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Abstract. The research studied Probability Density Function (pdf), Cumulative Distribution
Function (CDF) and graphical analysis of the bivariate central normal distribution. The CDF of
this distribution is then used to compute power of the test Pre-Test-Test (PTT) in the testing
intercept. The tables and graphs of the pdf (and CDF) of the bivariate central normal
distribution (BCND) and power of the test in testing intercept are produced using R-code. The
results showed that the mean and coefficient correlation have a significant affect on the curve,
but the variance is not. The curves tend to be leptokurtic for small coefficient correlation, and
they will be mesocurtic for large coefficient correlation. The power of the PTT increases as the
CDF of the BCND increases.

1. Introduction
The normal (Gaussian) distribution is the most popular distribution. It often uses in many areas and
statistical analysis [3]. Probability Density Function (PDF) of this distribution (univariate normal

distribution) of X random variable with mean ( 4)and variance(c”), X = N(u, o), is given b
H y

{ o ﬂ]l

o

f(x)=—F=e ™ ,—0<Xx<0,with—o< gg<owand 0 <o <. (1)
oN27

The values of the pdf of the equation (1) have not seen in textbooks yet. Currently, the availability
table of statistics of this distribution is a normal standard distribution table for =0 the endo” =1 .

From the equation (1), it is clear that the computational of the probability integral of the pdf and
cumulative distribution function (CDF) are very complicated and hard, so they should be numerically
computed [8]. Due to the values of the pdf and CDF are critical values that use to accept or reject the
null hypothesis (Ho), then we need to create the statistics table for both (the pdf and CDF).

Moreover, there are several problems in statistical analysis in term of two or more of random
variables. In this case, all the computational of the pdf and CDF are very complicated and challenging.
It is because of distribution is a joint distribution of the normal random variable X and Y. Let pis a

coefficient correlation between them, then if o # 0 | the bivariate central normal distribution (bivariate

normal distribution) of X and Y is the joint distribution (multiple) of the marginal and conditional
normal distribution [16]. Furthermore, Sahoo [6] has also studied and presented the pdf of the central
bivariate normal distribution (BCND) of X and ¥, that is

Content from this work may be used under the terms of the Creative Commons Attribution 3.0 licence. Any further distribution
of this work must maintain attribution to the author(s) and the title of the work, journal citation and DOI.
1
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T e e ol
S(xy)= e Y —0<x,y<o0
2700, Jl -p°

(2)

with 44,1, €, 0,,0, € (0,00), and p€ (—l,l).The notation of the BCND is then written as

(X,Y) N(ty.1,07,03.p)-

Many authors already used the BCND, such as Pratikno [2] and Khan [10] in testing intercept using
non-sample prior information (NSPI). Here, Pratikno [2] used the BCND to compute power of the
test of pre test-test (PTT) in testing intercept using NSPI on simple regression model, while Khan
[9,10], Khan and Saleh [11,13,14], Khan and Hoque[12], Khan and Pratikno [15], Saleh [1] and
Yunus [7] contributed to developing the research in estimation area. All the authors used R-code and
R-package especially mvtnorm on the multivariate (bivariate/BCND) normal distribution.

Due to the importance of the BCND, we studied more detail of this distribution particularly in
computational of the PDF, CDF, graphical analysis and its applied in NSPI testing. The steps of the
research methodology are (1) reconstructed and figured the pdf formula, (2) computed CDF table and
(3) graphical analysis. R-code is used to figure pdf and compute the table of the CDF of the BCND.

The research presented the introduction in Section 1. Reconstructed the pdf formula of the BCND
is obtained in Section 2. The graphs of the pdf of BCND and its analysis are given in Section 3.
Section 4 explained the computational of the values of the CDF of the BCND. Furthermore,
computational of the power of the test is obtained in Section 5, and Section 6 described conclusion and
remark.

