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(Submitted by: Tohru Ozawa)

Abstract. The aim of this paper is to show the existence of R-bounded
solution operator families for two-phase Stokes resolvent equations in
0 =Q,UQ_, where Q< are uniform W2~" domains of N-dimensional
Euclidean space RY (N > 2, N < r < oc). More precisely, given a uni-
form W2~/ domain © with two boundaries I's satisfying 'y NT'— = 0,
we suppose that some hypersurface I' divides {2 into two sub-domains,
that is, there exist domains 2+ C € such that Q4+ N Q- = ( and
O\l =QUQ_, where ’'NTy =0, ' NI~ = 0, and the bound-
aries of 2+ consist of two parts I' and I'+, respectively. The domains
Q4 are filled with viscous, incompressible, and immiscible fluids with
density p+ and viscosity p+, respectively. Here, pi are positive con-
stants, while pt+ = p+(z) are functions of = € RY. On the boundaries
I', T4, and I'_, we consider an interface condition, a free boundary
condition, and the Dirichlet boundary condition, respectively. We also
show, by using the R-bounded solution operator families, some maxi-
mal L,-L, regularity as well as generation of analytic semigroup for a
time-dependent problem associated with the two-phase Stokes resolvent
equations. This kind of problems arises in the mathematical study of
the motion of two viscous, incompressible, and immiscible fluids with
free surfaces. The essential assumption of this paper is the unique solv-
ability of a weak elliptic transmission problem for f € L,(Q)", that is, it
is assumed that the unique existence of solutions § € W} (Q) to the vari-
ational problem: (p~'V0,Vy)q = (f,Ve)a for any ¢ € W, () with
1< g<ooandq =q/(qg—1), where p is defined by p = p1 (z € Q4),

AMS Subject Classifications: 35Q30; 76D05.
Accepted for publication: May 2016.



2 SRI MARYANI AND HIROKAZU SAITO

p=p- (r € Q_) and W}(R) is a suitable Banach space endowed with
norm || - ||W3(Q) = ||V |lL (). Our assumption covers e.g. the following

domains as Q: RM, RY, perturbed RY, layers, perturbed layers, and
bounded domains, where Rf and R” are the open upper and lower half
spaces, respectively.

1. INTRODUCTION

1.1. Problem. Let Q be a domain of RY, N > 2, with two boundaries 'y
satisfying I'y NT'_ = (). Suppose that some hypersurface I" divides €2 into two
sub-domains, that is, there exist domains Q4 C € such that Q, NQ_ =0
and Q\TI'=Q, UQ_, where TNTy =0, TNT_ = (), and the boundaries
of Q4 consist of two parts I' and I'y, respectively. Set Q = QL UQ_ and
Yero ={A€C:jargh <m—¢e, [A| >N} for 0<e<nm/2and Ao > 0. In
this paper, we show the existence of R-bounded solution operator families for
the following two-phase Stokes resolvent equations with resolvent parameter
A varying in X ),

Au — p ! DivT(u,d) = f, divu=g¢ inQ,

[T(u.6)n] =[h], [u]=0 onT, (1.1)

T(u,0)ny =k on Ty,
u=20 onI'_.
Here, the unknowns u = (ui(z),...,uyx(z))’! and § = 0(z) are an N-

vector function and a scalar function, respectively, while the right mem-
bers f = (fi(z),..., fN(:U))Ta g = g(z), h = (h(z),..., hN(x))Ta and
k = (ki(x),...,kn(z))T are given functions. Let pi be positive constants
and 4 = p4(x) scalar functions defined on RY, and let xp be the indicator
function of D € RY. Then p = PEXQy T P-X_, b= X, + p—Xo_, and
T(u,8) = uD(u) — 01, where I is the N x N identity matrix and D(u) is the
doubled deformation tensor, that is, the (4, j)-entry D;;(u) of D(u) is given
by Djj(u) = Ojuj + 0ju; for i,j = 1,...,N and 0; = 0/0x;. In addition,
n denotes a unit normal vector on I' , pointing from 24 to 2, while n4
the unit outward normal vector on I'y. For functions f defined on £, 171
denotes a jump of f across the interface I' as follows:

[/1=[I=)= lim _ fly)— lim f(y) (zel).

y—x, yeQ4 y—x, yeN_

IMT denotes the transposed M.
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Here, and subsequently, we use the following symbols for differentiations:
Let f = f(z), g = (q1(2),...,gn(x))T, and M = (M;;(z)) be a scalar,
an N-vector, and an N x N-matrix function defined on a domain of RY,
respectively, and then

N
Vf:(alf,.-.,8Nf)T, Afzzaf.ﬂ Ag:(Agl7"'1AgN)T7
j=1

N
divgzzajgj, Vng{aiajgk:i,j,k:L...,N},
7j=1

0191 ... Ong1 N N T
O1gn ... ONgN =1 =t

Problem (1.1) arises from a linearized system of some two-phase problem
of the Navier-Stokes equations for viscous, incompressible, and immiscible
fluids without taking surface tension into account. There are a lot of studies
of two-phase problems for the Navier-Stokes equations. To see the history of
study briefly, we restrict ourselves to the case where the two fluids are both
viscous, incompressible, and immiscible in the following. Such a situation
was treated in several function spaces as follows:

Lo-in-time and Ly-in-space setting. Denisova [2, 4] treated the motion
of a drop €24, which is the region occupied by the drop at time t > 0, in
another liquid _; = R3\ Q,4. More precisely, [2] showed some estimates of
solutions for linearized problems and [4] an unique existence theorem local
in time for the two-phase problem describing the aforementioned situation
with or without surface tension. In addition, Denisova [7] proved the unique
existence of global-in-time solutions for small initial data and its exponential
stability in the case where )_; is bounded and surface tension does not work.
Concerning non-homogeneous incompressible fluids, Tanaka [30] showed the
unique existence of global-in-time solutions for small initial data when €Q_;
is bounded, but surface tension is taken into account.

Holder function spaces. A series of papers Denisova-Solonnikov [9, 10]
and Denisova [3] treated the same motion as in [2, 4] mentioned above. In
particular, [9] and [3] established estimates of solutions for some linearized
problems, and [10] proved an unique existence theorem local in time for the
two-phase problem with surface tension. On the other hand, the unique
existence of global-in-time solutions for small initial data was proved by
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Denisova [6] without surface tension and by Denisova-Solonnikov [11] with
surface tension in the case where €)_; is bounded. Furthermore, there are
other topics Denisova [5] and Denisova-Necasova [8], which consider thermo-
capillary convection and Oberbeck-Boussinesq approximation, respectively.

L,-in-time and L,-in-space setting. Priiss and Simonett [20, 21,
22] treated a situation that two fluids occupy Qi = {(2/,zn) : 2/ €
RN~ +(xx — h(2/,t)) > 0}, respectively, where h(z’,t) is an unknown
scalar function describing the interface I'y = {(z/,zy) : 2’ € RN71, a2y =
h(z',t)} of the fluids. [21] and [22] proved the local solvability of the two-
phase problem with surface tension and with both surface tension and grav-
ity, respectively, for small initial data. On the other hand, [20] pointed out
that the Rayleigh-Taylor instability occurs if gravity works and if the fluid
occupying {24 is heavier than the other one . Furthermore, Hieber and Saito
[15] extended the results of the Newtonian case of [21, 22] to a generalized
Newtonian one. Kohne, Priiss, and Wilke [16] showed the local solvability
and the global solvability in the case where €)4; are bounded and surface
tension is taken into account.

L,-in-time and Lg-in-space setting. Shibata-Shimizu [28] showed a
maximal L,-L, regularity theorem for a linearized system of the two-phase
problem considered in [20, 22] mentioned above.

This paper is a continuation of Shibata-Shimizu [28]. Our aim is in the
present paper to prove the existence of R-bounded solution operator families
of (1.1) for Q = O, UQ_ with uniform W2 " domains Q. (N <r < o0),
which is introduced in Definition 1.1 below. In addition, the R-bounded
solution operator families enable us to show generation of analytic semigroup
and some maximal L,-L, regularity theorem for a time-dependent problem
associated with (1.1), which are provided in Subsection 2.4 and Subsection
2.5, respectively. We want to emphasize that the maximal L,-L, regularity

theorem extends [28] to uniform Wy V" domains and to variable viscosities.

The strategy of this paper follows Shibata [26]. We extend his method for
one-phase problem to one for two-phase problem. For example, a two-phase
version of the weak Dirichlet-Neumann problem (it is called a weak elliptic
transmission problem in the present paper) is introduced in Definition 1.4
below, which plays an important role in this paper, and especially in deriva-
tion of reduced Stokes resolvent equations (cf. Subsection 2.1 below) and
in Lemma 5.6 below. One of the main advantage of the reduced equations
is that we can eliminate the divergence equation: divu = ¢ in €, which
is difficult to treat in localized problems, from the problem (1.1). On the
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other hand, Lemma 5.6 enable us to control localized pressure term. There,
however, is a remark on Shibata’s paper [26]. It seems to be difficult to
obtain [26, Theorem 3.1] from [26, Theorem 3.4] and to obtain [26, Theo-
rem 3.8] from [26, Theorem 3.10], because the R-boundedness of Agp(A),
Agn(A) was not proved in his paper (cf. [26, Proof of Theorem 3.1, Proof
of Theorem 3.4]). We essentially need the R-boundedness of such operators
since the right members f for (3,7), (3.20) of [26] contain AVr(g), AVp(g),
respectively. Natural spaces for ranges of the operators Agp(A), Agn(A)
are given by negative Sobolev spaces, which is main difficulty to modify his
proof. To overcome this difficulty, we introduce in this paper Proposition
3.5, which allows us to avoid such negative spaces. Following the strategy
of Proposition 3.5, we can also complete his results.

1.2. Notation and main results. We first state notation used throughout
this paper.

Let N be the set of all natural numbers and Ny = N U {0}. For any
multi-index o = (aq,...,an) € NYY, we set Df = 07 ... 0 f. Let G
be an open set of RY. Then Ly(G) and W"(G) with m € N denote the
usual K-valued Lebesgue space and Sobolev space on G for K = R or
K = C, while || - || L,(c) and I| - ngn(g) their norms, respectively. Here, we
set W2(G) = Ly(G). In addition, W#(G) with s € (0,00) \ N denotes the
K-valued Sobolev-Slobodezki space endowed with norm || - [[s(c), and also
C3°(G) the function space of all C* functions f : G — K such that supp f
is compact and supp f C G.

For two Banach spaces X and Y, £(X,Y) is the set of all bounded linear
operators from X to Y, and £(X) the abbreviation of £(X,X). Let U be
a domain of C, and then Hol (U, £L(X,Y")) stands for the set of all £L(X,Y)-
valued holomorphic functions defined on U.

For d € N with d > 2, X¢ denotes the d-product space of X. Let |- ||x

be a norm of X, while || - || x also denotes the norm of the product space X¢
for short, that is, ||f||x = Z;l:l | £illx for £ = (f1,..., fs) € X<
Let a= (a1,...,ay)” and b = (by,...,by)T, and then we write a-b =<

a,b >= E;vzl a;jb; and a® b = (a;b;) that is an N x N matrix with the
(4, 7)-entry a;b;. On the other hand, for any vector functions u, v on G,
we set (u,v)g = [pu-vdz and (u,v)sg = [,,u-vdo, where G is the
boundary of G and do the surface element of 0G.

Given 1 < ¢ < oo, we set ¢ = q/(¢ —1). Let Ly 10c(G) be the vector
space of all measurable functions f: G — K such that f € L,(G N B) for
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any ball B of RY. We define a homogeneous space ﬁ/\ql(G) by W;(G) =
{f € Ly1oc(G) : Vf € Ly(G)N} with norm || - Hqu(G) = ||V - || ,(q), where
we have to identify two elements differing by a constant. In addition, let
qu,o(G) and qu,o(G) be Banach spaces defined by X;70(G) ={feX,(G):
f=00n0G} (X € {W,W}) with norms | - HW;,O(G) = [V |l (@) and

I qul,o(c) = |- lwy(q), respectively.
Throughout this paper, the letter C' denotes generic constants and Cpp. ...
means that the constant depends on the quantities a, b, ¢, .... The values

of constants C' and C, ... may change from line to line.
Secondly, we introduce some definitions.

Definition 1.1 (Uniform Wf_l/r domains). Let 1 < r < oo and D be a

domain of RN with boundary 0D. We say that D is a uniform Wffl/r
domain, if there exist positive constants «, B, and K such that for any

xo = (xo1,...,20n) € OD there are a coordinate number j and a WTQ_l/T
function h(z') (&' = (z1,...,Zj,...,2N)) defined on Bl(x(), with z{ =
(@01, - -, Toj, - - -, ToN) and Hh‘|WT271/r(B(,1($6)) < K, such that

DN Bg(wo) = {z € RY 1 z; > h(a'), 2’ € Bl (x4)} N Bs(xo),
dD N Bg(wo) = {x € RN : z; = h(a'), 2’ € B, (x})} N Bs(xo).

Here, (x1,... ,ZL'\]', cooxy) = (1,00, Tj—1,Tj+1y--- JIN), B&(IL‘B) = {:L'/ S
RN |2/ — 2| < o}, and Bs(wo) = {z € RN : |z — x| < B}.

