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The Bivariate Central Normal Distribution

B Pratikno, Jajang , A C C Putri, and Y W W Haryono
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Abstract. The research studied Probability F)ensiry Function (pdf), Cumutative Distribution
Function (CDF) and gaphical analysis ofthe bivariare central normal distribution. The CDF of
this distribution is then used to compute power of the tesr Pre-Test-Tesr (PTT) in the testing
intercept, The tables and graphs of the pdf (and CDF) of the bivariate central normal
distribution (BCND) and power ofthe tesr in testing intercept are produced using R-code. The
results showed that ths mean and coefficient correlation have a significant affect on the curve,
but the variance is not. The curves tend to be teptokunic for small coefficient correlation, and
they will be mesocurtic for large coefficient correlation. The prowcr of the PTT increases as the
CDF of the BCND increases.

1. Introduction
The normal (Gaussian) distribution is the most popular distribution. It often uses in many areas and
statistical analysis [3]. Probability Density Function (PDF) of this distribution (univariate normal
distribution) ofXrandom variable with mean (p) and variance (o'?), X N(p,o'), is given by

.f (*) n zl, o )
I

o",lr; ,-.o < X< co, with-co< l<co and 0 < O < m (1)

The values of the pdf of the equation (l) have not seen in textbooks yet. Curently, the availability
table of statistics of this distribution is a normal staLndard distribution lable for lt=0 the endo2 :1 .

From the equation (1), il. is clear that the computational of the probability integrat of the pdf and
cumulative distribution function (CDF) are very complicated and hard, so they should be numerically
computed [8]. Due to the values of the pdf and CDF are critical values that use to accef]t or reject the
null hlpothesis (1/o), then we need to create the statistics table for both (the pdf and CDF).

Moreover, there are several problems in statistical analysis in term of two or more of random
variables. In this case, all the computational ofthe pdfand CDF are very complicated and challenging.
It is because of distribution is a joint distribution of the normal random variable X and Y- Let p is a
coefficient correlation between them, then if P + O , the bivariate central normal distribution (bivariate
normal distribution) ofX and Y is the joint distribution (multiple) of the marginal and conditional
normal distribution [16]. Furthermore, Sahoo [6] has also studied and presented the pdl'of the central
bivariate normal distribution (BCND) of Xand Y, that is

Content fiom ihis work may be u!€d under the terms of the Cr.arive Commons Arrritrri{ 3.0 liccnce. Any fu(her distriburion
of this x,ork must maint-ain attribotion .o thc aurhor(s) and fic nrb of thc woik, journal citarion and DOl.

Published u'td€r liccnire by IOPPublishing L.d
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,-@ ( x,/ 1@
(2)

with /4, fu € ,' , o11o2 € (0, m), and p € (-L l). The notation of the BCND is then written as

(x,Y) N (n, n,ol ,oi,p).

Many authors already used the BCND, such as Pratikno [2] and Khan [10] in testing intercept using
non-sample prior information (NSPD. Here, Pratikno [2] used the BCND to compute power of the

test of pre test-test (PTT) in testing intercept using NSPI on simple regression model, while Khan

[9,10], Khan and Saleh [11,13,14], Khan and Hoque[2], Khan and Pratikno [15], Saleh [] and

Yunus [7] contributed to developing the research in estimation area. All the authors tx,ed, R-code and
R-package especially mvtnorm on the mullivariate (bivariate/BCND) normal distribution.

Due to the importance of the BCND, we studied more detail of this distribution particularly in
computational of the PDF, CDF, graphical analysis and its applied in NSPI testing. The steps of the

research methodology are (l) reconstructed and figured the pdf formula, (2) computed CDF table and

(3) graphical analysis. R-code is used to figure pdf and compute the table of the CDF of the BCND.
The research presented the introduction in Section l. Reconstmcted the pdf formula of the BCND

is obtained in Section 2. The graphs of the pdf of BCND and its analysis are given in Section 3.