2. Method
Following Kenny and Keeping [5], we reconstructed the formula of the equation (2) in term of two
independent random variables of the univariate normal standard, Z, and Z;  namely

X=py+0,Z +0,Z, and Y = i, + 0, Z, +0,,Z, (3)

where X and Y are random variables of the normal distribution with mean( y7y 7S ), -variance
(0',2,022) = (0',2, +0p,00 + 0'222), and covariance= po,0, = 0,,0,, +0,,0,,. Moreover, the joint
pdf of Zy and Z, are then written as
F(22) = F @) (o) = e e = L
. 192 B 1 2 ‘/2_7'[’ \/57; 2”

simple modification, we got the equation in matrix form as below

-1
2 e (e 6
Y—pu, Ty Oxp Zz Zz O, On Y—u, 4)
From the equation (4), we get the squareof Z, and Z, on equation (5) below

(Zl2 +222)(011622 + 0—120-21)Z = [Gu(X —m)—on,(Y—p, )]2 +[_0-11(X_ﬂ1) + 011(Y—/‘2)]2

A e
o, o, o, o,

, then the equation (5) is written as

2

L(z+23)

Using matrix properties and a

2__2
if 1 o, 0,

1—P2 - (0I1622 + 06,0, )2

(22+22)(1-p =([XG_]2 ]2 _2p[X;u. :H:Y;Zﬂz ]+[Y';22;42 }J
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Furthermore, we need Jakobian transformation for setting the joint distribution of X and Y. The

Jacobian transformation is then expressed as J = : and the joint pdf of the X and Y is

?

0,0,41-p’
given by
e A1 Ao
270,01 - p* 2700, Jl -p’ (6)

2
Y 2 o 0,0, a5

formula on the equation (6), R-code is then used to compute the values of the pdf of the equation (6).

2 2
where Q(x’y):1 I 2[()(*‘?‘) _2p(x~;1,)(y—p2)+(}’—/12) } Due to the complicated

3. Result and Discussion

The pdf graph of the equation (2) is made by R-code. Here, some simulations of the graphs are
presented in Figure 1. However, we did not present all the graphs in this paper. Figure 1 showed that
p has a significant affect on the form of the curve. The curve tends to be leptokurtic for p = —0.9,

and it will be symmetric (mesokurtic) on p = 0. We note that for p(p < 0) the curve tends to be
leptocurtic, and it will be mesokurtic for p(p > 0). From several simulations, we see that the curve is

concave-convex with x4 = u = 0, p=0, 02=0, and tends to be mesokurtic for large o’

and leptocurtic for smallo®. Conversely, the curve will be convex concave for Ho=p = 0;

p =0, C2#0.2 However, a parameter ¢ is not significant in changing the form of the curve.

m=p, =00 =cl=Lp=-09 W=, =00l=al=Lp=-07 = =00]=cl=1p=-05

W=w=00=0l=Lp=03

w=p,=00/=a;=1p=05
T~

Figure 1. The pdf of the bivariate central normal distribution
To compute the values of the CDF of the bivariate central normal distribution (BCND), R-code is
used. This is due to the process of its integral is very complicated and difficult. Here, we used R-
command adaptintegrate and package cubature, and we wrote (run): adaptintegrate(f.lowerLimit=c(-
100,100), upper Limit=c(x,y) )$integral with lower bound (-100,-100) and up bounds (x , y) to produce
the CDF as well as the power of the test of the pre-test test (PTT). Table 1-3 below are the values of
the fCDF of the BCND for some selected p.
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Table 1. The values of CDF of the BNCD with p=0.9
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X
Y A5 1. 48 -0,5 0,0 0,5 1,0 15
-1,5 | 0,00000 0,00000 0,00000 0,00001 0,00048 0,00535 0,02286
-1,0 | 0,00000 0,00000 0,00002 0,00070 0,00898 0,04316 0,09720
-0,5 | 0,00000 0,00002 0,00080 0,01163 0,06321 0,15886 0,24221
0,0 | 0,00001 | 0,00070 | 0,01163 | 0,07178 | 0,20309 | 0,34205 | 0,43321
0,5 | 0,00048 | 0,00898 | 0,06321 | 0,20309 | 038373 | 0,53283 | 0,62466
1,0 | 0,00535 | 0,04316 | 0,15886 | 0,34205 | 0,53283 | 0,68269 | 0,77454
1.5 0,02286 0,09720 0,24221 0,43321 0,62466 0,77454 0,86639
Table 2. The values of CDF of the BNCD with 2 = 0-5
X :
Y -1,5 -1,0 -0,5 0,0 0,5 1,0 1,5
-1,5 0,01832 0,03242 | 0,04684 | 0,05765 0,06357 0,06594 0,06663
-1,0 | 0,03242 | 0,06251 | 0,09748 | 0,12740 | 0,14621 | 0,15487 | 0,15779
-0,5 | 0,04684 | 0,09748 | 0,16332 | 0,22688 | 0,27224 | 0,29609 | 0,30530
0,0 0,05765 | 0,12740 | 0,22688 | 0,33333 | 0,41834 | 0,46874 0,49084
0;5 0,06357 | 0,14621 | 0,27224 | 0,41834 | 0,54624 | 0,63028 0,67149
1,0 0,06594 | 0,15487 | 0,29609 | 0,46874 | 0,63028 | 0,74520 0,80696
1.5 0,06663 0,15779 | 0,30530 | 0,49084 | 0,67149 | 0,80696 0,88471
Table 3. The values of CDF of the BNCD with p =0.0
. :
Y 15 1,0 0.5 0,0 0,5 1,0 15
-1,5 | 0,00446 | 0,01060 | 0,02061 | 0,03340 | 004619 | 0,05621 | 0,06234
-1,0 | 0,01060 | 0,02517 | 0,04895 0,07933 0,10970 | 0,13348 | 0,14806
-0,5 | 0,02061 | 0,04895 | 0,09520 0,15427 | 0,21334 | 0,25959 | 0,28793
0,0 | 0,03340 | 0,07933 | 0,15427 0,25000 | 0,34573 | 0,42067 | 0,46660
0,5 | 0,04619 0,10970 | 0,21334 0,34573 0,47812 | 0,58176 | 0,64527
1,0 | 0,05621 | 0,13348 | 0,25959 0,42067 | 0,58176 | 0,70786 | 0,78514
15| 0,06234 | 0,14806 | 0,28793 0,46660 | 0,64527 | 0,78514 | 0,87085