Definition 1.2 (R-boundedness). Let X and Y be two Banach spaces. A
family of operators T C L(X,Y) is called R-bounded on L(X,Y), if there
exist constants C > 0 and p € [1,00) such that the following assertion holds:
For each natural number n, {T]}?:l cT, {fj}?zl C X and for all sequences
{rj(u)};”:l of independent, symmetric, {—1,1}-valued random variables on
[0, 1], there holds the inequality:

L& P 1/p L P 1/p
[ < (7 ] )
([ I omaly " <e( [ | oonl 9
Jj= j=
The smallest such C is called R-bound of T on L(X,Y), which is denoted

by Rex,y)-

Remark 1.3. The constant C' in Definition 1.2 depends on p. On the other
hand, it is well-known that 7 is R-bounded for any p € [1,00), provided
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that 7 is R-bounded for some p € [1,00). This fact follows from Kahane’s
inequality (cf. [18, Theorem 2.4]).

Furthermore, we introduce a weak elliptic transmission problem. In the
present paper, 'y = () or I'_ = () are admissible, but note that T" # ). Let
qu’m(ﬂ) and Wq{m (©) be Banach spaces defined by

| (Q)_{{feX;(Q):fZOOnm} T, £ 0,

oL+ X1(9Q) iy =0,

for X e {W, W}, and their norms are given by || - HWIF @ =" Hqu(Q) and
ey

| - ”/qu,l‘+ @ = [V - [|L,(0), respectively. The unique solvability of the weak
elliptic transmission problem is defined as follows:

Definition 1.4. Let 1 < ¢ < o0 and ¢ = q/(q—1). Let W} () be a closed
subspace of W1117F+ (), and suppose that W;’F+(Q) is dense in W;(Q) Set
p = piXa, +p—xa_ for positive constants p+. Then, we say that the weak
elliptic transmission problem is uniquely solvable on W;(Q) for py if the
following assertion holds: For any £ € Ly(Q)Y, there is a unique 0 € W;(Q)
satisfying the variational equation:

(p_IVQ, Vo) = (£, Vo)a  forall p € W;(Q),

which possesses the estimate: ||VO|1 ) < C|f||L, @) with a positive con-
stant C' independent of 0, ¢, and f.

Remark 1.5. (1) Let 1 < ¢ < 00, ¢ = ¢/(q — 1), and let the weak elliptic
transmission problem be uniquely solvable on W(} (Q) for p =p_ = 1.
We define J,(€2) and G4(£2) by

J(Q) = {f € Ly()N : (£, Vp)a =0 for all p € Wy (Q)},

Gq(Q) = {f € LN : £ =V0O for some 6 € W) (Q)}.
Then, by the standard proof, the so-called Helmholtz decomposition:
Lo()N = J,(Q) @ G4(2) holds.

(2) In applications, we choose W; (©) in such a way that the weak elliptic
transmission problem is uniquely solvable for pi. Typical examples are
as follows: Wi (RY) = W (RY); WI(RY) = W/} (RY) with 'y = 0 and
. =R} ={(2,zy) : 2/ €e RN"! 2y = 0}, and W}(Q) is analogously
defined by W(}(Q) when Q is a perturbed RY; WHRY) = qu,M (RY)
with 'y = R} and I'_ = 0, and W;(Q) is analogously defined by
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ﬁ/\ql,M (2) when Q is a perturbed RY; W;(Q) = qu,ﬁ (©2) when Q is
a bounded domain, a layer, or a perturbed layer. We refer e.g. to [16,
Appendix A.1] for the treatment of weak elliptic transmission problems.

(3) We set W) + WHQ) = {61 + 02 : 61 € W}(Q), 62 € WH(Q)}. Sup-
pose that the weak elliptic transmission problem is uniquely solvable
on Wy (Q) for p+. Then, for any o € L,(Q)N, B € qu*l/q(lj), and
v € W;_l/q(F+), there exists a unique 6 € qu(Q) + W, (Q) satisfying
the weak problem: for all ¢ € W} (1),

(p_IVH,ch)Q =(o,Vy)y, []l=F onT, =~ onT,, (1.2)

which possesses the estimate:

196110 < € (10l + 1812172y + Ilhga-17ar, )

with some positive constant C' independent of «, 3, ~, 8, and ¢. Thus,
it is possible to define a linear operator

K2 Ly(@)N x Wi=Y(T) x WEVIT ) — W(Q) + Wi (Q),

by K(«, 8,7) = 0 satisfying (1.2). If I'; = (), then we denote K(«, §3,7)
by K(«, 3,0) when I'_ # () and by K(«, ) when I'_ = 0.

We now state our main results. To this end, we introduce a data space for
the divergence equation: divu = ¢ in  with boundary conditions: [ul n=0
onI"and u'n_ = 0onI'_, where n_ is the unit outward normal vector on I"_.
Let W, () be the dual space of qu,(Q) for1 <g<ooand ¢ =¢q/(qg—1),

and let || - HWQ‘I(Q) and < -, - >q be its norm and the duality pairing between

W, () and W;,(Q), respectively. Then, we set Ly(Q) N W, 1(Q) = {g €
L,(Q2):3M > 0s.t. |(g,9)a] < MHV(pHLq/(Q), for any ¢ € quf,m (Q)}. Let
g€ L()nW, 1(Q), and thus g can be extended uniquely to an element of
W, 1(Q). Such an extended g is again denoted by g for short. We can see
g as a functional on {V6 : 0 € W;/(Q)} C Ly(92)Y, which, combined with
Hahn-Banach’s theorem, furnishes that there is a G € Ly ()" such that
||g||Wq_1(Q) = [|Gl|L, @) and < g, >o= —(G, Vyp)q for all ¢ € W;,(Q). In
what follows, G is restricted to the functional on {V0 : 0 € qu,(Q)} Let
Ly(Q) = LN /J,(Q), and let [G] = {G +f : f € J,(Q)} € Ly(Q). Then
g — [G] is well-defined, so that we denote [G] by G(g). Especially, we have,
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for g € Ly() N W, () and for any representative g € Lq(Q)" of G(g),

(9,0)a = —(8.V)a forall o€ Wjp (Q). (1.3)
We here set
W, Q) = L(Q) n W, 1 ().
Then, qu(Q) N'W_1(Q) is a Banach space with norm || - Hqu(Q)qu’l(Q) =
-y + 1 - ”W;l(Q)v and the function space is characterized as the data
q

space for the divergence equation above. The following theorem presents the
main result of this paper.

Theorem 1.6. Let 1 < g < oo, 0<e<7m/2, N <r < oo, and max(q,q) <
r with ¢’ = q/(q—1). Let p+ be positive constants. Suppose that the following
three conditions holds:

(a) Q4 are uniform w2 domains;

(b) The weak elliptic transmission problem is uniquely solvable on W;(Q)
and qu/(Q) for p+;

(c) pt are real valued uniformly continuous functions defined on RN and
there exist positive constants p41, pi+2 such that

pipr < pp(a) < pya,  por S po(x) < peg for any x € RY.
In addition, py € W}

r,loc
tiwe constant K, » for any ball B C RY with radius 7.

(1) Existence. Set
Xy={(f,g.hk): f € Ly (N, g W (Q N W, (Q),
he W/ ( )V, ke W, (Q4)V},
Xy ={(F1,....Fn) : F1, 5, Fy, Fr € Lq(Q)N, F3 e Lq(Q),
F5 € W), Fs € LN, Fs e W)Y,
Fy € Ly()Y", Fig € Ly(Q0)N, Fii € WHQ)V).

(RYN) and ||Vptl|p,5) < K with some posi-

Then, there exists a constant \g > 1 and operator families:
A()‘) € Hol (Za)\oa E(‘XQa WqQ(Q)N))a
P()) € Hol (3. 5, £(Xg, W, () + W, (2))),

such that, for any A € 3. , and for any (f,g,h, k) € X, and g € G(g),
u = ANF\(f,g9,9,h,k) and 0 = P(A\)F\(f,g,9,h,k) are solutions to
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(1.1), and furthermore,

Ry s ({ (/\%)l (RAA(N) A €32, }) <0,
Rc(xq,Lq(Q)N)<{ ()\%)ZVP()\) tAE e, }) < 0,

for 1 =0,1 with some positive constant ~y. Here, we have set
N=N3+N2+N, Ru=(V>u\/?Vu,\u),
and
Fx(f,9,0,h,k) = (£, Vg, A\/%g, \g, g, Vh, \}/?h, h, Vk, A%k, k).

(2) Uniqueness. There exists a Ao > 1 such that if u € WqQ(Q)N N Jg(Q)
and 0 € qu(Q) + W; () satisfies the homogeneous equations:

M- p 'DivT(u,0) =0 inQ, [T(u,f)n]=0, [uf=0 onT,
T(w,0ny =0 only, u=0 onl_

with X € X¢ »,, thenu =0 in Q.

Remark 1.7. The symbols Fl, FQ, Fg, F4, F5, Fﬁ, F7, Fg, Fg, F107 and F11
are variables corresponding to f, Vg, )\1/2g, Ag, g, Vh, A/2h, h, Vk, \/2k,
and k, respectively. The norm of space X is given by

ICFy s Fu)llaeg = (1B, By By, Fas Fo, )y + 115 F8)
+ [[(Fo, F1o)ll L) + 1 llwg@p)-

This paper is organized as follows: The next section first tells us some
equivalence of (1.1) and two-phase reduced Stokes resolvent equations, which
are obtained by elimination of pressure term from (1.1), in Subsection 2.1
and Subsection 2.2. Secondly, we state our main result for the two-phase
reduced Stokes resolvent equations in Subsection 2.3, which, combined with
what pointed out in Subsection 2.2, allows us to conclude that Theorem 1.6
holds. Thirdly, we state generation of analytic semigroup and some maximal
L,-L, regularity theorem for two-phase problems of time-dependent Stokes
equations in Subsection 2.4 and Subsection 2.5, respectively, with help of
Theorem 1.6 and the main result stated in Subsection 2.3. Section 3 proves
our main result for the two-phase reduced Stokes resolvent equations in the
case where

Q:RN:R_]XUR]_V, RY = {(«/,zn) : 2’ ¢ RN, 2y > 0},
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with constant viscosity coefficients. Section 4 proves our main result for the
two-phase reduced Stokes resolvent equations with variable viscosity coef-
ficients when Q is a perturbed RN by using results obtained in Section 3.
Section 5 shows the main result stated in Subsection 2.3 by using results
obtained in Section 4 together with some localization technique.

2. GENERATION OF ANALYTIC SEMIGROUP AND MAXIMAL REGULARITY
In this section, after introducing the Stokes operator in (2.15) below, we
consider the following initial-boundary value problem:
ov —p 'DivT(v,n)=f, divv=g inQx (0,00),
[T(v,m)n]=[h] [v]=0 onT x (0,00),

T(v,m)ny =k on I'; x (0,00), (2.1)
v=0 on I'_ x (0, 00),
V|i—o = vo in Q,

which is called the two-phase Stokes equations in this paper. We discuss the
generation of analytic semigroup associated with (2.1) and some maximal
L,-L, regularity property for (2.1). To consider the generation of analytic
semigroup, we have to formulate (2.1) in the semigroup setting, that is, we
have to eliminate the pressure term from (2.1). Throughout this section, for
some 1 < g < oo and positive constants p+, we assume that the weak elliptic
transmission problem is uniquely solvable on qu (Q) for p+. The assumption
plays an essential role to eliminate the pressure term from (2.1).

2.1. Two-phase reduced Stokes resolvent equations. Let 1 < ¢ < oo,
¢ =q/(g—1),and u € Wg(Q)N. Set K(u) = K(a, 8,7) € qu(Q) —i—qu(Q),
defined in Remark 1.5 (3), with

a=p! Div(pD(u)) — Vdivu, g =< [pD(u)n],n > —[divu], (2.2)
v =< pD(u)n;,n; > —divu.

Then u — VK (u) is a bounded linear operator from Wg(Q)N to Ly(Q)N
with HVK(u)HLq(Q) < C’HuHWQ(Q) for some positive constant C independent
q
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of u. We consider the equations as follows:

(Au—p 'DivT(u,K(u))=f inQ,
[

[T(u, K(u))n] =[h] onT,
[uJ=0 onT, (2.3)
T(u,K(u))ny =k only,
u= onI'_,

which is called the two-phase reduced Stokes resolvent equations. In this
subsection, we construct a solution to (2.3) on the assumption that (1.1) is
solvable. To this end, we treat the following auxiliary problem:

(A, )¢, + (Vu, Vo) = (£, V) for all p € Wy (), (2.4)

[ul=g onT, u=h only, (2.5)
which is the weak elliptic transmission problem with resolvent parameter
A. Employing the same argument as in the proof of our main result in the
present paper, we can show the following proposition.
Proposition 2.1. Let 0 < ¢ < 7/2, 1 < ¢ < o0, N < r < 00, and
max(q,q') < r with ¢ = q/(q —1). Suppose that Qi are uniform w2
domains. Then there is a positive number A\g > 1 such that, for any \ €
Sengs £ € LN, g € Wi V9T), and h € WS YUT,), (2.4)-(2.5) admit
a unique solution u € Wy (€2) NW_1(Q).

We solve (2.3) by means of solutions to (1.1). Given f € L,(Q)", h €

qu(Q)N, and k € qu(QJr)N, we choose by Proposition 2.1 some ¢ in such
a way that g solves the weak problem:

(Mg, 0)q + (Vg, V) = —(£, V) forall o € Wy (), (2.6)
[g] =< [h],n> onT, g=<kn; > onl,. (2.7)
Let u e WqQ(Q)N and 6 € qu(Q) + W, () be solutions to (1.1) with f, g,

h, and k as above. Then, by the definition of K(u) and Gauss’s divergence
theorem together with [ul] =0 on I', u = 0 on I'_, we see that

(£, V0)e = —(A\g,9)q — (Vg, Vi) + (07 V(0 — K(u)), Vi),
for any ¢ € qu,l“+ (). This combined with (2.6) and the denseness of
qu,Lr(Q) in WJ,(Q) furnishes that

(p'V(0 — K(u)),Vp), =0 forall e WC},(Q).
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In addition, it holds that [K(u) —0] =0 on I’ and K(u) —0 = 0 on I',
since g satisfies (2.7) and

<[hl,n>=[K(u)—-0]+[g] onT, <kmny>=K(u)—60+g onl,.
Thus, the unique solvability of the weak elliptic transmission problem implies
K (u) = 0, which means that the solution u € W(IQ(Q)N of (1.1) solves (2.3)
for £ € Ly()N, h e WH)N, k € WH(Q4)Y, and g of (2.6)-(2.7).

