran

We see that
LIFIN) = Fle " f@)],  L7Hgl(t) = " F  g(m)](1). (4.12)
Applying the Laplace—Fourier transform to (4.11), we have
M+ ydivw = F in 2
Yo AW — Div T(W,730) = 6, Dive+ G in 2
AD + 09@ — go(VW, 71) = 83D(W)+H  in 2 (4.13)
(T(W,~36) 4+ 0160)n = K on I,
w =0 on Ijp.

Let R(\) be the solution operator to problem (1.12) given in Theorem 3.2, and then we have

(0, w,w) = LR (F,G,\'/?°K, VK, H)]. (4.14)
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Let Ai/ ?f be the operator defined by
1/2 —17y1/2
A2 f = LTHNELIFI )

Note that A/2K = E[/l»l/ 2K}. To estimate (6, w,w), we quote the Weis operator valued Fourier multiplier
theorem. Let D(R, X) and S(R, X) be the set of all X valued C* functions having compact support and
the Schwartz space of rapidly decreasing X valued function, respectively, while &'(R, X) = L(S(R, C), X).
Given M € Ly 10c(R\ {0}, X), we define the operator Ty : F~'D(R, X) — S'(R,Y) by

Tn¢=F ' [MF[g]] (F[4] € DR, X)). (4.15)
The following theorem is obtained by Weis [33].

Theorem 4.2. Let X and Y be two UMD Banach spaces and 1 < p < oo. Let M be a function in
CH(R\ {0}, L(X,Y)) such that

¢
Rexy) <{(Tj7_) M(T)|T€R\{O}}> <k<oo ({=0,1)

with some constant k. Then, the operator Thy defined in (4.15) is extended to a bounded linear operator from
L,(R, X) into L,(R,Y). Moreover, denoting this extension by Thr, we have

1Tall oz, @x),L,@®y) < Ck
for some positive constant C' depending on p, X and Y.
Remark 4.3. For the definition of UM D space, we refer to a book due to Amann [1]. For 1 < ¢ < oo,
Lebesgue space Ly({2) and Sobolev space W ({2) are both UMD spaces.
Applying the Weis theorem stated above to (0, w,w) defined in (4.14), we have
||67’Ys(8t0, atw)”Lp(R,qu(Q)) + ||67V5 (6tw, A}/ng, V2W)||LD(R,LQ(Q))
< C(lle™(F, G, H)||L,,(R,W;>°(Q)) + He_’ys(/l#/QKa VK)||L,® L,2)) (4.16)

for any v > Ao + 1 with some constants C' independent of v, where )\ is the constant given in Theorem 3.2.
By using the fact due to Shibata [23, Appendix], Lemmas 2.2 and 3.6, we can prove easily that

le™* 432 £l Lo < Cllle™ 0 fll L, mwor oy T lle” " Fll,@wionh
le™ " vfllL, @ L,2) < Clle” " 0s fllL, @ L,(2) (4.17)
€70 f L, & L)) + e fllL,®wz2) < Clle™7*(9sf, APV N2 D)L, @ Ly (2))s

which, combined with (4.16), furnishes that
e 0w, oy + e (00, 910) L, v () + lle™ 0wl 2oy + e " Wilz, oy

<Cle™™(F,GH)ll, @ wrow) + e VKL, @L,@) + lle” 70Kl @ w-(2)) (4.18)
for any v > Ao + 1. By (4.8) and (4.10), we have
le™*(F, G H) |, e wro ) + e VK|l L, (2 + e 0Kl eowot (o) < CDe (4.19)
with some constant C' independent of ¢. By (4.18) and (4.19), we see that

(0, w,w)(-,s) =0 for s <0. (4.20)
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In fact, we observe that
10, W )1 (oo n w0y < 770 W, )l g wiogay <7D
for any v > Ao + 1, so that we have (4.20) as v — co. Combining (4.18)—(4.20), we have
[0, w,w)], < Ce"" Dy (4.21)

for any v > Ao + 1 with some constant C' independent of . Moreover, since [E;f](-s) = (-, s) for s € (0,¢),
by (4.11) and (4.20), the (6, w,w) is a solution to the equations:

950 + ydivw = f’ in 2 x(0,t)
v20sw — Div T(w,v30) = 6;Divw +g’  in 2 x (0,t)
Osw + 62w — go(Vw, 1) = 63D(w) +h’ in 2 x (0,¢)
) (4.22)
(T(w,y30) + Sw)n = k on It x (0,t),
w=20 on Iy x (0,1),
(0, w,w)|s=0 = (0,0,0) in £2.

For 0 < t; < ta < T, let 0%, w' and w' be solutions of Eqgs. (4.22) with ¢ = t;. By the uniqueness
of solutions which follows from the solvability of the dual problem (cf. [25]), we have (0", w't w't) =
(02, w2, wt?) for s € (0,t1), so that if we set (6, w,w) = (87, wT,wT), then we have (0, w,w) = (0!, w?,w?)
for any ¢ € (0, 7). This completes the proof of Theorem 4.1.

5. A proof of the local wellposedness

In this section, we prove Theorem 1.2 by using the Banach fixed point theorem. In the sequel, we assume
that 2 < p < 0o, N < ¢ < 0o, and that {2 is a uniform qu_l/q domain in RY (N > 2). Let T and L be any

positive numbers and let Zy, 7 be the space defined by
IL7T = {(97V7T) | 9 € Wpl((OaT)v qu(‘Q))a v E Wpl((O,T), Lq(Q)) N LP((OvT)7 qu(.Q))’
7€ W, ((0,T), W, (£2)), (8,v,7)|=0 = (0,u0,0) in £, [(0,v,7)], < L}. (5.1)

Since we choose T > 0 small enough and L > 0 large enough eventually, we may assume that 0 < T < 1 and
L > 1. Moreover, we choose py in (1.11) in such a way that ||7o|lwz () < R < p1. Given (k,w, ) € Iy 1,
let 6, v and v be solutions to problem:

0 + (ps + 00)divv = F(k,w) in 2 x(0,7),
(ps + 00)vi — DivS(v) + V(P (ps + 00)0) = BDivy) + g+ G(w,k,p) in 2 x (0,7),
Vi + 7Y — go(Vu, 79) — 6D(v) = —y19 + L(w, @) in 2 x (0,7, (5.2)
(S(v) = P'(ps + 60)01 + B)n = h + H(w, k, p) on It x (0,7T), '
v=0 on Iy x (0,7),
(0,v,T)|t=0 = (0,u0,0) in £2.

In the sequel, C' denotes generic constants independent of R and L, and Cr denotes generic constants
independent of L. M, denotes some special constants. The values of C' and C'r may change from line to
line. First, we estimate the right-hand side of (1.8). By the Sobolev inequality (cf. Lemma 2.2(1)), Holder
inequality and the identities: x(-,¢) = f(f Osk(+, 8) ds and @(-,t) = fot Os(+, s) ds, we have

sup

¢ ¢
/Vw(~,s)ds /VW(~,s)ds < MyTY?'L
te(0,7) /o 0

< M, TV?'L,
Loo(2)

sup
t€(0,T)

We(£2)

sup |[|6(-,8)|[ 1 (2) < MTY?' L,

sup [|K(-, 8)[lwz (o) < MTVPL

te(0,T) te(0,T)
sup H(p(, S)HLOO(_Q) S MlTl/p L7 sup H(p(, S)HW,}(Q) S MlTl/p L (53)
te(0,T) te(0,T)
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with p’ = p/(p — 1). To determine functions with respect to x, ¢ and fg Vw(-,s)ds, in view of the range

condition: & < p. + 6y < 2p, in Theorem 1.2 and (1.6), we choose T' small enough in such a way that