The Table 1-3 showed that the values of the CDF is going to zero when X' and Y decrease (going to
be negative), and it increases to 1 as the X and ¥ increase (going to be positive). Here, the values of

the table (CDF) are similar (the same as) for positive and negative correlation ( p).

Following Pratikno [2] and Khan [9], there are three tests in testing intercept using non-sample
prior information (NSPI), namely unrestricted test (UT), restricted test (RT) and pre-test test (PTT).
In this case, the bivariate central normal distribution is used to compute the power of the pre-test test

(PTT). Here, the power is a probability of reject Hﬂmg under H, :60=46,, then it is written as

7(6,)=P (rfg'ecl H,|0= Qa) (Wackerly et al., 2008, p455). Following Pratikno (2012), the power of

the PTT in testing hypothesis one-side maximum on simple regression model is given by
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ﬂ_PTF(Al,A_Z):¢ zg}—% (1—¢(zaz—i%{j]
oS, | _A

=4C,| 2, ~——vg—, 2 ~=, pF] |
lp 3 O-\/; 1 m] p

V2

Whereml=0’|:1+n§

xx

1/2
} ,¢(x) is cumulative distribution function (CDF) of the normal

distribution andc,, is probability integral of the normal bivariate distribution? The graphs of the
power of the PTT are presented in Figure 2.

@(i)?2,=-05 (i) 2o=-1

0.04

()
7(7)

0.02

0.00

0.04

x(7)
| 0.04

| 1
//

0.02
|
{

7(2)

0.02

0.00
0.00
|

2

)

Figure 2. Power of the PTT versus 4,

From Figure 2 (i) and (ii), and (iii) and (iv), it is clear that the power of the PTT increases as the p

increases, and it decreases as the A, decreases. It means that the p is significant to increase the power
of the PTT.

4. Conclusion

The research studied pdf, CDF, graphical analysis of the BCND, and its application on the power of
the PTT. To compute the power of the PTT in testing intercept and produce the graphs of the pdf and
table CDF, R-code is then used. The results showed that the mean and coefficient correlation have a
significant affect to the curves, but the variance is not. The curves tend to be leptocurtic for small
coefficient correlation, and they will be mesokurtic for large coefficient correlation. On the other hand,
the curve will be leptocurtic and or mesokurtic when the coefficient correlation decreases (and or

increases). For both 44 and g, are negative, the curve is skew positive, and vise verse.

In term of the power of the PTT, the BCND is used to compute the power of the PTT, and the
result showed that it increases as the coefficient correlation increases.



The 3rd International Conference on Mathematics, Science and Education 2016 IOP Publishing
IOP Conf. Series: Journal of Physics: Conf. Series 824 (2017) 012030 doi: 10.1088/1742-6596/824/1/012030

Reference

[1] Saleh A KM E 2006 (John Wiley and Sons, Inc., New Jersey)

[2] Pratikno B 2012 Dissertation, University of Southern Queensland, Australia, 2012.