Section 4 explained the computational of the values of the CDF of the BCND. Furthermore,
computational of the power of the test is obtained in Section 5, and Section 6 described conclusion and

remark.

2. Method
Following Kenny and Keeping [5], we reconstructed the formula of the equation (2) in term of two
independent random variables of the univariate normal standard, Zt and Zz, namely

X=l4+orzt+o,Zz and )/=l\*6112,+o112, (3)

where X and I are random variables of the normal distribution with mean(h,Fr),-variance

(ri,4)=(oi +4r,4,*4), and covariance= poto2=6,ozt+oDoD- Moreover, the joint

pdf of Zr and Zz ilre then written as

.f (r,,zr):.f(2,)f(rr) #"+"' ;"+'' 
:J-"it'i*"!\. using matrix properties and a

simple modification, we got the equation in matrix form as below

(f,-;) :[:; ::)(';,)* (?,):[:: :';) ({,-;1 
(4,

From the equation (4), we get the squareof Z, and Z, on equation (5) below

(zi + zi)(orc.22+ r.lzc.2r)'? =fou(X - h)- orr(Y - P)f' +l-orr(X - 14)+ or(Y - pr)f2

f(x,v) ":l+ll+T'4+f,+l-t'='"J)' Ztto,,orrlt- p,

: o? o"[[+]' -,,1+l [+] . [?l ],
(s)

-=
l- p' (6,rorr.+ or rrr)'

, then the equation (5) is written as1if

(ri * z :) (t - 
". 

:(1"#1' - r,l* ;,* )l+1-1ry)' )

2
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Funhermore, we need Jakobian transformation for setting the joint distribution of X and Y. The

Jacobian transformation is then expressed as 7 =
OrOa,rll:V

, and the joint pdf of the X and I is

given by

-f (x, y) :
2ltoro.

4vt*,tle' I lor"'r
zzoror.tl - p'

*h".. g1*,ry=, 1,[
t_p-l

zp(r'u)U-p,) . (r'-p.)' I- t9, ---;-]

tr, = p, =o.oi =ol = l,p = OB H =Irr =qoi =o,: = l.p =-{,7 & =p, =O.or: =o,: = l,p =.{,5

*
,+

*

tr, =pr =0,or' -oi =l.p=-q3 F, = tr, -0,o,r =ol =l,p =0 A =Fz =qoi =o,r =l,p=ql

4hl 4> KI
fr, = F, =0.(,: =o-r - l.p =0.5 F =F.-o.(,,:=(,,:=l.p=0.7

l* ,:,1
tr, = Fr =o,oi =o.r = I,p = 0,9

r5

1-p'

(,- tt Due to the complicated
oi

formula on the equation (6), R-code is then used to compute the values ofthe ptlf of the equation (6)

3. Result end Discussion
The pdf graph of the equation (2) is made by R-code. Here, some simulations of the graphs are
presented in Figure 1. However, we did not present all the graphs in this paper. Figure I showed that
p has a significant affect on the form of the curve. The curve tends to be leptokurtic for p = 4.9 ,

and it will be symmetric (mesokurtic) on p = 0 . We note fiat for p1p < 0) the curve tends to be

leptocurtic, and it will be mesokurtic for p(p > 0). From several simulations, we see that the curve is

concave*onvex with ts, = F, = 0, p = O, or, = 6r, and tends to be mesokurtic for large o2

and leptocurtic for smallor. Conversely, the curve will be convEx concave forp, =Fr=O;
p: O, orz * cr z However, a pararneter o2 is not siguificant in changing the form ofthe curve.

Figure 1. The pdfofthe bivariate central normal distribution
To compute the values of the CDF of the bivariate central normal distribution (BCND), R-code is
used. This is due to the pmcess of its integral is very complicated and difficult. Here, we used X-
command adaptlntegrate au'td package cubature, and we wrote (rwr'): adaptlntegrate(f,lowerLimit:c(-
100,100), upper Limit:c(x,y) )$integral with lower bound (100,-100) and up bounds (_r,y) to produce
the CDF as well as the power of the test of t,r.e pre-tes, ,es, (PTT). Table 1-3 below are the values of
the fCDF of the BCND for some selected p.