2.2. Reduced Stokes implies Stokes. In this subsection, we solve (1.1)
on the assumption that (2.3} is solvable. Let 1 < g < oo and ¢/ = q/(qg—1).
Given f € Ly()N, h e WHQ)Y, andk € WH(Q4)N, let k € Wi (Q)+WEHQ)
be a solution to the weak problem:

(p7'Vk, Vo) = (£, V), for all o € Wy(Q),

[k]=—<[h],n> onl, kx=—-<kmny> only.
Then, the system (1.1) is reduced to
Mu—p 'DivT(u,0 —k)=f —p 'V, divu=g inQ,
[T(u,0 —k)n] =[h]— < [h],n>n, [u]=0 onT,
T(u,0 — k)ny =k— <k,n, >n, on Iy,
u=20 onl'_.

It thus suffices to consider (1.1) under the condition that
(£, V@) =0 forall ¢ € Wy (), (2.8)
<[h],n>=0 onT, <kmn;y>=0 onl;.

For G = (G1,G2) € Lg()N x W), we set L(G) = L(G1,Gs) =
K(G1 — VGs, —[G2], —G2) by K of Remark L5 (3). Th@n G — VL(G) is a
bounded linear operator from L, ()" x W, (Q) to Ly(Q)N.

Given g € qu(Q) NW_1(Q), we choose a representative g of G(g). For
these g, g and for f, h, k satisfying (2.8), let u € qu(Q)N be a solution to

the two-phase reduced Stokes resolvent equations as follows:

(\u— p ! DivT(u, K(u)) =f+ p 'VL(\g,g) inQ,

[T(u, K(u))n] = [h] + [¢]n onI',
[u] =0 onT,
T(u, K(u))ny =k +gny onT'y,

L u=20 onl'_.
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Then, by (1.3), (2.8) and by the definition of K (u), L(\Ag, g), we have
0=(f,Vp)y = (Au, V), — (Vdivu, Vo), + (Ag, 0)g + (Vg, Vo),

for any ¢ € qu,m(ﬂ)v which, combined with Gauss’s divergence theorem
together with [u] = 0 on I' and u = 0 on I'_, furnishes that (A(divu —
9), )+ (V(divu—g), V), = 0forall p € qu’71“+ (Q). In addition, we see,
by (2.8) and the definition of K (u), that [¢] =< [uD(u)n],n > —[K(u)] =
[divu] on T, g =< pD(u)n;,ny > —K(u) = divu on I'y, which implies
that [divu—¢g] =0on I', divu— g = 0 on I';. Thus, by Proposition 2.1,
divu = g in ©, which means that u and # = K (u) — L(\g, g) solves (1.1).

2.3. R-bounded solution operator families of reduced Stokes. Ac-
cording to what was pointed out in Subsection 2.1 and Subsection 2.2, we
consider the two-phase reduced Stokes resolvent equations (2.3) instead of
(1.1) from Section 3 through Section 5. More precisely, we prove

Theorem 2.2. Let 1 < g<o0,0<e<7/2, N <r < oo, and max(q,q') <
r with ¢ = q/(q —1). Let py be positive constants. Suppose that (a), (b),
and (c) stated in Theorem 1.6 hold. For any open set G of RV, let Xg 4(G)
and X 4(G) be defined as

Xrq(G) ={(£,h,k) : f € Ly(G)V, h e WAV, ke W (G NN},
Xr,o(G) ={(Hi,...,Hy): Hi, Hs € Ly(G)N, Ha € Ly(G)N", Hy € WHQO)V,
Hs € Ly(GN Q)N He € LGN Q)N Hr e WHG N Q)N

Then there exist a positive number Ao > 1 and an operator family B(\) €
Hol (22 5, L(XR,q(0), W2(Q)N)) such that, for any X € ¥, and (f,h,k) €
XRVQ(Q), u = B(\)Fr a(f, h, k) is a unique solution to (2.3), and further-
more, forl =0,1,

d\!

R @@ ({ ()\5) (RAB(V)) i A€ Sepg }) <0, (29)
with some positive constant 9. Here, we have set N = N3 + N2 + N,

Ryu = (V?u, \'/2Vu, \u), and

Fr(f,h,k) = (f, Vh, \Y/?h, h, Vk, \Y/?k k).

Remark 2.3. (1) The symbols Hy, Ho, Hs, Hy, Hs, Hg, and H7 are vari-
ables corresponding to f, Vh, )\1/2h, h, Vk, \/2k, and k, respec-
tively. The norm of space X 4(2) is given by ||(Hy, ..., H7)||XRQ(Q) =

I(H 1, Ha, Hy) 1, 0 + I Hallwy o + 1 (Hs, Ho) | ) + 17wy -



TWO-PHASE STOKES RESOLVENT EQUATIONS 15

(2) If u satisfies (2.3) with f € J,(Q), < [h],n >=0on T, <k,ny >=0
onI'y, and A € X, ,, then divu =0 in ). This fact can be obtained in
the same manner as in Subsection 2.2 with ¢ = 0. It then holds that u
belongs to J,(£2) by Gauss’s divergence theorem together with [u] = 0
on I', u =0 on I'_. Here, and subsequently, we can see J,(Q2) as a
closed subspace of L,(Q)V, that is, J,(Q) is regarded as a Banach space

endowed with || - ||Lq(§'2)'

At this point, we introduce several propositions used throughout this pa-
per. The following two propositions are fundamental properties of the R-
boundedness (cf. [12, Proposition 3.4], [12, Remark 3.2. (4)]).

Proposition 2.4. (1) Let X, Y be Banach spaces, and let T, S be R-
bounded families in L(X,Y). Then, T+S ={T+S:T €T, SecS8}is
R-bounded in L(X,Y) with RE(X’y)(T—FS) < RE(X’y)(T)+R£(X7y) (S).

(2) Let X,Y, Z be Banach spaces, and let T and S be R-bounded families in
L(X,Y) and L(Y, Z), respectively. Then, ST ={ST :S €S, T €T}
is R-bounded in L(X,Z) with Reix,2) (ST) < Rﬁ(X,Y)(T)RE(Y,Z) (S).

Proposition 2.5. Let 1 < g < oco. Let m(X\) be a bounded function defined
on a subset A in the complex plane C, and let M,,(\) be a multiplication
operator defined by My, (N)f = m(N)f for any f € Ly(G) with open set G
of RN. Then, Reny@){Mm(A) : X € A}) < KZ|mllp (), where Kq is a
positive constant in Khintchine’s inequality (cf. also [18, Theorem 2.4]).

The next proposition is used to estimate several terms arising from local-
ization procedure in Sections 4, 5 (cf. [25, Lemma 2.4]).

Proposition 2.6. Let 1 < g <7 < o0 and N <1 < co. Suppose that QL

are uniform Wr2 —ur domains. Then there exists a positive constant Cy g,
such that, for any o >0, a € L.(2), and b € qu(Q), it holds the estimate:

D
HabHLq(Q) < UHVb”Lq(Q) + CnNygr (U TN HQHLT(NQ) + HCLHLT(Q)> Hb”Lq(Q)-
We devote the last part of this subsection to the proof of Theorem 1.6.

Proof of Theorem 1.6. We prove Theorem 1.6 under the assumption that
Theorem 2.2 holds. The existence of A(\), P(X) follows from Theorem 2.2
and Proposition 2.4 as was discussed in Subsection 2.2.
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Next, we show the uniqueness of solutions to (1.1). Let u € Wg(Q)N N
Jo(Q) and 0 = 01 + 0, € W(Q) + WL(Q) satisty

Au—p ' DivT(u,0) =0 in Q,
[T(u,0)n] =0 onT,
[uJ=0 onT, (2.10)
T(u,0)ny =0 onT'y,
u=0 onl_.

We prove that u = 0 in €2, which leads to the uniqueness. To this end, it
suffices to show that

(pu, )¢ =0 for any ¢ € Ccee ()N, (2.11)

The assumption (b), stated in Theorem 1.6, allows us to choose a k €
W;,(Q) satisfying (p~'Vk, V) = (¥, Vi) for any ¢ € W1(Q). In addi-
tion, since the two-phase reduced Stokes resolvent equations (2.3) is solvable
for ¢ = q/(q¢ — 1), we have a solution v € Wq%(Q)N to the equations:

AW —p 'DivT(v,K(v)) =4¢ —p 'Vk inQ,
[T(v,K(v))n] =0 on T,
[vl=0 on T,

T(v,K(v))ny =0 onI'y,

v=0 onI'_.

Then, ¢ — p~'Vk € Jy(Q) implies that v € J,(Q) as was discussed in
Remark 2.3 (2). Setting K(v) = w1 + w2 € qu,(Q) + W;,(Q), we have, by
Gauss’s divergence theorem, (u, Vk)g, = 0, and (u, Vwy)g = 0,

(pu,9) = (pu, Av — p~! Div T(v, wy +wa + k)¢, (2.12)

= Alpu, v)g + (D(u), uD(v))g, — (u, [uD(v)n])r — (u, uD(v)ny)r

— (divu,w1)g + (u, [win])r + (9, wing)r, .
Noting that [wz] = 0onI' and wy = 0 on I'y, we see that [uD(v)n—win] =
[#uD(v)n — K(v)n] = 0 on I' and pD(v)n — win = uD(v) — K(v)n =0 on
I';. In addition, it holds that divu = 0 in 2, since

0=—(u,Vp), = (divu,p), for any ¢ € C5°(£2),



TWO-PHASE STOKES RESOLVENT EQUATIONS 17

where we have used u € J,(Q2) and the relation C§°(£2) C W;,(Q). Hence,
(2.12) implies that
(pu, ) = Apu, v)g + (D(u), uD(v))g,. (2.13)
On the other hand, Apu — DivT(u,#) = 0 in Q by the first equation of
(2.10), which, combined with Gauss’s divergence theorem, furnishes that
0 = Apu, V) + (1D(w), D(¥)) — (D (@], v)r — (xD(wn, v)r.,
— (01,divv)g + ([01n], v)r + (iny, v)r .,
because (Vlz,v)g, = 0by v € Jy (). Thus, A(pu,v)g+(pD(u),D(v)), =0
in the same manner as we have obtained (2.13) from (2.12). The last identity

combined with (2.13) implies (2.11). O

2.4. Generation of analytic semigroup. In this and the next subsection,
we discuss time-dependent problems. We now consider the following initial-
boundary value problem:

(Ou—p 'DivT(u,K(u)) =0 in Q x (0,00),
[T(u, K(u))n] =0 on I x (0,00),
[ul]=0 onT x(0,00), (2.14)
T(u,K(u))ny =0 onI'; x (0,00),
u=0 onI_ x(0,00),
uli—o =up in Q.

To discuss the generation of analytic semigroup associated with (2.14), we
formulate (2.14) in the semigroup setting. For this purpose, we introduce
the Stokes operator A and its domain Dy(.A) as follows:

Dy(A) = {u e WZ(Q)N N J,(Q) : [Ta(uD(u)n)] =0 onT, (2.15)
[ul=0 onl, 7o (uD(uny)=0 onl'y, u=0 onl_},
Au = p~ ' DivT(u, K(u)) for u € D,(A),

where we have set Tof =f— <f,n>nand 7, f=f- <f,n, >n, that
are the tangential parts of N-vector f with respect to n and n,, respectively.
Then it is possible to rewrite (2.14) as follows:

du—Au=0 (t>0), ul==uo.
By Theorem 2.2, the resolvent set p(A) of A contains ¥, ),. In addition,

denoting the resolvent operator of A by (A — .A)~! and noting Remark
2.3 (2), we see that, for any A € ., and f € J,(Q), (A — A)7'f =
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B(X)(f,0,0,0,0) € J,(2). Since the R-boundedness of B(\) implies the
usual boundedness, it holds that
_ M \
1A = A) Mz, @) < ‘;‘ .
with some positive constant M, y,. By this resolvent estimate and the stan-
dard semigroup theory, we have the following theorem.

()\ c 25’)\0),

Theorem 2.7. Let 1 < g < oo, N < r < oo, and max(q',q) < r with
qd = q/(q—1). Let px be positive constants. Suppose that the conditions
(a), (b), and (c) stated in Theorem 1.6 hold. Then the Stokes operator A
generates a Co-semigroup {T(t)}i>0 on J4(Q2), which is analytic.

2.5. Maximal L,-L, regularity. Since the system (2.1) is linear, we con-
sider the following two problems:

ou—p 'DivT(u,0) =0, divu=0 inQ x (0,00),
[T(u,0)n] =0, [ul =0 onT x (0,00),

T(u,f)n; =0 on I'y x (0,00), (2.16)
u=20 on I'_ x (0, 00),
u|t:0 = g in Q,

(Opu — p~ ! DivT(u,b) =f, divu=g¢ inQx (0, 00),
[T(u,0)n] =[h], [u]=0 onI x (0,00),

T(u,0)n; =k on 'y x (0,00), (2.17)
u=0 on I'_ x (0, 00),
{ uli—o =0 in Q.

