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Global well-posedness for free boundary
problem of the Oldroyd-B model fluid flow

Sri Maryani*'

Communicated by M. Renardy

In this paper, we prove the global well-posedness of non-Newtonian viscous fluid flow of the Oldroyd-B model with free
surface in a bounded domain of N-dimensional Euclidean space RV(N > 2). The assumption of the problem is that the
initial data are small enough and orthogonal to rigid motions. Copyright © 2015 John Wiley & Sons, Ltd.

Keywords: non-Newtonian compressible viscous barotropic fluid flow; Oldroyd-B type; global well-posedness; orthogonal to rigid
motion

1. Introduction

In this paper, we consider the global well-posedness of non-Newtonian compressible viscous barotropic fluid flow of Oldroyd-B type
with free surface in a bounded domain, which is formulated in the following. Let 2 be a bounded domain in N-dimensional Euclidean
space RM(N > 2) occupied by a compressible viscous barotropic non-Newtonian fluid of Oldroyd-B type. We assume that the boundary
of Q consists of two parts I and S, where I' N S = @. Let Q; and I'; be time evolutions of Q2 and I', while S be fixed. We assume that the
boundary of Q; consists of I'; and SwithT; NS =@.Letp: Q2 x[0,T) = R,v: 2 x[0,T) = R"¥and r : [0,00) x 2 — RN be the
density field, the velocity field, and the elastic part of the stress tensor, respectively, which satisfy the system of equations:

dep + div(pv) =0 in Q¢
p(0v +v-Vv) —DivT(v,p) = BDivt in Q,
Wt +v-Vr+yt =06D(V) +9go(Vv,7) in Q4
(T(v, p) + Br)ny = —P(ps)n¢ on I, (1.1)
v=0 onsS,
(0¥, D)le=0 = (o« + 6o, Vo, T0) in €,
Qt|r=0 = Qo, 1—‘t|r=0 =T,

for0 < t < T.Here, p« is a positive constant describing the mass density of the reference domain €2, T(v, p) is the stress tensor of the
form

T(v, p) = S(v) — P(p)l with S(v) = uD(v) + (v — w)div v, (1.2)

D(v),v = (vq,...,vn), the doubled deformation tensor whose (i, j) components are D;;(v) = d;v; + d;v;(0; = 3/0x;),1the N x N identity
matrix, i, v, 8, y, and § are positive constants (i and v are the first and second viscosity coefficients, respectively), n; is the unit outer
normal to T, P(p) a C°° function defined for p > 0 that satisfies that P'(p) > 0 for p > 0. Moreover, the function g, (Vu, 7) has a form

go(Vv,7) = W(V)T — tW(V) + a(zD(v) + D(v)1), (1.3)

where « is a constant with —1 < o < 1 and W(v) the doubled antisymmetric part of the gradient Vv whose (i,j) components are
Wij(v) = div; — 9,v;. Finally, for any matrix field K whose components are Kj;, the quantity Div K is an N vector whose ith component is
Z}'-V=1 0;Kjj, and also divv = Z}L d;v;,and v - Vvis an N vector whose ith component is Z}L] VjojVj.
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Aside from the dynamical system (1.1), a further kinematic condition for T is satisfied, which gives

Ii={xeR"|x=x(1t) (Eel), (1.4)

where x = x(£, t) is the solution to the Cauchy problem:

% =v(x,t) (t>0), X/mo=£€Q. (1.5)
This fact means that the free surface I'; consists of the same fluid particles, which do not leave it and are not incident of it from inside
Qfort > 0.ltis clearthat Q; = {x ¢ R | x = x(£,1) (£ € Q)}.

The set of equations in (1.1) was introduced by Oldroyd [1] in the incompressible viscous fluid case, that is, p is a positive constant
in (1.1), to describe the flow of viscoelastic fluids, which provides a simple linear viscoelastic model for dilute polymer solutions, based
on the dumbbell model. The fluid described by the set of equations in (1.1) is called the Oldroyd-B type fluid after its creator James G.
Oldroyd. The mathematical study of the Oldroyd-B type fluids was started by a pioneering paper by Guillopé and Saut [2], where the
local well-posedness was proved in suitable Hilbert space H* in the case of bounded domain with non-slip boundary condition. Later,
the global well-posed for small initial data was proved by Fernandéz-Cara, Guillén, and Ortega [3] in the L, space setting with small
coupliing constant . The local well-posedness of the free boundary problem was proved by Nesensohn in the L, space setting. The
global well-posedness of free boundary value problem was proved by Xu, Zhang and Zhang [4] in an infinite strip and with surface
tension on the upper free boundary provided that the initial data is sufficiently close to the equilibrium state in H3. The global well-
posedness in the exterior domain with non-slip condition case was proved by Hieber, Naito, and Shibata [5] and by Fang, Hieber and Zi
[6] in the H3 space setting.