MTY?Y' L < p,/2, MyT'/?" L < o and M;T*/?'I, < 1, and then we have

/Ot Vw(-,s)ds

Recall that ||6g]w1 (o) + [[uoll 2(1,;>( : + ITollwi(e) < R (cf. Theorem 1.2 (1.14)). By (5.3) and (5.4) we
q B PN q

P < pe+bo+Lle<dp. (£€]0,1]), sup

4 t€(0,T)

<o. (5.4)
Loo (£2)

q,p
have
t
sup (/ Vw(- > < C’Tl/p,L, sup [|[VW </ VW(-,S)dS) H <oTVP'L
t€(0,T) Loo(£2) te(0,7) 0 W($2)
sup v/ P"(ps + 0o + Lr)(1 — £)dl <C(R+TY"'L) (5.5)
te(0,T) Lq(£2)

where ¢ = D, div, W, and W = W(K) is any matrix of functions with respect to K. By Lemma 2.2(1),
(2.10), (5.3), (5.4) and (5.5), we have

100, 8 =v70)ll 1, (0,79, w2 020y + IRl 070w 2 + 10hll 1 0.1y, w2 () < CRT?,
I(F(k,w),G(w, K, ), L(w, <p))||Lp((O7T)7W;,o(Q)) < C(L+ R)(TY? 4 TYP), (5.6)
IH(w, &, 0)|| 1, 0,m),w(2)) < C(L+ R2(TYP 4 1/P),

where we have used the fact that 0;h = 0.
To obtain the following estimates,

sup ||W(‘at)||32<171/p>(9) < C(HatWHLp((O,T),Lq(Q)) + ||W||Lp((o,T),W5(9)) + Hu0||B2(171/P)(Q)) (5.7)
tE(O,T) q,p q,p

we use the embedding relation:

Ly((0,00), X1) N W, ((0,00), Xo) € BUC((0,00), [Xo, X1]1-1/p,5) (5-8)
for any two Banach spaces Xy and X; such that X; dense in X and 1 < p < oo (cf. [1]). In fact, as was seen
in Section 4, let 61y € 82(1 1/p)( ) () <

C||u0||B,2<171/,o)(9)7 and then there exists a Z € W ((0,00), Lg(£2)™) N Ly((0,00), W2(£2)N) which satisfies
q,p
the equations:

be an extension of ug such that @iy = up on 2 and |8 || g21-1/»)
q,p

WZ + NZ — pAZ =0 in £ x (0,00), Z|r, =0, Zli—o =109 in {4,
and possesses the estimate:
1042 L,y ((0.00). L4 (20)) + 121 L,y (0,000 W2 (22)) < Cllwoll gaa-1/m (5.9)
with some constant C. Let z = w — Z. Since z|;—¢ = 0, by (4.8) and (4.9) we have

IE72] w1 ((0,00), L (2)) + 1 ETZ| L, (0,000 w2(02)) < ClllZllwi(0,7),Lq02)) + 1212, 0.7) w2(2)) }
< CH0wll L, 0.1).242) + WL, 0.7y w2(2)) + HatZ||Lp<<o,oo>,Lq<m> + HZHLA(O,oo),Wg(m)}- (5.10)

Thus, noting that w = Z 4+ Erz for ¢t € (0,T) and using (5.8), we have

sup W',t 2(1—1/p) S sup Z',t 2(1—-1/p) + sup ETZ -,t 2(1—-1/p)
0 IWC Dl gy < S 1ZCDagg-rmoy + 5w [1EraOllggim g

< CHGwllL, 0.1).242) + IWllL, 0.0 w2(2)) + 102l L, R Ly(2)) + 12 L,y w2c2p)s  (5:11)
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which, combined with (5.9), furnishes (5.7). Since BZ4 /P (02) C W, (£2) as follows from the assumption:
2 < p < oo by (5.7) and the fact: sup;¢(o.7) |l fot Vw(-,8)ds||r(2) <1, we have
sup ||lw(-,t)llwie) < sup [[W(,8)| gea-1/m
R T o o e
< ]

