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(unspecified), (ii) known (specified), and (iii) suspected, we derive the unrestricted
test (UT), restricted test (RT) and pre-test test (PTT) for testing equality of intercepts.
The test statistics, their sampling distributions, and power functions of the tests are
obtained. Comparison of power function and size of the tests reveal that the PTT has
a reasonable dominance over the UT and RT.
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This paper proposes tests for equality of intercepts oftyyo simde regres-
sion models when non sample prior information is arrailable on the
equality of trflo slopes. For three different scenarios on the \ralues of the
slope, namely (i) unknown (unspecified), (ii) known (specffied), and (iii)
suspected, w€ deriv€ the unrestricd test (UD, restricted test (FD, and
pretest test (PTT) for testing the equality of intercepts. The test statis-
tict their sampling distributiont and power functions of the tesB are
oboined Comparison of power function and size of the tests reveals
that the PTT has a reasonable dominance over the UT and RT.
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t. lntroduction

lnferences about population parameters could be improved using non sample prior informa-
tion (NSPI) from trusted sources (cf. Bancroft, l94a). Such information is usually available
from previous studies or expert knowledge or experience of the researchers, and is unrelated
to any sample data.

It is well known that, for any linear regression model, the inference on the intercept param-
eter depends on the value of the slope parameter. Thus the NSPI on the value of the slope
parameter would directly atrect the inference on the intercept parameter.

Al appropriate statistical test on t}e suspected value of the slopes, after expressing it in the
form a null hypothesis, is useful to eliminate the uncertainty on this suspected information.
Then tlle outcome of the preliminary test on the uncertain NSPI on the slopes is used in the
hlpothesis testing on the intercepts to improve the performance of the statistical test (cf. Khan
,nd Sakh, 2{D1; Ysoos and Khaq 2Ol lq Seleh, 200( pp. 55-58).

As an crample in ary sPolligfut tnall,sis the aim is to cornpare lhe mean rcsponses ofthe two
categorical groups at specific values ofthe continuous covariate. Furthermore, we consider a

response variable (4), a continuous covariate (X), and a categorical explanatory variable (()
with two categories (e.g., treatment and control). If there is an association between 1 and
(, the least squares line of 7 on I will be pardlel with diferent intercepts for two different
categories of 4. However, the two fitted lines will not be parallel if there is no association

C(, f CT BUdi ka slo @ b-pratiho@y-ahoo.corn.au @ D€p rrEor d ffath€rnatks and Natural k t'nce Jerd€nl
Soedirman Unive6ity, Purwokeno,.latya Tengah, lndonesia.
Color vtrsioos d one or more dthe figure5 in th€ artHe can be found onlin€ at rvww.tandfonline,comrsta.
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r0 o 8. PfAn$p AND S. |(HAN

between the two explanatory variables because of the presence of interaction. The scenario

will be difierent if the two explanatory variables are associated and they also interact.
In any inference, estimation or test, on the equality of the two intercepts of the two regres-

sion lines ofI on X for two difierent categories of Z, the slope of the regression lines plays
a key role. The test (also the estimation) of intercept is directly impacted by the values of the
slope. Therefore, the type of NSPI on the value of the slopes will influence the inference on
the intercepts.

The suspected NSPI on the slopes may be (i) unknown or unspecified if NSPI is not avail-
able, (ii) known or specified if the exact value is available from NSPI, and (iii) uncertain if
the suspected value is unsure. For the three different scenarios, three different statistical tests,
namely the {i) unrestricted test (UT), (ii) restricted test (RT), and (iii) pre-test test (PTT), are
defined.

ln the area of estimation with NSPI there has been a lot ofwork, notably Banc roft (1944,
1954), Han and Bancroft ( 1968), and fudge and Bock ( 1978) introduced a prelimioary test esti-
mation of parameters to estimate the parameters of a model with uncertain prior information.
I(han and Saleh (1997), IGran (2000), Khan and Saleh ( 2ffi1), Khan et aL (2002), Khan and
Hoquc (2003), I&at (2003,2D5),1(han and Saleh (2005, z0[,B), Klran (2008), Sdeh (2006),
and Yunus (2010) covered various works in the area of improved estimation using NSPI, but
there is a very limited number of studies on the testing of parameters in the presence of uncer-
tain NSPI. Although Tirmura (1965), Saleh and Sen (I97& 1982), Yunus and Ktran (2007),
Yunus (2010), and Yunus and Khan (201la, b) used the NSPI for testing hypotheses using
non parametric methods, the problem has not been addressed in the paramdric contexL