The existence of global weak solutions in the case of @ = R and « = 0in (1.3) was proved by Lions and Masmoudi in [7]. The
situation of infinite Weissenburg numbers, that is, y = 0 case, was considered for @ = R3 or for bounded domains Q@ C R3 with
non-slip boundary condition that can be found in [8-10], and the result in the two-dimensional situation can be found in [11-13] in
the H® space setting. Moreover, the global well-posedness of strong L, solutions of zero Weissenburg number problem was proved by
Geissert, Nesensohn, and Shibata [14] in the bounded domain with non-slip boundary condition.

On the other hand, concerning the study for the compressible case, we know only the result about the local well-posedness of non-
Newtonian compressible viscous barotropic fluid flow of Oldroyd-B type with free surface because of Maryani [15] in the maximal L,-Lq
regularity class in a bounded domain and some unbounded domains that satisfy some uniformity. This paper is the continuation of
Maryani [15], and the global well-posedness of problem (1.1) is proved in the bounded domain case.

Concerning the local and global well-posedness of the free boundary problem for the Newtonian compressible viscous barotropic
fluid flow, we know several results. Concerning the local well-posedness, Secchi and Valli [16] proved for Newtonian fluid flow without
surface tension in the L, framework. While, Tani [17] investigated the same problem in Holder spaces. Later on, similar problem with
surface tension in the L, framework and in Holder spaces is proved by Solonnikov and Tani [18] and Denisova and Solonnikov [19, 20],
respectively.

Moreover, the global well-posedness of the free boundary problem for the Newtonian flow without surface tension was first studied
by Zajaczkowski [21] in the L, framework using the energy method. One year later, the same problem with surface tension was investi-
gated by Zajaczkowski [22] and Solonnikov and Tani [23] independently under the assumption that initial velocity is small enough, and
initial mass density and the reference domain are close to positive constant and a ball using the energy method in the L, framework,
respectively.

Recently, Enomoto, von Below, and Shibata [24] proved the local well-posedness in the maximal L,-L, regularity class in a bounded
domain and some unbounded domains that satisfy some uniformity. Moreover, Shibata [25] proved the global well-posedness in a
bounded domain also in the maximal L,-L, regularity class, assuming that the initial data are small enough and orthogonal to the rigid
space. Our idea of proof follows Shibata [25].

The main aim of this study is to prove the global well-posedness for problem (1.1) in the maximal L,-L, regularity class in a bounded
domain Q with2 < p < coand N < g < oo, assuming that initial data are small enough and orthogonal to the rigid motion when
S = @.To prove it, we use the Lagrange coordinate instead of the Euler coordinate and prolong the local in time solutions in the
Lagrange coordinate to any time interval. To do this, the decay properties of solutions play an essential role, which is proved in the
case where the velocity field is orthogonal to the rigid motion in the Euler coordinate when S = @. Such observation was found first
by Solonnikov [26] in his energy inequality for the full nonlinear-system, but we formulate this fact in the estimates of solutions to the
linearized equations.

Because €2 should be decided, we formulate problem (1.1) in the Lagrange coordinates. In fact, if the velocity field u(§, t) is known
as a function of the Lagrange coordinates £ € €2, then in view of (1.5), the connection between the Euler coordinates x € € and the
Lagrange coordintes £ € € is written in the form

x=&+ [0 u(t, $)ds = Xa(, 1), (16

whereu(§, t) = (ui1(&,t),...,un(E, 1) = v(Xy(&, 1), t). Let A be the Jacobi matrix of the transformation x = X, (€, t) whose (i, j) element
isa; = &; + fé(g—g)(é,s)ds. There exists a small number o such that A is invertible, that is, det A # 0, provided that

|
Copyright © 2015 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2016, 39 2202-2219
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t

sup ||| Vu(,s)ds|i (@) <o0. (1.7)
o<t<T 0

In this case, we have V, = A~V = (I+ Vo(fOtVu(E, 5)ds)) Ve, where V(K) is an N x N matrix of C°° functions with respect to K = (Kj),
which defined on |[K| < 20. Here, Kj is the corresponding variable to f;(g—g)(-, s)ds. We have Vy(0) = 0. Let n be the unit outward
normal to S, and then we have