To state maximal regularity theorems for (2.16) and (2.17), we introduce
several function spaces. For a Banach space X, we denote the usual Lebesgue
space and Sobolev space of X-valued functions defined on time interval I
by Ly(I,X) and W*(I,X) with m € N, and their associated norms by
I Nz, (r,x) and || - ||W;1(]7X), respectively. We set for v > 0

Lo (I,X)={f:1—=X:e"feL,(I,X)},

Lpos(R,X)={feLy,(R,X): f(t)=0 for t <0},

Wi (LX) = {f € Ly (I, X) : 0 F(1) € Ly(1, X) (G =1,....m)},

po~(R, X) =W (R, X)N Lpo,(R, X).
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Let £, £71, F, and F~! denote the Laplace transform, the Laplace inverse
transform, the Fourier transform, and the Fourier inverse transform, which
are denoted by

L) = /°° eNf(@ydr, LV g)() = /°° Mg\ dr (A= +ir),

—0o0 - % — 0o
> —iT — 1 > T
A = [ e, 7w = o [ eyl an
Note that L[f](\) = F[e " f(t)](7) and L7 [g](t) = e?* F~L[g(y+iT)](t). For
any real number s > 0, let (A3 f)(t) = L7 [ASL[f]](t) and set HS (R, X) as
the Bessel potential space of order s defined by
H;,y(RaX) ={fe Lp,v(R,X) : e_vt(Aif)(t) € Ly,(R, X)}.
We also set H,,.(R,X) = {f € H; (R, X)': f(t) = 0 for t < 0}. For
solutions of problems (2.16) and (2.17), Wi}}77(9 x (0,00)) and W;;ON(Q X
R) are defined by
qu,})l;y(Q X (07 OO)) = Wpl,y((07 OO), LQ(Q)N) N LP(Y((O? 00)7 WqQ(Q)N)v
Wi (2 X R) = Wy (R, Lg()N) 1 Ly o 5 (R, Wi ().

First, we discuss a maximal L,-L, regularity theorem for (2.16). Setting
u(t) = T(t)ug and 0(t) = K(u(t)), we see that divu(t) = 0in 2 for ¢ > 0
by u(t) € J,(Q2), and thus u(t) and 6(t) satisfy (2.16). Since {T'(¢)}+>0 is
analytic, we have, for some A\g > 1 and for any ¢t > 0,

1T (t)uol 7,0 < Canoe "0l 7,0 for ug € J,(2),
10T (t)uol| 1,0y < Canot™ "ol 1,y for ug € Jy(R),
10T (t)uol| 1,0y < Caro€ ' lollp, 4y for ug € Dy(A),
with some positive constant C, »,. We then obtain, in the same manner as
in [27, Theorem 3.9],
—2\
lle 2 ot(atu, u, Vu, v2u)||Lp((0,oo),Lq(Q)) < Cparo ||u0H,D§F;71/p)(Q),

for some positive constant C), 4, with 1 < p,q < oo, where we have set
Dg%fl/p) Q) = (J4(22), Dg(A))1-1/pp wWith real interpolation functor (-,-)g,
(0< 6 <1,1<p<o0). Then, the following theorem holds.

Theorem 2.8. Let 1 < p,q < 0o, N < r < 00, and max(q,q) < r with
¢ =q/(qg—1). Let py be positive constants. Suppose that the conditions (a),
(b), (c) stated in Theorem 1.6 hold. Then, we have the following assertions:
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(1) There exists a constant 9 > 1 such that, for any uo e D 1 1/p) (Q ;

the problem (2.16) admits a unique solution (u,0) € Wq/p%(ﬂ X (0 0)) X
Ly ((0,00), W) + WH(Q)), which satisfies

e @, 0, Y, VW) 0,00y g0 F 167 VO L (0,000 2,00

< Cp,q,% HUO ||Dg§;—1/l’) (Q) )

with some positive constant Cp g~ -
(2) There exists a positive constant vy > 1 such that, for any

f € Lyoqo (R, Lg(2)Y),

g€ HYE (R, Ly(Q)N) N Ly (R, W) N W HQ))),

heH%%o< Lo()N) 0 L0 (R, WHEQ)Y),
ke HYw (R Ly(Q0)N) W0 (R, Le(2)™),

(R Ly(Q)N) of Glg), the problem
(X R) x Ly (R, WEHQ) +

and for any representative g € VVIEW0

(2.17) has a unique solution (u,0) € W>
W;(Q)), which possesses the estimate:

PO'YO

le™ " (O, w, AY2V0, V20|, gpo iy +1ETVOL iy (218)
< Cpﬂﬁoj\/’pv%% (f,9,9,h k),

for some positive constant Cp 4 ~, with
NP#Z,’YO (f7 9,9, h? k) = He_FyOt(f7 v.gv A1/297 atg? Vh Al 2h) HL R L (Q))
+ ||€770t(97 h)HLp(R,WqI(Q)) + ||€770t(Vka A%2k)||Lp(R,Lq(Q+))
+ ek L, mwi )
In addition, if g =0, h=0, and k =0, then
7||€_7tu||Lp(R,Lq(Q)) < Cp,q,’yo”e_votfHLp(R,Lq(Q)) for any v > 0. (2.19)

Proof. The assertion (1) was already proved above. The estimates (2.18),
(2.19) follows from Weis’s operator valued Fourier multiplier theorem (cf.
[31, Theorem 3.4]) together with Theorem 1.6 and Propositions 2.4, 2.5.
Then, similarly to [24, Section 7], we see that u(t) = 0 and 0(t) =0 fort <0
and that the uniqueness holds. [l
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3. TWO-PHASE REDUCED STOKES RESOLVENT EQUATIONS IN R

In this section, we discuss R-bounded solution operator families to the
two-phase reduced Stokes resolvent equations with an interface condition in
RN = Rf URY, that is, we consider the following resolvent problem with
resolvent parameter A\ varying in . = {A € C\ {0} : |arg\| < m —¢}:

Mu—p !DivT(u,K;(u) =f inRY,
[T(u, Kr(w)m] = [B] on R, (3.1)
[ul=0 onRY,
where ng = (0,...,0,—1)T and T(u, K;(u)) = uD(u) — K;(u)I. Here,
P = P+XRY + p—xgrn for positive constants py, and suppose that

(d) viscosity coefficient p is given by u = HAXRY + p—xgn for positive
constants py satisfying pi1 < pg < pgo, respectively, where piq and pio
are the same constants as in Theorem 1.6.

Furthermore, for 1 < ¢ < oo and ¢’ = ¢/(¢ — 1), let Kj(u) be defined by
Ki(u) = K(a, B) with

a = p ! Div(uD(u)) — Vdivu, B =< [pD(u)ng],ng > —[divu],
foru € Wg(RN)N, where K(a, () is given in Remark 1.5 (3) with Q = RV,
i.e., K(u) is the unique solution to

(0~ 'VE[(u),Vo)gn = (p7' Div(uD(u)) = Vdive, Vo)gn,  (3.2)
[K1(u)] =< [uD(u)ng],ng > —[divu] on R{, (3.3)

for all p € Wl/(RN) and satisfies |VKr(u)|; a~ < Y|Vl gy, Here,
q Lq(RY) Wg(RY)
and hereafter, vy denotes a generic constant depending solely on N, g, p+,

P—y M1, Hy2, po1, and pro.
We prove the following theorem in this section.

Theorem 3.1. Let 1 < ¢ < 00, 0 < e < 7/2, and p+ be positive constants.
Suppose that the condition (d) holds. For any open set G of RN, let Yr 4(G)
and Yr 4(G) be defined as

Yr(G) = {(f,h) : f € Ly(G)™, h e W ()Y},
Vro(G) = {(Hy, Hy, Hs) : Hy, Hs € Ly(G)N, Hy € Ly(G)N’}.

Then, there is an operator family Sp(\) € Hol (3¢, L(Vr o(RY), w2 (RM)M))
such that, for any X\ € % and (f,h) € Y ,(RY), u = S;(\)Gr.,(f, h) is a
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unique solution to the problem (3.1), and furthermore,

R £ oY), Ly (BN N <{ (/\%>l (BAS1(N) s A € Es}) <y (1=0,1).

Here, and subsequently, we set N = N34+N?2+N, Ryu = (V?u, /27, Au),
Gr(f,h) = (f, Vh, AY2h) and y; denotes a constant depending solely on
N, q, € p+, p—5 415 P42, o1, and H—2-

In view of Subsection 2.1, it is sufficient to consider the two-phase Stokes
resolvent equations in RV:

Apu — Div(uD(u)) + V0 = pf  in RV,
divu=g in RV,

[(+D(w) — 0Tno] = [B] on RY,
[ul=0 onR{.

(3.4)

Here, the Fourier transform F and its inverse formula F~! are defined by

—1x- — 1 ix-

FNO = [ e fdn, Flw) = oo [ @ ds (9)
RN 2m)N Jrw

respectively. We first consider the divergence equation: divu = g in RV.

Lemma 3.2. Let 1 < ¢ < oo. Forg € qu(RN) ﬂWq_l(RN), we set
1[5
Vig) = Wilo) - Vi(o)s Vile) = =F [ Fll©)] (), (3:6)
_ NN > N\N —
forj=1,....N. Then, V(g) € qu(R. WNAWZRN)N andu = V(g) solves
the divergence equation: divu = g in RYN. In addition, there are operators
Ve L(LyRMN, LRMN), V2 e L(Ly(RY), Ly(RV)M),
Vi e LW RY), Lo(RM)N),
such that R\V (g) = (VY(Vg), V2(A\Y/2g),V3()\g)), where the dual space of

qu,(RN), ¢ =q/(q—1), is written. by W, ' (RN) with norm || - |’W;1(RN)'
Proof. It is clear that u = V(g) solves the divergence equation: divu =
g in RV and that by the Fourier multiplier theorem of Mikhlin (cf. [19,

Appendix, Theorem 2])
IVV(Dlr, &~y < vllglle,wyy:  10VV(Ol L,y < 0ll0k9l L, my)
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for k= 1,...,N — 1. Since divV(g) = g in R, it holds that 83,V (g) =
Ong — ON fo:—ll dxV (g) in RN, which, combined with the last inequalities,
furnishes that ”312\7V(Q)HL,1(RN) < 70||Vg||Lq(RN).

Next, we estimate V(g). Let ¢ € CP(RM)N, and then (V(g), p)gy =
—(g, Fl|€|72%i¢ - F719](€)])ry- The Fourier multiplier theorem yields that

(V(2)@ror| < 20llgllp s g 9], vy which fumishes [V(g)]l7,m) <

'yngHWq_l(RN). We thus see that V(g) € WHRN)N n W2Z(RM)N and the

existence of operators V* (i = 1,2,3). This completes the proof. O

Note that [V (g)] = 0 on R{’ since V(g) € W (RY)" by Lemma 3.2.

Setting u = V/(g)+v in (3.4) and noting Div(uD(v)) = pAv by the condition
(d) and by divv = 0 in RY, we have

pAv—,uAv—kVGz? in RY,

divv =0 in RV,

[(1D(v) = 0I)ng] =[] on Ry,

[v]=0 onR{,

where f = pf — pAV (g) + Div(uD(V (g))) and h = h — uD(V (g))no.

The following lemma was essentially proved in [28, Theorems 1.1, 1.2].
Lemma 3.3. Let 1 < ¢ < 00, 0 < € < /2, and py be positive constants.
Suppose that the conditim‘l (d) hold§. Then there exists an operator family
Sr(A) € Hol (Ea,ﬁ(yqu(RN),WqZ(RN)N)) such that, for any A € X, and
(f,h) € Yr (RN), v = SI()\)GR,A@, h) is a unique solution to the problem
(3.7) with some pressure term 6. In addition, for | =0,1,

d 1
Rty ({ (V) SO A €2} ) <o

Since R\V (g) = (V1(Vg), VZ(A\/2g),V3()\g)) by Lemma 3.2, we have the
following lemma by combining Lemma 3.3 with Lemma 3.2 and by setting

Yy ={(f,g,h):f € L,R")N g W] (RY) N W, (RY),h e W RV},
Yy = {(F,...,Fs): I\, Fy, Fs € LRV, By € L,RV)N,
F3, Fs € LRV}, Ga(f,g,h) = (f, R\V(g), Vh, \'/?h).

Lemma 3.4. Let 1 < ¢ < 00, 0 < e < /2, and constants p+ > 0, and let
V' be the same operator as in Lemma 3.2. Suppose that the condition (d)



24 SRI MARYANI AND HIROKAZU SAITO

holds. Then, there is an operator family Tr(\) € Hol (¢, L(Yy, WqZ(RN)N))
such that u = V(g) + Tr(\)GA(f, g, h) is a unique solution to the problem
(3.4) with some pressure § for A € ¥, and (f,g,h) € Y,. In addition,

qu,Lq(RNW)({ (A%)l<Rm(A)) A C E}> s (=01).

Proof of Theorem 3.1. Let 1 < ¢ < oo and ¢’ = ¢/(q — 1). According
to what was pointed out in Subsection 2.1, we consider, as an auxiliary
problem, the following weak problem: for all ¢ € qu, (RM),

Mg, @)py + (Vg, Vo)gy = (£, Vo)gpn, [9] =< [h],ng > on RY. (3.8)
Concerning this weak problem, we have

Proposition 3.5. Let 0 < ¢ < 7/2 and 1 < q < oo. Suppose that
V' is the same operator as in Lemma 3.2. Then, for any A € 3. and
(f,h) € Yr 4(RY), the problem (3.8) admits a unique solution g € W} (RV)N
W_ L (RYN). In addition, there is V(X) € Hol (Eg,ﬁ(yn,q(RN)quZ(RN)N))
such that, for 1 =0,1,

Ry o) 2@y (1 (A%)l (Bvy)res})<m,  (39)

and V(g) = VO£, Vh,A\'/2h) for any (f,h) € Yr ,(RYN), where g is the
solution to (3.8).