A parallelism problem can be described as a special case of two related regression lines on
the same dependent and independent variables that come from two difierent categories ofthe
responderrts. If the independem ilata sets come from two random samples, researchers often
wish to model the regression lines that are parallel (i.e., the slopes ofthe two regression lines
are equal) or check whether the lines have the same intercept on the vertical axis. To test the
parallelism of the two regression equations, namely

lv: * A$vI ey and yn-0z* hxzi* ezt, j=1,2,...,ni

for the two data sets: y:lJr,rtrl and r: [ri,rr]' where h:lltt,...,ln,l', yr:
Ux,...,y2.1',tr=krr,,..,rrn,l',andx2:[x2r,..,,x2-]',rr.or.'*"pp.op.i"t.-t*o-
sample f test for testing Hs : fu : fu (parallelism). This f statistic is given as

h-k
c- -o(0rfizl

where B1 and p2 are estimates of the slopes p1 and ft, respectively, and S,;;_6y is the standard
error of the estimated diference between the two slopes (Kleinbaum et aL, 200& p. 223).The
paralldism ofthe two regression equations above can be expressed as a single model in matrix
form, that is,

Y:Xtb+e

where rD - Lit, 02, At A)', X - [xr, xrl' with xr - [], 0, rr, 0l' and Xz - [0, t, 0, xzl',
and e : le1, e2l' . The matrix form of the intercept and slope parameters can be written,
respectively, as 0 : lh,hl' arrd P: lh, h1' (dKhan,2cfri).
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For the model under study two independent bivariate samples are considered such that

lii - N(0,4 p*t, o2) for i - l,2arrd j - 1,..., z;. See Khan (2ffi3,2006,2ffi8) for details
on parallel regression models and related analyses.

To explain the importance of testing the equality of the intercepts when the equality of
slopes is uncertain, we consider the general form ofthe two parallel simple regression models
(PRM) as follows:

Yi:0i1" * pixii * e;i, i - 1,2, and; - 1, 2, . ..,ni (1)

where f;: (Yir, . . . , Y;,)' is a vector of r; observable random variables, f, - (f, ..., 1)'
is an z;-tuple of l's, 4i : (x1, ..., x;,)' is a vector of n; independent variables, 0i arrd pi
are unknown intercept and slope, respectively, and e, : (ea, . . . , e;,,)' is the vector of errors
which are mutually independent and identically distributed as normal variable, that is, e; -
N(0, d2f,,, ) where In, is the identity matrix of order t. Equation (l) represents two linear
models with difercnt intercept and slope parameters. If F, : Az : p, then there are two par-
allel simple linear models when djs are different.

This paper considers statistical tests with NSPI and the criteria that are used to compare
the performance of the UT, RT, and PTT are the size and power of the tests. A statistical test
that has a minimum size is preferable because it will give a smaller probability of the Type I
error- Furthermore, a test that has mrvimgm power is preferred over any other tests because it
guarantees the highest probability ofrejecting any false null hypothesis. A test that minimizes
the size and maximizes the power is preferred over any other tests. In reality, the size ofa test
is frxed, and then the droice of the best test is based on its maximum power.

This study considers testing the equality of the two intercepts when the equality of slopes
is suspected For which we focus on three different scenarios on the slope parameters, and
define three different tests:

(i) For the UT, let /ur be the test frrnction and Tur be the test statistic for testing H0 :

0 : 0o against H" : 0 > 06 when p : \h, k)' is unspecified.
(ii) For the RT, let Om be the test function and Tm is the test statistic for testing Hs : 0 = 0n

against H" : 0 > 06 when p - p0l2 (6xed vector).
(iii) For the PTI let gPrr be tle test function aurd TPrr be the test statistic for testing

Hs : 0 :06 against II" : 0 > 0s follovring a pre-test (PT) on the slope parameters. For
tlE PT, trt $Pr be tlu test fu.n tion fot testing IIi , F : psl, (a suspected constant)
against If; : 0 > hlz to remove the uncertainty. If the H,i is rejected in the PT, then
the UT is used to test the intercept, otherwise the RT is used to test 116. Thus, the pTT
on 116 depends on the PT on flf,, and is a choice between the UT and RT.