WillL, (0.1).2,2) + WL, 0.1 wz(2) + 1ol g2a-1/m )}
By (5.1) we have

sup [|w(-,t)[[wa2) < C(L+ R). (5.12)
te(0,T)

Writing V/(K) = 9V; /0K for j = D and = div, we have

O H(w, K, ) = — {MVD </t des) Vorw + p (V,’D (/f des> VW) Vw
+(v—p) (vdiv (/t des> 8, Vw + (Véiv </t des) VW> VW> I} n
- {M(Dwtw) Vo ( / t wds) Vo + (v[', ( / t wds) w> w} Vo ( / t des> n
0 0 0
- {p{(mw)w[, (/twds) w)}v;) (/ vwds) vw}n
0 0
—(-p) {(div (8 w) + Vaiy (/t des) Vorw + (v(;iv (/t des) VW> VW)I} Vb (/t Vvds) n
0 0 0
- {(uu) { <divw+Vdiv </tids) VW> 1} v </t des> vW}n
+ (2 /1P”(p* + 00 +r)(1— ) dlnf)tn—i-/lP'”(p* + 60 + Lr)(1 —e)edeﬁam) n
0 0
+ {(P(p* + 60 + k) — P(p.))V} (/t des> Vw + P (ps + 00 + K)3:xVD (/tids> } n
0 0
_ {,@atw,) ( / thds) A ( / twds) vW}n.
0 0

Applying Lemma 2.2 and using (5.12), (5.3) and (5.4), we have
108 (W, 5, Q)| 1, 0.1y w5 () < C(L+ R (T +1/7), (5.13)
Thus, applying Theorem 4.1 to problem (5.2) and using (5.6) and (5.13), we have
[(6,v,9)]; < Cr(L+ R)*(TY? +T'?), (5.14)
Choosing T' > 0 so small that Cr(L + R)?(T"/?" +T/?) < L in (5.14), we have

[(0,v.¥) ]+ < L. (5.15)

Let us define a map @ by &(k,w,p) = (0, v,®), and then by (5.15) & is a map from 7y, r into itself. For
(ki, Wi, i) € T (1=1,2) let (0,v,v) = &(k1,W1,91) — P(ka, Wa, p2), and let

F = F(K’hwl) - F(K/25W2)a g = G(W17K/17@1) - G(W27K27@2)7
L=L(wi, 1) = L(wa, 02), H=H(wi,r1,01) - H(wz, k2, 92),
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then by (5.2) we have

0: + (ps + Op)divv = F in 2 x(0,7T),
(ps + 00)ve — Div S(v) + V(P (px + 00)0) = B3Divey+G  in 2 x (0,7),
Y+ 7Y — go(Vu,19) —0D(v) = L in 2x(0,7), (5.16)
(S(v) = P'(ps 4+ 60)01 + B)n = H on I'y x (0,7), ’
v=20 on Iy x (0,7),
(0,v,7)1=0 = (0,0,0) in £2.

Since

. S(l(l)pT) [(vi = v2) (s )l gra-1rm gy < CUIO(VL = Vo)L, (0,1),L4(2)) + V1 = VallL, (01 w2(2))
c R q,p

as follows from (5.7), employing the same argumentation as in proving (5.6) and (5.13) we have

IF.G. Ol o.mywiocay + IRz, om)wica) + 10K, 0., wi @)
< C(R+ L)(TY? +TY%)[(k1, w1, 1) — (K2, W2, 02) | -

Thus, applying Theorem 4.1 to Egs. (5.16), we have

[P(k1, W1,01) — P(ka, Wa,02) | < Cr(R+ L)(Tl/p, + TYP)[(k1, w1, 1) — (K2, W2, 92) [

with some constant Cr depending on R. Choosing T’ > 0 so small that Cr(R + L)(T'/? + T'/?) < 1/2, we
see that @ is a contraction map on 7, 7, and therefore by the Banach fixed point theorem we have a unique
fixed point (0, v, ) of the map @, which solves Egs. (1.8) uniquely. This completes the proof of Theorem 1.2.
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