Proof. We only show the existence of the R-bounded solution operator
family V()), since the unique solvability of the weak problem (3.8) was
already mentioned in Proposition 2.1.

It suffices to consider the case f € CSO(RN )N in what follows, since
C°(RY) is dense in Ly(RN). Then, the g satisfying (3.8) is given by
g = ¢+ with

A=A =0 in RV,

A—A)p=divf inRY
( ) ivf in , (4] = [A], [[gf]]zo on RY.
0

where h =< h,ng > and 9¢/0ny = ngy - Vi) = —n).
Step 1: Solution formulas. We give the exact solution formulas of ¢, 1.
By using (3.5), we have

Fdiv £](¢)

<& FIE(€) >
At [ Jw) =771

=7 yarE

] (). (3.10)
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On the other hand, we rewrite the system for ¢ as follows:
A=A)pr=0 inRY,

Yy —1_ =[h] on RY, (3.11)
Onty —OnY_ =0  on RY,

where we have set ¢+ = ¢)xgy. Let F(€, xy) and ]-'571[9(5’@1\7)](1:’) be the
partial Fourier transform with respect to ' and its inverse defined by

~

f(gl,l‘N) — / e_im,f/f(l'/,l'N) d:l?l,
RN-1
1 sl !
—1 ! A ix’-& / !
Flo€anle) = gy [ @€l an) e
Applying the partial Fourier transform to (3.11) furnishes that

{03 — A+ €)Y el an) =0, Fan >0,
0 (€,0) = 9-(¢,0) = [A](€.0),
(0N )(€,0) — (On1-)(€,0) = 0.
Solving this system as ordinary differential equations with respect to z

and setting B = VA + A2 for A € X, and A = |¢|, we obtain 1+(¢, zy) =
+(1/2)[h](¢',0)eTB2N (£ y > 0), which implies that

Yo = gu (e on) = 2575 [IE 05| @) (an > 0), (312

solves the problem (3.11). Hence, ¢ = ¢+XRf +Y_XRrN-

Step 2: Construction of R-bounded solution operator families.
Since V (p+1) = V(p)+V (¢), we consider V(¢), V(1)) one by one. First, we
construct a R-bounded solution operator family for V(y). By (3.6), (3.10),

§ <& FIfIE) >
€12 (A + [€1%)

By [14, Lemma 3.1, Theorem 3.3], we have, for [ = 0,1,

Vip) = f‘l[ }(w) = VI(\E.

V1(A) € Hol (S, L(Lg(RM)N, W2RM)YY),

Raogs, o sy ({ () (V1) - xe m}) <
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Next, we consider V' (¢). By (3.6), we have, for j =1,..., N — 1,

— SN o0 Li(TN—YN)EN
= [ e (5 [ g e )du, (313

% ¢ el @N—UN)EN

U 1/
W) == [t (5 [ B e e duw
where m = m(ﬁ’ ,xn). Since it holds, by the residue theorem, that

1 o) eia&v e—|a|A 1 o] ifNeiQEN e_|a|A
o B e L

for a € R\ {0}, we insert these formulas into (3.13) in order to obtain

Vi o) = ot [~ elenmAg(e )y,
Vn(9)(€, 2n) = ;/OO sign(ay — yw)e IR yy) dyn.

This, combined with (3.12), furnishes that

V() = —.7:571 [%[ﬁﬂ] (,0) /OO (e—lxN—leA _ e—\:cN—i-yNIA) e~ Bun dyN],
0

Vn(w) =T [[UZ]](ZLW /OOO (Sign(xN —yn)e vl
—sign(zy + yN)e*MN*yN\A) e~ Bun dyN] ().

By direct calculations, we have

Lemma 3.6. Let 0 < e < /2 and & € RN\ {0}. We set
—Ba —Aa

A=[¢l, B=VA+[gP, Ml@)="—F—— (A€ a>0).

Then it holds that, for +zn > 0,
/OO (e—\wzv—yNIA _ e—\xNerN\A) e~ Bun dyy = F
0

o
0

2A 2
- _ . FBxn
5 +AM(:|::CN) 7—!—146 .

24
B+ A

M(:l:{L‘N),
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This lemma yields that, for +zy >0and j =1,..., N — 1,

VM x) = 275 (g ) AM e BE- 0] @),

Fo () AME) R 0) @)

- [T IE0) @) + 5 [ AT B 0) @)

where we have used the fact that 1/(B+ A) = (1/B) — A/{B(B+ A)}. By
[28, Lemmas 4.6, 4.8, 5.1, 5.2, 5.3], there exist

V(M) € Hol (S, L(LyRV)VHN W2(RN))) (J=1,...,N)

such that Vy(¥) = V;7(\)(Vh, \/?h) and that, for [ =0, 1,
d !

RL(LQ(RN)N2+N7L(1(RN)N2+N+1) ({ (Aa> <R)\VJ<)\)> A€ Ee}) <.

Recalling Remark 2.3 (1), we set, for (Ha, H3) € Lq(RN)N2 x Ly(RM)N,
V2(X)(Ha, Hz) = (V1(\)(Ha, H3), .., V(N (Ho, Hz))".

Then, V(AH = VY(\)H; + V2(\)(Ha, Hs), H = (Hy, Hy, H3) € Yr o(RY),
satisfies (3.9). Moreover, for (f,h) € Yz o(RY), V(g) = V(\)(f, Vh, \1/?h)
with the solution g of (3.8). O

We here set S;(A\)H = V(ANH + T1(A) (H1, RA\V(AH, Ha, H3) for H =
(Hy,Ho, H3) € yR’q(RN). Then, Lemma 3.4 and Proposition 3.5, together

with Proposition 2.4, shows that S;()) is the required operator in Theorem
3.1. This completes the proof of Theorem 3.1. O

Vv ()] (2', 2n) = _%

4. REDUCED STOKES RESOLVENT EQUATIONS ON A BENT SPACE

Let ® : RY — Rg/v be a bijection of C! class and let ®~! be its inverse
map, where subscripts x, y denote their variables, here and subsequently.
Writing (V,®)(z) = A + B(z) and (V,&1)(®(z)) = A_; + B_i(x), we
assume that A and A_; are orthonormal matrices with constant coefficients
and det A = det A_; = 1, and also assume that B(z) and B_;(z) are
matrices of functions in W'(R™) with N < r < co such that

1B, B_y)llpmyy < Mis IVe(BB_)lp ) < Mo (4.1)

We will choose M; small enough eventually, so that we may assume that
0 < M; <1< Ms in the following.
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Remark 4.1. Since z = &~ 1(®(z)), we have I = (V,®71)(V,®). This
implies that (V, @ 1)~ = (V,®), ie. (A_1+B_1(z))"! = A+ B(z).

Set Q1 = ®(RY) and ' = ®(RY’), and let n = n(y) be the unit normal
vector on I', which points from Q, to Q_. In addition, setting ®~1 =
(P11, <I>,17N)T, we see that I is represented by ®_; y(y) = 0. Thus,

- Vy®_1 N (A_1 +B_1(z))"ng

n(®(r)) = Vy@_1n|  [(A_1+B_i(2))Tng|’ (4.2)
with ng = (0,...,0,—1)T, where we have set A_; = (A;;) and B_y(z) =
(Bij(z)). In particular, @l is defined on RV by (4.2). Since SN (An; +
Byi(2))? = 14+ 3N (24Nn:Byi(z) + Byi(z)?) by the fact that A_; is a
orthonormal matrix, we see by (4.1) and (4.2) that [|[V,nl[; g~y < CnMa.
Let fix = fi+(y) be viscosity coefficients defined on RY and satisfy

1

- 3
SHL < p+(y) < 2 (y € RM), (4.3)

f+(y) — pxol <My (y €RY),  [|Vyfizllp, my) < Cr,

where p1g are some constants with py; < puig < pro, respectively, for the
same constants g1, p4o as in Theorem 1.6. In addition, we set

w(y) = i+ (Y xay (V) + a-()xa_(y), p(y) =prxa, (y) +p-xa_(y) (44)

for positive constants p, and also set py(z) = g (P(x)), p(x) = p(P(x)),

p(z) = p(®(z)), and po(z) = fo(P(x)) for fo(y) = proxay (¥) + p—oxa_ (v).
It then holds that

p = p(@) = prxry (@) + p-xgrr (2), (4.5)
po = po(x) = proxry () + p-oxgy (z),

p(@) = pr(2)xry (2) + p-(2) xRy (2),

u(z) — pol < My (z € RY), | Vaull, gry) < Cr

~ In this section, we consider the two-phase reduced Stokes equation in
Q =0, UQ_ with an interface condition:

MNi—p ' DivT(W, K (@) =f  inQ,
[T(§, K;(u)a] = [h] onT, (4.6)
[a]=0 onT.
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Here, T(u, K;(1)) = aD(1) — K;(W)1I and K; (1) is a unique solution to the
following weak problem:

(57'VE(@),VP)y = (5 ' Div(ID(@) - Vdivi, V@),  (47)
[K:(@)] =< [pD@)a], & > —[diva] onT, (4.8)

for all p € qu,(RéV ). We then have the following theorem.

Theorem 4.2. Let 0 <e <7/2, 1 <q< o0, N <r < oo, and max(q,q') <
r with ¢ = q/(q — 1). Suppose that (4.1), (4.3), and (4.4) hold. Let
Zrq(G) and Zg 4(G), with an open set G of RY, be defined as Zg 4(G) =
Ly(G)N x WHG)N and Zr ¢(G) = {(Hy,...,Hy) : Hi, H3 € Ly(G)N,H, €
Lq(G)N2, H, € qu(G)N}, respectively, while p* = 2~  min(p41, pto). Then
there exist 0 < My < min(1, %), Ao > 1, and an operator family S;(\) €

Hol (3¢ 6gs L(Zr,¢(2), W2()N)) such that, for any X € ¢ 5, and (f,h) €
ZR7q(Q), u= ’SV[()\)HR,A(?, fl) is a unique solution to (4.6), and furthermore,

7zll(ZR,q(Q),Lq(s'z)ﬁ) ({ (A%>Z(RA§I(A)) RS Es,,\o}) <72, (4.9)

for I = 0,1 with some positive constant 2. Here and subsequently, N =
N34+ N2+ N, Ryu = (V2u, \/2Vu, M), and Hg A(f,h) = (f, Vh, \1/2h, h);
M is a constant depending on N, q, r, €, p4, pt1, pt2; Ao 1S a constant de-
pending on Ma, N, q, v, €, p+, 1, a2, V2 1S a generic constant depending
on Mz, Ao, N, q, 7, €, p+, £1, [+2-

The remaining part of this section is mainly devoted to the proof of The-
orem 4.2. We rewrite the problem (4.6) as follows:

M- 7 'iDivD@) 4+ 5 'V -5 ' D@Viai=f inQ,

[((D(@) — &) =[] onT, (410)
[a]=0 onT,

with @ = K;(t1). By the change of variable: y = ®(z), we transform the

problem (4.10) to some problem on RY for u(z) = u(y) and 6(z) = N(y).
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By direct calculations, we see that v = A_ju and 0 satisfy

1 — 1 1 .
Av - =DivT(v,0) — L DiyD(v) + ~F (v) + -P'VO=f inRY,
p p p p

[T(v,0)no] + [(1 — p0)D(v)mo] + [F*(v)no] = [h] on R,

[v]=0 onR{,
(4.11)
with T(v,0) = poD(v) — 01, and also

(p™'V0. Vo)an + (07 P?V, Vo) (4.12)
= (p_l Div(poD(v)) — Vdivv + p~ (i — po) DivD(v)
— p L FH V) + F3(v) + FH(v), V@)RN for any ¢ € qu,(RN),

[0] =< [roD(v)no],ng > —[divv] (4.13)
+ < [(1 = po)D(v)nol,mg > +[F°(v)] on R

Here, we have set f = A_fo®, h = |[(A_+B_(z)) ng|(A_+B_(z)) Tho®,

FLv) = p(R'V2v 4+ S'Vv) + (T'Vv)Vy,

FA(v) = uR*Vv, F3(v)=R*V?v + S?Vv,

Flv) = R4(p_1,u DivD(v) — Vdivv — p ' Fl(v) + .7:3(v)),
(v)

and the coefficients P, R/, 8, T' (i =1,2,j = 1,...,6) satisfy

I[P R 1o myy < My, (VP VR S|, vy < Onda, - (4:14)

T VT r V)L, Yy < CnMa.