The unrestricted maximum likelihood estimator or least square estimator of intercept and
slopevectors,0 - (e1,0)' andf : (fi, fu)',*egver.as

i:v-rianai- (x*)-(*Jttr*rr'rrl 
Q)niQi

whereT: <dr,drl' ,7 : <Fr,Fr| ,T : Diag6,r,xz), n;e; : x,xi - (|\lt',x,l,anad,: y-, -
F,*,f*; - t,z.

Furthermore, the likelihood ratio (LR) test statistic for testing IIo : 0 : do against H, : 0 >
d6 is given by

diolid
F =. ____-_____z__ (3)

s!
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where Ir : h - irrr'rD-z), DJ : Diag(nr Qr, . . ., nzQz), zQ = It, niQ, niQi -- i,r, -
f trl*l',and{ - (n - 4)-r l!n-r{r -i,tn-Fn)'( -i,r* - Fr,) (saleh,2006,pp. 14-
l5). Under Hs, F follows a central F distribution with (1, r - 4) degrees of freedom, and
under llo it follows a non central F distribution with (1, n - 4) degrees of freedom and non
centrality parameter A2/2, where

o, _ e' i oine _ @ - oi' rl p;)H(o - oo)

o2 02

_ (0 _ qi,p"Q _ ei 
(4)

o2

and, D22 -- If D-rllf. When the slopes (p) are equal to ft12 (specified), the restricted maxi-
mum likelihood estimator of the intercept and slope vectors is given as

i :i + rnf; andl:4# (s)

Section 2 provides the proposed three tests. Section 3 derives the distribution of the test
statistics. The power ftrnction of the tests are obtained in Section 4 An illustrative example
is given in Seaion 5. The comparison of the power of the tests and conduding remarks are
provided in Sections 6 and 7.

2. Theproposedtests

To test the equality of two intercepts when the equality of the slopes is suspected we define
three different test statistics as follows.

(i) For unEecfied p, the test statistic of the UT for testing I{6 : 0 - 0n agutstB" :. 0 > 0s,
under H6, is given by

+ur in'o;tid
t.v, : _----=_, (6)

where

?. : (n- 4)-' I(r - i,r,, -7r)' (y - iJ, -ix).
2

The lur follows a central F distribution with (1, n - 4) degrees of freedom (d.f.).
UnderHo,itfollowsanoncentralFdistributionwith(l,n-4)d"fandnoncentrality
pi[ameter A2/2. Under the normal model, we have

G_',)_*[(S) ,",(_1,;. -X)] (7)

whereDll = N-r * TDr2Tp and N : Diag(ar, ..., nz).
(ii) For specifed value of the slop es, p : fut2 (fxed value), the test statistic of the RT for

testing Hs : f - 0s.geinst Ft : 0 > 0s under He, is given by

-n _6ru'o;riit+<ino;nb,_T' ID,'
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where

4,: @ - 2)-,I1r -it^, -?d'V -tt,, -iil anaj: Bot,.

2

The Txr follows a central F distribution with (1, n - 4) d.f. Under H", it follows a non
central F distribution with (1, n - $ d.f. and non centrality param eter L2 /2. Agaun,

note that

G-D--[(T) "(fr:il;)] (e,

where I[, -N-r + rr"-Lrp and Di, : - fitrlrf .

(iii) When the value of the slope is suspecteil tobe 0 : flolz but unsure, a pre-test on the
slope is required before testing the intercept For the preliminary test (PT) oflff : B :
ft l, against IIi : p > pst2, the test statistic under the null hypothesis is defined as

PT HpDr)H,p
T (10)

which follows a central F distribution with (1, n - 4) df Under tI", it follows a non
central F distribution with (1, n - 4) d.f. and non centrality parameter A2 /2. AgaJrn,
note that

(ut5)_N.[(.'. ;,;",),,, (r,r'g,o "t)], .r)

where B-.1, : 4#(ct Saleh, 2oM, p. 273).
Let us choose a positivc number cry (0 < dj < l, forj: f, 2, 3) and real walue F,,.,r,.