[3] Salim C O 1999 J Kedokter Trisaktik 18(2) 107

[4] Wackerly D D, Mendenhall W & Scheaffer R L. 2008. Mathematical Statistics with Application
(7" Ed. Thomson Learning, Inc., Belmont, CA, USA, p.455.

[5] Kenny J F and Keeping E S 1951. Mathematics of Statistics Part One (3" Ed. Van Nostrand, Inc:
New Jersey, p.92.

[6] Sahoo P, Probability and Mathematical Statistics 2008 Departement of Mathematics: University of
Louisville. p.355.

[7] Yunus R M. 2010.Unpublished Ph.D. Thesis, University of Southern Queensland, Australia.

[8] Hogg R V, Joseph M, and Craig A T 2012. Introduction to Mathematical Statistics: United States
of America pp 164.

[9] Khan S 2005 .J.Siat.Res. 39 (2) 79

[10] Khan S 2008 Commun.Stat. Theor. Method 37 247

[11] Khan S and Saleh A K Md E 1997. Biometrical. J. 39 1

[12] Khan S and Hoque Z 2003 J. Stat. Res. Vol 37 43

[13] Khan S and Saleh A K Md E 2005.Statistical Papers. 46 379

[14] Khan S and Saleh A K Md E 2008 Commu. Stat. Theor. Method 37(16), 2564

[15] Khan S and Pratikno B 2013 Statistical Papers 54(3) 605.

[16] Turyadi,Mara M N dan Kusnandar D 2013 Bletin IImiah Matematika Statistika dan Terapannya,
2(2) 127



—

et

Pratikno, Budi
Universitas Jenderal Soedirman, Department of Mathematics, Purwokerto, Indonesia

Author ID: 55206004600
Pratikno, B.

Documents: 7

Analyze author output

Citations: 4 total citations by 4 documents
h-index: 1

Co-authors:9

Subject area: Mathematics ,

1. The Bivariate Central Normal Distribution
Pratikno, B. Jajang Putri, A.C.C. Haryono, Y.W. W,
2017 Journal of Physics: Conference Series Open Access

2. Testing equality of two intercepts for the parallel regression model with non sample
prior information
Pratikno, B. Khan, S.
2017 Communications in Statistics - Theory and Methods Open Access

3. The noncentral F distribution
Pratikno, B. Jajang Putri, AJ. Aji, RK.
2017 Far East Journal of Mathematical Sciences Open Access

4. The Correlated Bivariate Noncentral F Distribution and Its Application
Khan, S. Pratikno, B. Ibrahim, A.IN. Yunus, RM.
2016 Communications in Statistics: Simulation and Computation Open Access

5. Testing intercept with non-sample prior information for hypothesis maximum on the
parallel regression model
Pratikno, B. Jajang
2015 Far East Journal of Mathematical Sciences Open Access

6. Testing intercept with non-sample prior information for one-side hypothesis
(maximum) on a multivariate simple regression model
Pratikno, B. Jajang Zulfia, R. ‘
2014 Far East Journal of Mathematical Sciences Open Aycess

7. Testing base load with non-sample prior information on process load
Khan, S. Pratikno, B.
2013 Statistical Papers Open Access



*o:ICMSE 2016 International Conference on Mathematics, Science, and Education
T FMIPA UNNES Gd. D-12 Kampus Unnes Sekaran Gunungpati
Semarang, Central Java - Indonesia

Phone: +62 815 6542 989 Email: icmse@mail.unnes.ac.id

28 Jun 2016

Dear Mr/Ms. bpratikto

Author(s):
Pratikno, B, jajang, and Putri, C.C.A

Congratulations!
We are pleased to inform your submission "THE BIVARIATE CENTRAL NORMAL DISTRIBUTION"

has been accepted for oral presentation.

Looking forward to seeing you in The 3 ICMSE 2016 that will be held 3-4 September 2016,
in Grasia Hotel Semarang,
S. Parman Street No. 29, Semarang, Central Java 50231, Indonesia.

Best regards,
ICMSE 2016 Committee



ificate of Participation
This is to certify that

Drs. BUDI PRATIKNO, M.Stat. Sci., Ph.D

has participated as

Paper Presenter

in the 3rd International Conference on Mathematics, Science and Education
held by Faculty of Mathematics and Natural Sciences,

Semarang State University (Universitas Negeri Semarang)

_on September 3, 2016

(ICMSE)

MOLOGE
Rt Day
g v& \"EGE Ry S‘.ﬁ

i

A\ Wf gnuri Dr. Margareta Rahayuningsih
N e Conference Chair