From now on, we solve (4.11), (4.12), and (4.13). Let 6; = K(v) given
by the solution to (3.2)-(3.3) with u = up. Setting 8 = K;(v) + 62(v) in
(4.12)-(4.13), we have the weak problem for 0y = 65(v) as follows:

(0~ 'V, Vo)pn + (0~ ' P*VO2, Vo) gn = (p~' (1 — po) Div D(v)
—p LY v) + F3(v) + Fiv) — p 1 PPV K (v), Vo) g
[02] =< [(1 = po)D(v)no],mg > +[F°(v)] on R,
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for any ¢ € qu, (RY). Substituting § = K;(v) + 62(v) in (4.11), we have
AW —p IDivT(v,K;(v)) + U (v) =f in RV,
[T(v, K;(v))ng] + [U*(v)ng] = [h] on R, (4.15)
[v]=0 onR{,
where we have set
U'(v) = —p~' (g — po) DivD(v) + p~ ' F'(v)
+ T IPIVE (V) + pm (T4 PV (v),
U(v) = F2(v) — {< (11— io)D(v)1ig, ng > +F2(v)}L.
At this point, we introd/lice a result about the unique solvablity of the
weak problem: for all ¢ € qu,(RN )
(p7'V0,Vo)pn + (07 'P?VE, Vo) pn = (£, Vo) g, (4.16)
[0] =[g] on RY. (4.17)
Lemma 4.3. Let 1 < g < co. Then there exist a constant My € (0,1) and
an operator ¥ € L(Ly (RN)N x qu(RN), qu(RN) + qu(RN)) such that,
for any £ € Ly(RN)N and g € W(II(RN), 0 =V(f,g) is a unique solution to

(4.16)-(4.17), which possesses the estimate: HveHLq(RN) < CN,Q(||f”Lq(RN)+
||g||W1(RN)) with a positive constant Cy 4 independent of My.
q

Proof. Since the weak problem (3.2)-(3.3) is uniquely solvable, we can prove
Lemma 4.3 by the small perturbation method, so that we may omit the
detailed proof. ]

By Lemma 4.3, we have 02(v) = ¥(f, g) with
f=p~ (1= o) DivD(v) — p~ ' FH(v) + FP(v) + F'(v) — p~ ' P*V K (v),
9 =< (n— po)D(v)ng,ng > +F°(v).

Next, we solve the problem (4.15) by using Theorem 3.1. Substituting
v = S1(A)Gr(f, h) in (4.15) yields that

AV — p IDiv T (v, K;(v)) = f —U'(S1(\)Gra(f,h)) in RV,
[T(v, K;(v))ng] = [h — U*(S;(\)GrA(f,h))ng] on RY, (4.18)
[v]=0 on R{.
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Let VI(A)(f,h) = U(S;(\)Gr(f,h)) for i = 1,2, and set V(N)(f,h) =
(VY(N)(£,h), V2(M)(£,h)) and

YR (RY) = {(f, Vh,A\Y?h) : (f,h) € Yr (R™)} (A #0).

Then, for each A # 0, px(f,h) := Gr.(f,h) is a bijection from Yz ,(RY)
onto Y{z\’q(RN). If there is the inverse operator of (I — p\V(A)py '), then
v = S1(NGrA0 T — o3 V(N h) " Lea(f, h) solves (4.15) since ¢y (1 —
AV ) roa = (I = V(N)) L. In what follows, we show the invertibility
above and the R-boundedness of the inverse operator. To this end, we
estimate the remainder terms on the right-hand sides of (4.18). We combine
Proposition 2.6 for Q = RY with (4.14) in order to obtain

||F(V)HL(I(RN) < y3(My + U)HV2VHLQ(RN) +’Y<7,M2HVVHLQ(RN)a (4.19)

IF7 )y, vy < MV, vy

INF W)y, gy < 1M1+ 0 IV2V ], ey + Yo IVVI g vy

IPHY ), gy < A5 VY s oy
for i = 1,3,4, j = 2,5, k = 1,2. Here, and subsequently, 3 is a generic
constant depending7 at mOSta on N7 q, Ty P+5 P—s B+1, H+2, U2, and H—2;
Yo,M, 18 a generic constant depending, at most, on My, o, N, q, 7, p4, p—,

41, H+2, Ht2, and p_g. In addition, by Lemma 4.3, (4.19), and (4.5),
together with Proposition 2.6,

17+ PYVO)] vy < 13(M1 + DIVVIL ey + Vo IVVIL L, vy
(4.20)

We define operators Vi()\), i = 1,2, as VI(AMH = U(S;(A)H) for H =
(Hy, Ha, H3) € Vg o(RY). Then, we have Vi(f, h) = V{(\)Gg (f,h) and
have, by Proposition 2.5, (4.19), (4.20), and Theorem 3.1,

R o (RY). Ly (BN)) <{ (A%)ZVIO‘) A€ E“O})
<7 (M +0) +raers )
e () (FV0000) 25,0 )

<m (73(M1 +0)+ %,MQ/\EW) 7
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for I = 0,1 and for any Ag > 0 (cf. [26, pp. 345-346] for more details). Thus,
setting V(A)H = (VIHA)H, VZ(\)H) for H € Vg ,(RY) furnishes that

V) (f,h) = VIN)GrA(f, h) € Yr,(RY) for (f,h) € Yr ,(RY), (4.21)

d !
Re@r. @) ({ (Aﬁ) (GraAV(A) s A e EE,AO})
<7 (M1 +0) +veanry 7)) (1=0,1).

If we choose o and M; so small that y1y30 < 1/8 and v1y3M; < 1/8 and if
we choose A\g > 1 so large that %7M2)\61/2 < 1/4, then we have, by (4.21),

Rz v ({ (A%)I(GRAV()\)) AeTy}) < % (1=0,1). (4.22)

Since it holds, by (4.21) and (4.22), that
oAV Ner (6, Vi AR, v = [GRAVIVE B, iy,

= [GrRAV(NGrA(E D)y, gvy < SII(E, Vh, Al/2h)

[

H;))’R,q(l.lN)7
there exists the inverse mapping (I —p\V(\)py ')t € E(Y{z\’q(RN)) for any
A € Xc . In addition, (I — GrA(AN)V(N) 1 =32 (GraAV(N)) exists by
(4.22) and satisfies the estimate: for [ = 0,1,
d\! 1

R (v (V) ({ (Aﬁ) (I—GraV(A) e zm}) <2, (4.23)
If we set v = S;(N)Grapy (I — o2V N)py ) toa(f,h), then v is a solu-
tion to (4.15) as mentioned above. Noting that p\V(\)py Gra(f,h) =
GrAV(A)GrA(f,h) by (4.21), we see that

Graey (I — oA V(N)ey ) Loa(f, h)
=" (02 VN ) Gral(f.h) = (I — GrAV(A) 'Gr(f, D).
7=0

Set St(A) = S(A)(I — GrAV(A)7L, and then v = S;(A\)Gra(f,h) is a
solution to (4.15) for any A € X, and (f,h) € Yz ,(RY). Furthermore, by
(4.23) and Theorem 3.1, we have

S1(A) € Hol (Zc p, L(Vrg(RY), WZ(RM)N)), (4.24)

R (Vg (BN, Ly (RN)F) ({ (A%)l (RASI(V) : A € Ea,)\o}) <7 (1=0,1).
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The uniqueness of solutions to (4.15) can be proved in the same manner
as in [26, Section 4].

Setting 1 = AT, vo®~1 = [AL,S;(\)GrA(f,h)]o®~! and noting AT, =
(A_1)™L, we see that 1 is a unique solution to (4.6). Recall that f = A_ fo®
and h = [(A_; +B_1(2))"ng|(A_; + B_1(z)) Th o ®, and set E(z) =
(A_1 +B_1(2)) ng|(A + B(z))? in view of Remark 4.1. Observing that

Gro(f,h) = (A_1¥o¢7 (VE(x))ﬁomE(x)[(vﬁ)oqp]w,E(x)(Al/Qﬂ)o(p),
we define, for H = (Hy, Hy, Hs, Hy) € 25 4(S2), an operator S;(\) by
S;(VH = [Aﬂs[(A) (A_1H1 o,
(VE(2))Hy o ® + E(z)(Hs 0 ®)V®, E(z)Hs o @)] oL,

Then, S;()\) satisfies (4.9) by (4.24) and Proposition 2.6 with o = 1, and

also u = S;(\)Hg, A(f, h) solves (4.6) uniquely. This completes the proof of
Theorem 4.2.

5. A PROOF OF THEOREM 2.2

As was discussed in Subsection 2.3, our main result Theorem 1.6 follows
from Theorem 2.2, so that we prove Theorem 2.2 in this section.

5.1. Some preparations for the proof of Theorem 2.2. First, we state
several properties of uniform W,’ " domain (cf. [14, Proposition 6.1}, [17]).

Proposition 5.1. Let N < r < oo and let Q4 be uniform Wf_l/T domains

in RN. Let My the number given in Section 4. Then there exist constants

My >0,0<d <1 (i=1,...,5), at most countably many N -vectors of

functions <I>3» e W2RMN (j eN,i=1,23), x} erl, x? el'y, x? el

:c? € Qy, and x? € Q_ such that the following assertions hold:

(1) The maps: RN > x @;(x) €eRY (j €N, i=1,2,3) are bijective such
that V@; = Aé- + B;(x) and V(@;)_l = Ai_l + Bj-,_l(x), where A;,
A’ _y are N X N constant orthonormal matrices and B;-(a;), B;_l(x)
are N X N matrices of WHRN) functions which satisfy the conditions:
1(B5, B )@y < My and [V(Bj,Bj )|z, @) < Ma.

(2) Q= {Ui:1,2,3 U;;(‘I);(Hl) N By (553))} U {Ui:4,5 U?; By (95;)} with
H' = RN, H? = RY, and H® = RY, where @;(Rf) ﬂBdi(x§) =
QN By(ah) (i =1,2), ®L(RY) N Byi(zh) = QN By(xh) (i = 1,3),
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By(z]) C Qy, Bp(2?) € -, and ®L(RY) N Byi(ah) = ' N Byi(ah)
(i = 1,2,3). Here and subsequently, we set I'' = T, I'? = I'y, and
' =T'_ for the notational convenience.

(3) There exist C™ functions C} cmdz;: (i = 1,...,5, j € N) such that
1(¢ Cllwz, vy < co, 0 <, ¢ < 1, supp ¢, supp (¢ C Bgi(2?), ¢¢ =1
on Suppgj’:, D el 5 0l CJZ =1 onQ, and Py C; =1onTl (i =
1,2,3). Here, cq is a positive constant depending on Ms, N, and r, but
independent of 7 € N.

(4) There exists a natural number L > 2 such that any L+ 1 distinct sets of
{Byi (x;) ci=1,...,5, j € N} have an empty intersection.

Since pg(z) is uniformly continuous in RY as was assumed in the as-
sumption (c), choosing d" > 0 smaller, if necessary, allows us to assume that
lpe(x) — pe(xf)] < My for any x € Byi(zj) with i = 1,...,5 and j € N.
Moreover, after choosing Ms and d* according to M; in Proposition 5.1, we
choose M again so large that HVMiHLT(Bdi(x;)) < Mj. Here, and in the fol-
lowing, constants denoted by C' are independent of j € N. In view of (4.2),
we may assume that unit normal vectors né- to Fz- = <I>§ (RY) (i = 1,2,3,
j € N) are defined on R together with Hn;HLOO(RN) = 1, and also they
satisfy, by Proposition 5.1 (1), the conditions: |[Vnj|; g~y < CMs. Note
that n = n; on B (.T}jl) NI and points from Q4 to Q_, and besides, the unit

3
jOIl

outward normal ny to I'y satisfy n, = n? on By (azjz) NI'y andn_ =n
Bgs (333’ ) NT'_, respectively.

Summing up the above properties, we suppose in this section that
e < pa(2h) < pao, pa(z) — pe(@h)| < My (2 € By(ah)),  (5.1)
IVutllz, 5, @) < Mo
Let B} = Bdi(x;-) with ¢ = 1,...,5 and j € N for short. Then, by the
finite intersection property stated in Proposition 5.1 (4), we see that, for any
s € [1,00), there is a positive constant Cs y, such that, for any f € Li(G)
with an open set G of RY and for i =1,...,5,

° s 1/s
(Y1) < Csillflnae: (5.2)
j=1

Next, we prepare two lemmas used to construct parametrixes. The second
one follows from Lemma 5.2 below and (5.2).
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Lemma 5.2. Let X be a Banach space and X* its dual space, while || - || x,
| - ||x=, and < -,- > be the norm of X, the norm of X*, and the duality
pairing between of X and X*, respectively. Letn € N, I = 1,...,n, and

{a}}, C C, and let {fjl 721 be sequences in X* and {gé 221 {hi152, be

sequences of positive numbers. Assume that there exist maps Nj : X —
[0,00) such that

< Lo > S MagNie) (U= 1m) (S 0)] < Mahi (o)

=1
for any ¢ € X with some positive constant Ms independent of j € N and
l=1...,n 1If Z?;(Qé‘)q < 00, 2372 (hj)? < oo, and 3772 (Nj(p)T <
(Myl@llx)? with 1 < q < oo and ¢ = q/(q — 1) for a positive constant My,
then the infinite sum f' = Z;’;l fjl exists in the strong topology of X* and

1 e < M3M4<i (gé»)q)l/q, H ialleX* < M3M4(i (hj)q>1/‘1.
=1

J=1

Proof. Let F! = Py le-. We see that {F! }°°_, is a Cauchy sequence in

m=1

X*, which implies the existence of f!. Then the estimates hold clearly. [
Lemma 5.3. Let 1 < ¢ < o0, ¢ =q/(q—1),i=1,...,5, and m € Ny.
Let {f;}321 be a sequence of qu(Q) and let {gé}‘;‘;l be sequences of positive
numbers forl =0,1...,m. Assume that Z?il(gé)q <00 and |(Vfj,0)ql <
M59§‘H‘P‘|Lq,(§'sz;l) for any ¢ € Lq/(Q) with some positive constant My inde-
pendent of 7 € N and l = 0,1...,m. Then, f = Z;’il fj exists in the
strong topology of W(;”(Q) and HVlfHLq(Q) < CQ»LM5(Z;.11(9§-)(1)1/(1 with
some positive constant Cy ..