(with u1 as the numerator d.f. and u2 as the denominator d.f.) such that

P(Tu'- 4.,-r.,,, le -eo):q 02)

P(T* t Fr,,-t,or l e -0o) = az (13)

P (Tn . fi.,_r,o, I p: p"tr) - ar. (14)

Now the test function for testing H6 : d - 0o *";n., O : 0 > 06 is defined by

. : { :' '1fl = 
4, To' ' Fr) or (?+r = r., ?*o' 4) (ts)

[ 0. otherwise,

where F" : Frr,r,r-t,\ = Foz.t,,-t and F. - Fa1,t,n-t.

3. Sampling distribution of tert statirtic

To derive the power function of the tII, RT, and PTT the sampling distribution of the test
statistics proposed in Section 2 is required For the power function of the PTT the joint distri-
bution of (Iur, Tr) and (TRr , TPf) is essential. Let {N"} be a sequence of local alternative
hypotheses defined as

f*

N,, (o- oo,F- tut):(+ h):r, (16)
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where I is a vector of fixed real numbers and 0 is the true value of the intercept. The local
altemative is used only to compute the po\^/er of the tests for specific values of the parameters.

Under N" the value of (0 - 06) is greater than 0 and under H2 the value of (0 - 0o) is equal
to 0.

Following Yunus and IGan (201 lb) and Equation (6), we defne the test statistic of the UT
when p is unspecified, under N,, as

rur -rur -^[o-ea'n'\ino-e;\. (n)[*, l'
The l,ur follows a non central F distribution with non centrality parameter which is a func-
tion of (0 - 0o) and (l,n-4) d.f. under N".

From Equation (8) under N", (0 - 0i > 0 and (A - fut) > 0, the test statistic of the RT
becomes

(0 - 0i' H' D;HQ - 0i + (F - flor)' H' D;;HG - p|r,)
Tlr :TRr - a (18)

tn

The {r also follows a non central F distribution with a non centrality parameter which is
a firnction of (0 - 0d and (t, n - 4) d.f. under N,. Similarly, from Equation (10) the test
statistic of the PT is given by

rPr -rPr _,1<P-eo'ru'o_z;no-e,.'ll. (re)

Under Il", the {r follows a non central F distribution with a non centrality parameter which
is a functionof (0- fol) and (p- t,n-4)d,.f.

From Equations (6), (8), and (10) the lur and Ir are correlated and the TR? and fPr
are uncorrelated. The joint distribution of the Tur and Im, that is,

/Tur\
\r* ) (2o)

is a correlated bivariate F distribution with (1, n - g d,.f. The probability density function
(pd0 and cumulative distribution function (cdf) of the correlated bivariate F distribution are
found in lftishnaiah (1964), Amos and Bulgren (1972), and El-Bassiouny and Jones (2ffi9).
Later, fohnson et al. (1995, p. 325) described a relationship of the birariate F distribution with
the bivariate beta distribution. This is due to the fact that the pdf ofthe bivariate F distribution
has the same form as the pdf of the beta distribution of the second kind.

4. Ponerfunction and size of tests

The power functions ofthe UTi RT, and PTT are derived below. From Equations (6) and ( l7),
(8) and (I8), and (IO), (15), and (19), the power functions of the UT, R! and pTT are girrcn,
respectively, as

(i) The power ofthe UT

ru'1L1 -- p(Tu' . For.r."_.r I No)

- t - e ( Turs &,.r.,-+ - r,r/o-ilil, \
Ui,n)



:I-P(t t=Far',,n-t-+)

= t - t(rfr = Fo,.r.,,-. - k dr),

wheredl : f'r2"f, arldk,- = f.
(ii) The power of the RT

nm(t) : P(Tn .F.,,,,- lN,)
, 

" _(o-ootrlpr{H(o-oo)\-rlr{ >
\ 

rd2'l''-t - ------e- 
)

- I - P ( r{ 
= 

r,,.,,,-r- tr'r/o"n'I t trlrlo;'xr'l\
- . 