3

(6)
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Table l. The values of CDF of the BNCD with p = 0.9

Table 2. The vatues of CDF of the BNCD with p = 0'5

Table 3. The values of CDF of the BNCD with p = 0.0

The Table 1-3 showed that the values ofthe cDF is going to zero when x and r decrease (going to
be negative), and it increases to 1 as the x and Y increase (going to be positive). Here, the values of
the table (CDF) are similar (the same as) for positive and negative correlation(p).

Following Pratikno [2] and Khan [9], there are three tests in ,esring intercept tsing non-sample
pior information (NSPI), namely unrestricted test ()T), resticted test (RT) and prz-tes t tesl (prr).
In this case, the bivariate central normal distribution is used to compute the power of lhe pre-test tesl
(PTT). Here, the power is a probability of rejectl/o.n* under H":O:O,, Lhen it is writtEn as

"(e.)= 
P(reiect Hol9 = 0,) {wackerly et al., 2008, p4s5). Following pratikn o (20r2),the power of

the PTT in testing hypothesis one-side maximum on simple regression model is givenby

4

0,00000 0,00000 0,00000 0,00001 0,00048 0,00535 0,022a6
0,0 000 0 0,00000 0,00002 0,00070 0,00898 0,04316 o,o9720
0,0 0000 0,00002 0,0 008 0 0,01163 o,o632l 0,15886 o,24221,
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o,n (4, x,) = r(, _ *)(, _ r(,,, ry\
- *c,p(," 

*,,^ -*,,o. o),

Whererzr, = r[, -*7"' ,6(r) is cumulative distribution tunction (CDF) of the normal

distribution andcr, is probability integral of the normal bivariate distribution? The graphs of the

power of the PTT are presented in Figure 2.

figure 2. Power of the PTT versus l,

From Figure 2 (i) and (ii), and (iii) and (iv), it is clear that the power of the PTT increases as the p
increases, and it decreases as h" L decreases. It means that the p is significant to increase the power

ofthe PTT.

4. Conclusion
The research studied pdf, CDF, graphical analysis of the BCND, and its application on the power of
the PTT. To compute the power of the PTT in testing intercept and produce the graphs of the pdf and

table CDF, R-code is then used. The results showed that the mean and coefficient correlation have a

significant affect to the curves, but the variance is not. The curves tend to be leptocurtic for small
coefficient correlation, and they will be mesokurtic for large coefficient correlation. On the other hand,

the curve will be leptocurtic and or mesolatrtic when the coefficient correlation decreases (and or

increases). For both p ffid Fz Ne negative, the curve is skew positive, and vise verse.

ln term of the power of the PTT, the BCND is used to compute the power of the PTT, and the

result showed that it increases as the coefficient correlation increases.
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in Grasia Hotel Semarang,
S. Parman Street No. 29, Semarang, Central lava 50231, lndonesia.

Best regards,
ICMSE 2016 Committee



I

This is to certify that

Drs. BUDI PRATIKNO, M.Stat. Sci., Ph'D

has Participated as

Paper Presenter
in the 3rd lnternational Conference on Mathemptics, Science and Education (ICMSE)

held by Faculty of Mathernatics and Natural sciences,

Semarang State University (Unaversitas Negeri Sernaran e)

2016

Science, and Education

articipation

Dr. Margareta flahaYuningsih

Confarence Choir

-.-..-".--..--...--.".".5 I
I

L
t:

I

l

r

fFxnts

The 3td International Conference on lttf,tl

Certificate
F"*F ,' (:.
l* .. *'

Iir;;

,l 1

r\.-Lr
\i
i. #

(r-
t,

J\

't

F.,,
";l

r\j,.

"'1

:i

I

I
I