5.2. Local solutions. In view of (5.1), we define local viscosity coeffi-
cients Vftj(:c) by Vftj(x) = (ux(z) — ,ui(x;))g(a:) + ui(a;;) Note that
M; < (1/2) min(py1, pi—1, fi+2, pi—2) as was stated in Theorem 4.2. Then,
using (5.1) and setting ,uftj = ,ui(:vé-), we have

1

. 3 . .
S H1 < vij(z) < 5 Ha2s Wij(@) — plyl <My (x € RY), (5.3)

IV, myy < Chtyyrs

with pgq < ,uitj < p42. The condition (5.3) implies that Vftj(:u) satisfy (4.3).
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3Set 7—[5 :N<I>]1-(R4N), ’Hé = va U Zil_j (;H;J.N: @}i(Rg )3, 7—[]\]2[ = q»;mgf),
HY = O3RY), H! = H; = RV, T} = O}(RY), I? = @3(RY)), and I'} =
@?(Rév ) in what follows. Let us define v;(z) and pj(z) as follows: 1/]1 (z) =
V}rj(x)XHlﬂ-(z) + Vlj(x)XHij(x)v vi(z) = v (x) (i = 2,4), vi(z) = v (x
(i = 3,5); pj(x) = prxar (2) + pxapr (), p5(2) = py (i = 2,4), pi(x) =
p— (i =3,5). We then see that, for i =1,...,5, j € N, and = € supp CJZ:,
vi(z) = () = py(2)xa, (2) + p-(2)xa_(z), (5.4)
p;(x) = p(z) = p1xa, () + p-xa_(2),

because Z]’ = 1 on supp CJZ Moreover, we set T;(u, 0) = V;(x)D(u) — 0L

Let (f,h, k) € Xz 4(£2). We consider the following problems:

1 =11y plial geliad\y — Fle s a1
Au; — (p;)” DivTj(uj, Kj(uj)) =G in#H;

j?
[[T}(ujl-, Kjl(u]l))njl]] = C}h on F}, (5.5)
[[ujl]] =0 on I‘Jl»,

and furthermore,

M= (DN KND) <3 w50
TS (uf, K7 (uf))nf = (Fk on T3,

o ) DT KN <3 . (6)
u;’ =0 on F;’,

Auj — ()" Div Tj(uj, K (u})) = Cff - in 15, (58)

z} — (p5) 7 DivTH(uf, K3 (u))) = Gf i Hj. (59)

Here, Ki(u}) (i =1,...,5, j € N) are given as follows: For uj € WqQ(’Hjl»)N,
K ]1 (u}) e W, (7—[;) + qu (H?) denotes the solution to the weak problem:

((pj) VK (1)), Vo) (5.10)
= ((p]l)*l Div(ule(ujl-)) — Vdiv ujl-, V(p)H;_ for all ¢ € W;(H?)

[[Kjl(ujl)]] =< [[V}D(u})n]l]],njl» > —[div u;]] on Fjl- (5.11)
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with ||VK]1(u})HLq(H]1_) < CHVu}Hqu(H;); For uf € W2(H})N, K (u) €
w,} (7—[?) + W) (HJZ) solves the weak problem: for all p € qu’,O(HJQ')’
((03) ' VE (), Vel = ((p) ! Div(viD(u3)) — V divuj, Vip)ye
Kf(u?) =< V?D(ui)n?,n? > —div u?
with |]VK]2(uJ2)||Lq(HJ2) < C||Vu?HLq(H?); For v € W2(H5N (i = 3,4,5),
K (u}) € Wy (H}) is the solution to the weak problem: for all ¢ € qu, (1),

((p}) VK (), Vip)ogs = ((p) ' Div(viD(u})) — V divul, Vs

2
on Fj

with [V ()5, ) < V0 g 3.

We know that the following properties hold for (5.5)-(5.9)% There exist a
positive constant \g > 1 and Sé()\) € Hol (X »,, E(Z;(H;), W(JQ(H;)N)) with
such that, for any A € 3y,

uj = S;(VHrA(GE (R, w) = STV HRAGE GK),  (5.12)
u; = SHA)(GE)  (1=3,4,5),

are unique solutions to (5.5)-(5.9), respectively, where Zg , and Hp ) are
given in Theorem 4.2. In addition, for [ =0, 1,

Rc(z;(H;),Lq(fH;)ﬁ) ({ <)\d%>l<RAS§()\)) WS Emo}) < vy, (5.13)

with some positive constant v4 depending on Ag, but independent of ¢ =
1,...,5and j € N. Since the R-boundedness implies the usual boundedness,
we have, by (5.12) and (5.13) with { = 0,

”R/\ujl'HLq(H}) <ya([|(£, Vh, Al/zh)HLq(QmBJl.) + ”hqul(QmB;))v (5.14)
||R/\U?HLq(H§) S’M(HfHLq(QﬂB]?) +[[(Vk, )‘1/2k)HLq(Q+mB]2.) + Hk”qu(Qme.)),

IRAW 1, ) <8l 0y (6= 3,4,5)

2The existence of R-bounded solution operator families Sj(A), S3(N), S3(\) below
follows from Theorem 4.2 and [26, Theorem 4.1, Theorem 4.4], respectively. In addition,
concerning Sj(\), S5(\), we can construct such R-bounded solution operator families with
variable viscosities in RY under the same condition as (4.3) by using Theorem 3.1 similarly
to Section 4.
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for any \ € ¢ y,, noting |\[71/2 < )\_1/2

5.3. Construction of parametrices. For (f,h,k) € Xz ,(2), we consider
the two-phase reduced Stokes equations (2.3). By Lemma 5.3, together with
(5.2), (5.14), we see that the infinite sum Z?:1 P C;ué- exists in the strong

topology of WqQ(Q)N, so that let us define u by

Then, by (5.4), n = n} on supp C} NT, and ny = n? on supp C? NnTy,

A — p ! Div T(u, K (u)) = f — U°(\)(f, h, k) in Q,
[T(u, K (w))n] = [b] — /' (\)(f,h, k)] onT,

[ul=0 onT,
T(u, K (u))n, =k — U*(\)(f, h, k) onTy,
u=20 onl'_,
where we have set
UM (F,h, k) =V (N)(F,h, k) + P'(\)(f,h, k) (i=0,1,2), (5.15)

> (o)~ ¢ Div(D(u})) — Div(¥D(¢ui)) },

1 5=

vD(Cum) — GriD(w)n}} (i =1,2),

-p"qm

—_

VYN (f, h, k)

7

I~T

VI (£, h, k) =

<
Il
—_

E
NE

PO (EhK) =D S () H{VE(Gu) ~ GVE () }.

@
I
—
.
Il
—_

Pi(A)(f, h, k) = {CJKZ( ul)n! — K ( ;u;)n;} (i=1,2).

1M

Here, we have used the fact that

V(@) = Y0 S VK(Cu) in L@
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ZK hl) in WTYrh) (i=1,2)
(cf. [26, Subsection 5.3] for more details). Now, it holds that, by (5.12),

u—Zgj S1(V) (G, CH(Vh) 4+ A~V2(V ¢ (A 2h), ¢ (A ?h), )

+Z<f N) (G, G VK) + A2V (A7), A K), Gk

£ asi (&).

i=3 j=1

so that we set, for® H = (Hy, ..., H7) € Xr (),
S{(NH = S}(N) (G Hy, ¢ Ha + X V2(V() Hs, ([ Hs, ([ Hy),  (5.16)
S} (AH = 52 N (G Hy, G Hs + \Y2(V(}) He, (F He, G Hr),
SINH =S!(\)(CH) (i =3,4,5).

It then is clear that u = ;) 5%, (ISi(A)Proa(f, b k). By (5.13) with
Definition 1.2, we have

(G
(G

P saomal e [ o ontonl,

(5.17)
for any n € N, {\}, C X, and {H;}7 ;| C Xr (). The inequality
(5.17) with n = 1, together with Lemma 5.3, yields that the infinite sum
Z?’;l C;S;(A)H exists in the strong topology of I/Vq2 ()N, so that let us define
T'MNH = Z;; C]’:S;()\)H for i =1,...,5. In addition, by Lemma 5.2,

[ room|! <> | S am (Gsoom)[!
=1 j=1"I=1

Lq(2)

for i = 1,...,5 and for any n € N, {a;}}.; C C, {N}]-, C %.),, and
{H;}]; C Ar¢(2). The last inequality, combined with (5.2) and (5.17),

3As was mentioned in Remark 2.3 (1), the symbols Hy, H2, Hs, Hs, Hs, He, and Hz
are variables corresponding to £, Vh, AY/?h, h, Vk, A'/?k, and k, respectively.
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furnishes that, by the monotone convergence theorem,

1 n ) q 1 n q
H < H
/0 H;W(U)RMW(N) l‘ Lo du _74/0 H;m(u) IHXR,Q(Q) du
which implies that* ’Ti()\) € Hol (257)\07 E(XR,q(Q), Wq2(Q)N)) and
Ry @) oy (BT ) s A €T }) <,

for i = 1,...,5. Analogously, we see that {(A\-&)(R\T*(\)) : A € X, 5.} is
R-bounded on £(Xr (), Ly()N). Thus, settlng S(VH = Y0 THMH
yields that, by Proposition 2.4,
S(A) € Hol (3, L(Xr o(), WZ(Q)Y)), u=S(\)Fra(f,h k), (5.18)
d
R (@), Lo(@)F) <{ <>\d)\) (RAS()‘)) A€ ES’AO}) <y (=01,

5.4. Estimates of the remainder terms U‘()\)(f,h,k). In this subsec-
tion, we prove the following lemma.

q

Lemma 5.4. Let Ao and vy be the same numbers as in (5.13). Let U (N),
Vi(A), and P*(\) (i =0,1,2) be the operators defined in (5.15) and set

UN)(F, b, k) = VN (£, h, k) + P(A\)(f, h, k),

VA, b, k) = (VY (V) (£, h, k), VI (N)(f, b, k), V> (A)(£, b, k)),

PN (f,h, k) = (P°(\)(f, h, k), PL(\) (£, h, k), P2(\)(f, h, k)).
Then, there is U(\) € Hol (3. z,, L(XR 4(Q))) such that

UN)(f, h, k) = UNFra(f,h, k) for (f,h k) € Xz (),

R (@) ({(AddA) FraU\) 1 X € zm})
< 74(02 + Yo, 01 +’701'702)‘ 1/2) (l =0, 1)7

for any o1,00 > 0 and for any A1 > Ao. Here, and subsequently, vo,, Voo
are positive constants depending on o1, 09, respectively.

Proof. We can treat V()\) in the same manner as in [26, Subsection 5.4],
so that we here only consider P*(\). Let Div(uD(pu)) — ¢ Div(pD(u)) =

4Holornorphic property can be proved in the same manner as in [26, Proposition 5.3

(ii)].
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Ci(p, ©)Vu + Co(p, ¢)u for any scalar functions u, ¢ and for any N-vector
function u, where we have set

Co(u, p)u=<Vyp,u>Ve+ <Vu,Vo>u+pu {(V2<p)u + (Ap)u},
Ci(ps p)Vu = p{D)Vy + (Vp)divu + (Vu)Ve} .
Analogously, let D(¢u) — ¢D(u) = D(Vp)u, div(pu) — pdivu = E(Vp)u.
Each term of P°(\)(f, h, k) is rewritten as follows:
()" H{VE(Guj) = GVEG(w))}
= (p) 7'V (K (Guy) = GEG(u3)) + (o)~ (V) K (u5).

We start with inequalities of Poincaré type with an uniform constant, which
are proved similarly to the proof of [25, Lemma 3.4, Lemma 3.5].

Lemma 5.5. Let 1 < g < 0o. Then there exists a constant ¢y > 0, indepen-
dent of j € N, such that

l =5 (@)llw; #enBh < allVelr A0y for any ¢ € W}(H),
[ — e (3 Nwzens < allVoliL,@npy  for any ¢ € W, (),
1Pllwpns) < allVYllL,@ns2) for any ¢ € W, (9),
[ — ¢y Mwponsy < allVYlionpy  forany ¢ € Wy(Q), i =

1

Here, cj(p) and 03(1/1) (1 =1,3,4,5) are suitable constants depending on ¢

and 1, respectively.
To handle (p ) (VC’)K ‘(u Z) we use the following lemma.

Lemma 5.6. Let 1 < g < oo. Then there exists a constant co, independent
of j € N, such that

1— 1
1S @)z, 0my) < 2 (Ve + IVul G4 192/, (5.19)
1-1 1
vl IVl ))

i 1-1 1
150, 0000 < e2(I9V, 00y + S IV G 192V )

for anyu € W(JZ(H})N and for any v € WqQ(Hé)N (i =2,...,5), respectively,
where 6 are symbols defined by 6 =1 (i = 2,3) and 6 =0 (i = 4,5).
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Remark 5.7. Applying Young’s inequality to (5.19), we have

||K;(u)||Lq(Hij;i) < UIHVQUHLQ(H;Z) + %1||Vu||Lq(H;i) (i=1,...,5),
| (5.20)
for any o1 > 0 and for any u € Wg(?—[;)N.

Proof of Lemma 5.6. We here show the case® Kjl(u) In the following, C'
stands for generic constants independent of j € N, and recall that 7—[? =
OHRY) =RN, Hi =H; UHL, (HL; = ®j(RY)), and '} = ®}(RY)).

Let n; € C’go(’}-[? N le) in such a way that fB; njdr =1 and n; > 0. Fix
u € I/Vq2 (Hjl) in what follows. Since K jl(u) + c satisfies the weak problem
(5.10)-(5.11) for any constant ¢, we may assume that ijl anJl(u) dx = 0.