\., 
:.42||tl,_+ 

cn )

- t - r(r,m S 8,,r,,-r - ta(dr + dz)),

whered2 -ilzD7,l2and&a - {.
The power function of the PT is*''':lk!;:?:_f)

coMMuNrcATror'rs rN srAnsrKs-rHEoRy Aro umroos @ am

(2r)

(22)

(23)

(24)

{^u'nJst
a= For,r,r-l : For,y.r-.a - k162

(iii) The power of the PTT

where

o"' (\) : P (7" ( For,r.,-,., rm > For,r.n-l)

+ P(Tn ) Fo:,r,,-e, Tur > F,,J,,-n)

- (l - rn)nRr + dv @,b\ ,

where d1,(a, b) is a bivariate F probability integrd defned as

it1,(a, b\ : 
1"" lr" t rrrr. FurldFw 7pu,

, - 
1"" l"' f <r*,FurydFPrdFur,

and

D : 4,.,.,-n - 
(e - oil' H' D;,tHo - oil

,f:-: 
[' 1'n-a - ft161'

fhe integrd ff f f GPr, Fur)dFPrdFur il-qquation (25) is the cdfofthe correlated
bivariate non central F distribution of the UT and PTI Following Yunus and lGan
(201lc), we defne the pdfand cdf ofthe biyariate non central F (BNCF) distribution,

(2s)
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resPectively, as

f(v,'v,):(:)^l+X

'l(*su")
-le#-)

l
(

(

1ty'' r<^tr* it)IIT p'j

l(ml2t j*rr)

e)"

(?)"
(rro. j+rt-l

)

l(m/2* j * 12) Q^rz+i+n-r)

x t(q,) [rr - r,t *Ar, *ir,f-""' , (26)

and

F(a,b) - p(y1 < a,y2 < b) - lo' loo 
f {rr,rr)rrrOrr, (27)

where m is the numerator and a is the denominator degrees of freedom of the F variable.
Setting a - b - d, Schuurmann et aL (1975) the critical values ofd in a table of
multivariate F distribution.

From Equation (24), it is clear that the cdf of the BNCF distribution is involved in the
eryression of the power fimction of the PTL Using Equation (27), we evaluate the cdf of the
Bi'ICF distribution and use it in the calculation of the power function of the PTTi The releyant
R codes are written, and the R package is used for the computation of the power and size and
other graphical analyses.

Furthermore, the size of the (,l.II RX, and PTT are given, respectively, as
(i) The size of the UT

,u' :p(Tu'> Fc1,l,a_r I Hn:o -os)
- t - e (rur S 41,r,,-r I Hn : 0 : 0n)

: t -p(?i".8,,,,,-.). es)
(ii) The size of the RT

atr:p(Tm >For,r,,-r lHn:e =os)
: I - P (Tx" 3 Fazl,n-t I Hn : 0 : 0s)

:t-r(rf <Foz.r.,-t-ksr). es)
The size of the PT is given by

crrll; - P(T* ,4r.,,,-lHo)

- I -P(?:P? < For.r,,r_r). (30)

(iii) The size of the PTT

anr :P(Tn < a,Tw . ttlHo)+p(Tn . o,Tu' , hlHo)

- p (Tn < F"3,r,,_1)p (rm > F,r.r.,_r) * ilv @,h)

- (l - crPr)am + ilb@,h), (31)

where i : 4,,r,o_1.
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Filrure 1- The power function ofthe ur, RT, and prr against 4 for some selected p, dr., and non centrality
parametets.

5. A simulation ex.mple

For a simulation example, we generated random data using R package. Each of the two inde-
pendent samples (x4, i: 1,2, j - I, .. ., n;) were generated from the uniform distribution
between 0 and I - The errors (e;, i : l, 2) are generated from the normal distribution with
l-t :0 and oz : l. In each case ni : n - 100 random variates were generated. The depen-
dent variable (r,;) was computed from the equation 7r; :1ot * fr1.xrj * er for gor - 3 and
9t :2. Similarly, define yz1 :0oz * Dnxzj I e2 for 0s2 - 3.6 and B12 : 2, respectively. For
the computation of the power function of the tests (UT, RT, and pTT) we set a1 : d2 : d3 :
cu : 0.05. The graphs for the power function ofthe three tests are produced using the formu-
las in Equations (21), (22), and (2a). The graphs for the size of the three tests are produced
using the formulas in Equations (28), (29), and (31). The graphs ofthe power and size of the
tests are presented in Figures I and 2.

5. Analyscs of power.nd siz€

From Figure l, as well as from Equation (21), it is evidefi that the power of the UT does not
depend on d2 and p, but it increases as the'alue ofdl incrcases. The form ofthe power curve
of the UT is concave, starting from a very small value ofnear zero (when d1 is also near 0),

q-

;_r
F-;'-.L:
F-:.--Ci'

00 0: i0 15 2c 25 30

:. .: I a=! =-? r. :5 r::25 8. =l i: : l f

'i
rr

...._.,.J.