Given ¢ € CSO(H? ﬂle-), we define a function by 1 = ¢ —1nj g1 ¥ dx. Then,
J

o 0o (140 1 o o
PECEMNBY. il o < Ol o0, [ Ddr=0.
J J

for ¢ = q/(q¢ — 1). These properties, combined with Lemma 5.5, yield that
@l = 10 = @) rnn]|
< H@ZHL(I/(H‘;QB;)HSD - C}(SO)HLq(Hg?mB;) < C||¢||Lq/(H9)||V80\|Lq(¢z§?),

for any ¢ € W;(?—[?) Thus, ||1Z||W;1(H?) < C’H?/)HLQI(H;;), where W;,%’H?) is

the dual spaces of W;(’H?)
Let Wq% (#L;) be function spaces defined as /Wq% (7—[_35]\) ={0 € Wi(%_ﬂq) :
Vo e qu, (’H_}Ej)N}, respectively. We choose® a ¥ ¢ W;(H}r]) N Wq% (7—[1_])

5The other cases were already proved in [25, Lemma 5.6].
6Since P € Wq_,l(H?), we can construct, by the Hahn-Banach theorem, w €
Lq/(H?)N such that (1/),@)7_[? = (w,Vga)H? for any ¢ € W;(H?) and HW‘Wj
q

1240
Hw||Lq,(H5_)). Let u € ﬁ/\ql, (H) be the solution of the weak elliptic transmission prob-
lem: ((p})~'Vu, V@)H; = (w, ch),_[(; for any ¢ € W, (H}), which possesses the estimate:
IVully, , 0y < Cllwllr, , (30)- Then choosing suitable ¢ shows that u satisfies the following
q J q J
strong problem: —(p})~'Au = v in Hj, [(p;) 'Ou/On}] = 0 on I'}, [u] = 0 on T}, and
also w is a unique solution to the strong problem by the unique solvability of the weak
elliptic transmission problem. Thus, by the standard Fourier analysis similar to Section
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satisfying the following equations:

~ o
—AV =4 inHj, @]]zo onTh [pl¢]=0 onT},  (5.21)

and the estimate: HV\I/HW1 (1) < clvll, S HO) T \WHW HO))' Then, the

estimate of ¢/ above furnishes that V[ a1y < C’HzﬁHL (10, and fur-
q’ i) a'\t

thermore, by Gauss’s divergence theorem,

ow ~ —~
(V, V6)31 — (@, [[9]])F1 = ($,0)y for any 0 € W (H}) + W) (M),
j J

This identity allows us to see that

(), )0 = (K ). D) = (K} 0), D
= (VA 0, V9 — (1) 55,

= () VEj @), V(o). - (HK’< 2 gf ey

: : : 1 w0 . 1
which, combined with p; ¥ € W, () as follows from [[p]\I/]] = 0 on I'j,
implies that, by (5.10)-(5.11),

(K} (w), ¥} = (o)) Div(y/D(w) ~ Vdive, V(p}¥))
J

— ( < [[V}D(u)njl-]] —[div u], 8\IJ>

Thus, by Gauss’s divergence theorem, we have

(K (), 1)y = —(v}D(u),VZ\If)H; + /Fl[[< vID(u)n!, V¥ >]do (5.22)

1'\1

L _ vl !
+ (d1v u, ij\IJ)H} /1“1,[[< (divu)ng, p; V¥ >] do

~ (< ¥}D(wn}],n} > —[divu], a‘I’)

r’

where do denotes the surface element of F}.

3 and Section 4, we have | VZul,, JICTR el o (HO)- If we set ¥ = (pj)~'u, then W
satisfies (5.21) and the required estlmate
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At this point, we introduce trace inequalities as follows: there exists a
positive constant c3, independent of 7 € N, such that

1l < esll fllp il IVl ) for any fi € Wi(HY,), (5.23)

1-1 1 i
11y < el iy IV A1 s, for any £ € Wi (H), i = 2.3,

which can be proved by Prop081t10n 5.1 and [13, Section 4, Proposition 16.2].
These inequalities, combined with (5.22), yield that

1-1 1
(5 (). )| < C (V0,00 + [Vl IVl

1-1 1
+ [ Vull )HVQuHL/qu ))kuLq,mg),

which implies that the required estimate (5.19) holds. This completes the
proof of the lemma. O

We consider (p;)*l(VCj’)K;(u;) By Definition 1.2, (5.20), and (5.13),
together with the formulas (5.16), we have, for any n € N, {\/}]; C .,
and {Hi}_, C Xr,g(Q),

/1 H irl(u)(vcj)K;(s;(A,)Hl)( ‘;(Q) du (5.24)
< {101 + 90, A7) }q/ Hzrl HlequBz du,

for any o1 > 0 and for any A\; > )\g. Define K°(A\)H as

ZZ PV KYSHANH)  for H € X 4().

=1 j=1

In the same manner as we have obtained (5.18) from (5.17), we have, by
(5.24), the following properties:

K°()) € Hol (S, Al,cweq(m L)), (5.25)

K°(\) Fra(f, b, k) = Zij (V) K (u)),

i=1 j=1

RL(XR,q(Q),Lq(Q)N) ({ <A%)1KO(A) tA€E Xy, }) < Y01 + %1)\1—1/2)’

for [ = 0,1 and for any a1 > 0, A1 > Ap.
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Next, we consider (pé)_IV(K( j’u;) - C;K;(u;)) We define a function
gl bl € W}(Q) by
(g7,;) = (< v (D(V())uy)nj,nj > —E(V(;)u;, 0),
(67,67) = (0, < v} (D(V¢F)ui)ng, nf > —£(V(F)uj),
(g5,b5) = (0,0) (i =3,4,5).
Then, g;:K( ) (1K1( )onF1 h?: ( ) CZKQ( )onF2 In
addition, for any ¢ € W (Q) we have
((p5) ' V(K (Gu ) GK(a)), Vo),
(p5) ™" Div(yjD(Guj)) — V div(¢Guj), Vip)yy:
()~ (VGG (u5), Vip)yyi + ((05) T VE (u Z) (V) (@ = 5@
()~ Div(vj(D(w5))) — V divuj, V{Ci(e — j(9)) s

where c}(g@) are constants given in Lemma 5.5 for i = 1, 3,4,5 and c?(gp) =0.

Let W, (Q) be the dual space of Wy, (Q) and < -,- >q denote the duality
pairing between W, () and W, (). Thus, if we define I} € W, () by

< I >a= ()71 VUL + Coh, Gut, Viphyy

= (V{(VG) - uj} + (V) divuj, Vip)yys

—2((p) "1V K (uf), Vo)y: — ((05) " AG K (u)), o — 63-(@))%;

+ ((05) 7' VD(W]), V{(VEG) (% = €5(9)) Do

— (div uj, div{(V¢) (e — §(s0))})y;. + [Bj(u), ¢,

where we have set [Bi(u}), ] = 0 for i = 2,4,5 and

[B; (u; [(p;) " K} (uj)Ing, (V) (e — C}(tp)))rl

()" v} D(u})In] — nj[divul], (V) (e — ¢} ())r1,

() K (u)nd, (V) (o — ?(so)))rs
(o)~ wiD(u)nd — nd divud, (V¢)(p — ¢}(0))rs,
then we have, fort=1,...,5,

((P) "' V(K (Gl — CLR (0))), Vo) =< Iiip >q  for any o € Wh(Q).

(
—(
—(

= (
—
[B5 (1), ] = (
=



TWO-PHASE STOKES RESOLVENT EQUATIONS 47

Let F be an element of £(W,(2), Ly()™) such that, for 6 € W, (1),
< 0.9 >a= (F(0),Ve)a forall p € Wy(Q), [[FO)]r,@) = 1l 10
Such a F can be constructed by the Hahn-Banach theorem. Since
() T V(E(Gu) = GE (1)), V), = (F(17), Vo),
we see that V(K ( j’uz) — C;K;(uz)) is given by
V(K (Gu)) - GEKj(u)) = VE(F(L]), [g5], bilr,)- (5.26)

To prove the R-boundedness of operators associated with (5.26), we define
operators Z;(A) by

< Zi(MH, ¢ >a= ((p) "' C1 (v}, G V(S;(VH) + Co (v}, G)S;(NH, Vo) gy
= (V{(VE) - S;(NVH} + (V() div(Sj(AMH), Vi)
= 2((pj) " (VGEG(S;(VH), Vep)yys
= (P THAGKG(S;NH), ¢ — ¢5(9))3ys
+ () "' VD(S;(VH), VIV ) (% — ¢5(9) s
— (div(S;(NH), div{(V¢H) (e — () gy + [BI(S;(VH), ¢,
for any H € Xg,(Q) and for any ¢ € W;,(Q). In addition, we define
operators J}(A) by
TINH =< vi(D(VC)(SIVH)n, 0} > —£(VE)(SIVH) (i = 1,2)
By Lemma 5.5 and (5.23), we have

18} (S} VH), )| < 2 (IS (ST VDI, i IVES (ST VB 0

(ST R g IVE (ST OB G0

1-1 1
VS OVHI G VST OVEI G, |

+ [ VSIOVHI L 4t j)||v28;<A>H||;Qq(H1_ J_)) IV¢lL, @np):

which, combined with Young’s inequality and (5.20), furnishes that
1B} (S} VHD, ]| < 7 ( (02 + 01762) [V2S (VH 1 50

+ 92| VS OV HL 301y IV,
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for any 01,09 > 0. Similarly, we can estimate [B?(S;’(/\)H),cp]. Since
[B;- (ué-), ] are linear with respect to uz-, the inequalities of [B;(SJ’()\)H), )
(i =1,3) above yield that

’ ZCLZI A)Hi, 0 >0 ‘ < 74{%1%2
l_

ZalS by HZH (5.27)

+ (02 + 0170,)

’ZGZV25§(N)HZHL (Hi)}HwnLq/(mB;p
=1 AT

with ¢ = 1,...,5 for any ¢ € W;/(Q) and for any n € N, {a;}}, C C,

(A, € ey, and {H}Y, C Xry(Q). The estimate (5.27) with n = 1,
together with (5.12) and (5.16), shows that

| <T;(MH, ¢ >q | < MIH v, np VIl @npy  forall ¢ € Wy (),
for any A € ¥, 5, and H € Xz ,(Q) with some positive constant M indepen-
dent of j € N, which, combined with Lemma 5.2, furnishes that the infinite

sum I'(\)H = PO ]( )H exists in the strong topology of W, 1(€2). In
addition, by (5. 27) with Holder’s inequality and by Lemma 5.2 again,

IS oo, <20 {te S Sasoon],

+ (02 + 0170,)? ng H ;alvzs}(Al)HlHiq(H;)}'

This inequality, combined with monotone convergence theorem, Proposition
2.5, and (5.13), together with the formulas (5.16), yields that, by Definition
1.2 and (5.2),

/01 H lzn;rl(u)li()\l)HlHivq_l(Q) du

1 n
_ q
< (02 + 0170)" + (Yo7 A; 1)) /0 | nem|, . d
=1 Roq

for any 01,09 > 0 and Ay > Ag. Thus, setting I(\)H = Z?Zl I'(\)H and
using Proposition 2.4, we have

I(A) € Hol (S, £(r 4(2), Wy (), (5.28)
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o0

5
I\ FPra(f,h k) => "Y1,

i=1 j=1
d\!
Regn oyt ({(Ngy) 1002 € e })
< ’74(0—2 + 01%o, + '701'702)‘1 1/2) (Z =0, 1)
Analogously, we can prove the existence of operator families J*(\), J2(\) €

Hol (2. ,, £(Xr 4(Q)), VV1 (Q)) such that

JYN) Fra(f, h k) = Zgj, N FPra(f,h k) =) b2, (5.29)
7j=1

R £ 0 () T () ({ (AddA) (Froad'(\) : A € Bep, })
< (02 + 017 + YAy ) (1=1,2,1=0,1),
for any 01,02 > 0 and for any A\; > Ao, where
Xr() = Lo x LN x WHQ)N,  Frau= (Vu,A\?u,u).
In view of (5.26), we define LY(A\)H as
L°(\)H = VK(FI(\NH), [J*(VH], J2(M)H|p, ) for H € Xr 4().
Then, by the continuity of &, (5.28), (5.29), and Proposition 2.4, we see that

L%(\) € Hol (%, Al,wnq(ﬂ) Ly()™)), (5.30)
LO(A\) Proa(f, b, k) ZZV — (GKi(u)),
=1 j=1

d 0
Rc(xﬁ,q(s'z),Lq(Q)N)G ()\d)\) L°(\): X\ e EEW})
< (o2 + 017, + 701702)\1 1/2) (l =0, 1),

for any 01,09 > 0 and Ay > Ag. By (5.25), (5.29), and (5.30), we can
construct the required operator U(\) of Lemma 5.4. This completes the
proof of the lemma. O

5.5. Proof of Theorem 2.2. In Lemma 5.4, we choose o1, 02, and A; in
such a way that yi00 < 1/8, y475,01 < 1/8, and 74701702)\1_1/2 < 1/4,
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successively, and thus

RE(XM(Q))({ (A%)IFRAU(/\) ) e EE,,\I}) < % (1=0,1).

These inequalities imply that

R ({ <)\a%\)l(1 ~ FraU) e s, b)) <2 =01,

Similarly to Section 4, setting B(\) = S(A\)(I — Fr U(\))~! with (5.18)
yields that u = B(\)Fr »(f, h, k) solves the problem (2.3) and B(\) satisfies
(2.9). The uniqueness of (2.3) follows from the solvablility of the weak elliptic
transmission problem on W;,(Q) for p1 and the solvability of (2.3) for ¢’ in
the same manner as in the proof of Theorem 1.6. This completes the proof
of Theorem 2.2.
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