:.:

f



-- Fr
---.. PfJ

JG O & PRAIKNo AND s. KHAN

(i)&= 1.5,p=0.1, m= 5, n= 25

o.o 0.5 ,.0 1.5 z0 25 3-O

6r

(iiD 6r= 1.5, p= 0.5, m = 5, n = 25

(ii) Q= 1.5, p= 0.9, m= 5, n = 25

,!a

g

q
o
q
o

o
q
o

co

,Bo

q

eo
q

oO
6{

ci

q
o
q
o

c

eo
eo
ao
q

q
o

0-o o-5 1.0 t-5 2.0 2-5 3.O o.0 0.5 1.0 1.5 2-O 2.5 3.0

frr,
Figure 2, Ihe size of the uT, RL and pTT against 6r for some selected p and 6r.

and it approaches I as d1 grows larger. The power ofthe Lrr increases rapidly as the value of
61 becomes larger. The minimum power of the UT is approximately 0.051or 6r _ 0.

The shape ofthe power curve of the RT is also concave for all values of61 and d2. Thepower
ofthe RT increases as the values of61 and/or d2 increase (see graphs in Figure l(i) ani r(iO,
aad Eqoation (22))- Moreover, the power of the RT is alrrrays larger th",, ihar of the UT for
all 

'"al*s 
of 6r and/or J2, The minirnr,'n power of the Rf is approrimately 02 for d1 : 0 and

6z = 0. The maximum power of the RT is l for reasonably larger values of6r. The power of
the RT reaches I much faster than that ofthe UT as 61 increases.

The power ofthe PTT depends on the values of61, d2, and p (see Figure r and Equation
(24)). I ike the power of the Rr, the power of the prr increases as the values of 61 increase.
Moreover, the power of the PTT is alwap laager than that of the ur and RT for the values of 61
from around 0.7 to 1.5. The minimum power of the pTT is around 0.lg for dr : 0 (see Figure
t(i))' and it decreases as the walue offi becomes larger. The gry between th. powe. ori-es
of the Rr and PTT is much less than tba betweer the ur and RT and/or ur and prT] The
power curve of the PTT tends to lie between the power curves of the ur and RT. However,
the power of the PTT is identical for any fixed value of p, regardless of its sign.

Figure 2 and Equation (2s) show that the size of the ur does not depend on d2. It is a
constant and remains unchanged for all values ofdl and 62. The size ofthe RT increases as the
value of62 increases (see Equation (27)). Moreover, the size of the RT is always larger than
that ofthe UT. The size ofthe UT and RT does not depend on p.
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(iv) 6z= 2, p= 0.S, m= 5, n = 25
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The size of the PTT is closer to that of the UT for larger values ofd2 > 2. The difference
(or gap) between the size of the RT and PTT increases significantly as the value of 62 and
p increases. The size of the UT is crur : 0.05 for all values of 61 and d2. For all values of 61

and d2, the size of the RT is larger than that of the UT, uRI > aur . For all the values of p,
aPrr 

= 
aRr . Thus, the size of the RT is always larger than that of the UT and PTT.

7. Concluding remarks

Based on the analyses of the power for the three tests, the power of the RT is always higher
than that of the UT for all values ofdr and 62. AIso, the power of the PTT is always larger than
that ofthe UT for all values of61 (see the curves on interval values of0.7 < ,r < 1.5 for given
simulated data), 62, and p.

For smaller values of61 (see Figure l) the PTT has higher power than the UT and RT. But
for larger values of 61 the RT has higher power than the PTT and ur. Thus when the NSpI
is reasonably accurate (that is 6r is small) the PTT over-performs the ur and RT with higher
Power.

Since the size of the RT is the highest, and the PTT has larger size than uri in terms of the
size the ur is the best among the three tests. However, the ur performs the worst in terms of
power. Thus the PTT ensures higher power then the tIT and lower size than the RII and hence
a better choice, especially when the NSPI on the slope parameters is reasonably accurate to be
close to the true values.

The size ofthe PTT goes down as either the correlation coeficient (p ) becomes larger (see
graphs (i)-(ii) in Figure 2) or the value ofd2 increases (see graphs (iii)-(iv) in Figure 2).
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