A 'n
nt = |A71n| . (1.8)
Let p(x, t), v(x,t), and t(x,t) be solutions of (1.1), and let
px + 0 ) = pXu(. 1), 1), uE, ) = vXu(£, 1), 1), 0§ 1) = t(Xu(§ 1), 0). (1.9)

And then, problem (1.1) is written in the form

0: + pxdivu = f(0,u,w) in 2 x(0,7),
pxur — DivS(u) + P'(p«)VO — BDivw = g(f,u,0) in Q2 x(0,T),
w¢ + yo —3D(u) = L(0,u,w) in Q2 x(0,T),
(S(u) — P'(ps)01 + fw)n = h(f,u,w) onT x (0,T), (1.10)
u=20 on Sx(0,7),
(9, u, a))|r=o = (eo,VO, ‘[0) in Q.

Here, f, g, L, and h are nonlinear functions defined by

t
f(0,u,w) = —0divu — (psx + 0)Vgiy (/ Vuds) Vu
0

g(6,u,w) = —Ou; + Div (MVD (/tVuds) Vu + (v — w)Vaiv (/rVuds) Vul)
0 0

+ Ve ( / tVuds) v (M (D(u) A ( / tVuds) Vu) - (divu Ve, ( / tVuds) Vu) |)

t t 1
— P (px + O)Vp (/0 Vuds) VO + BVqy (/0 Vuds) -V (/0 P (ps + £6)(1 — K)dﬁ@z)

(1.11)

L(6,u,w) = §Vp (/rVuds) Vu + go(Vu,0) + go (VW (/tVudS) Vu, a))
0 0
h(f,u,0) = — {MVD (/tVuds) Vu + (v — 1) (Vgiy (/tVuds) Vu)l} n — BfwVp (/tVuds) n
0 0 0
— {/,L (D(u) + Vp ([ Vuds) Vu) + (v — w)(divu + Vg (/ Vuds) Vu)l} Vp (/ Vuds) n
0 0 0

. ( | P (pe +16)(1 = e)dze2) n -+ (P(ps + 6) — P(p2))V ( | tVuds) n.
o 0

(1.12)

Here, Vp(K), V,,(K), and Vy;, (K) are some matrices of C°° functions with respect to K defined on |K| < o, which satisfy the null
condition:

Vp(0) =0, V,(0) =0, Vg (0)=0.
To state our main results, at this stage, we introduce our notation used throughout the paper.

Notation N, R, and C denote the sets of all natural numbers, real numbers, and complex numbers, respectively. We set Ny = N U {0}.
Let Sym(R") and ASym(R") be the set of all N x N symmetric and anti-symmetric matrices, respectively. For 1 < q < oo, letq =
q/(q — 1), which is the dual exponent of g and satisfies 1/g + 1/q’ = 1. For any multi-index « = (ky,...,ky) € NJ, we write
k| =K1+ -+ Kkyand 8)’§ = 3’1“ ---8%"’ with x = (x1, ..., xn). For scalar function f and N-vector of functions g, we set

V= f,...,0nF), Vo= 0 | ij=1,...,N),
V2f = {3%f | |a| = 2}, V2g ={0%; | |e| =2,i=1,...,N}.

For Banach spaces X and Y, £(X, Y) denotes the set of all bounded linear operators from X into Y, and Hol (U, L(X, Y)) the set of all
L(X,Y) valued holomorphic functions defined on a domain U in C. For any domain Din RV and 1 < p,q < oolLq(D), Wg' (D), B, 4 (D),
and H; (D) denote the usual Lebesgue space, Sobolev space, Besov space, and Bessel potential space, while || ||, o)/ I llwz 0y |- 185,03+
____________________________________________________________________________________________|
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and || - ||,.,57(D) denote their norms, respectively. We set WS(D) = Lq(D) and W5 (D) = B (D). C°°(D) denotes the set all C°° functions
defined on D. L,((a, b), X), and W, ((a, b), X) denote the usual Lebesgue space and Sobolev space of X-valued function defined on an
interval (a, b), while || - ||, (@b)x) and || - llwy (a)x) denote their norms, respectively. Moreover, we set

b 1/p
le™flle,(apr = (/ (e"’llf(t)llx)”dt) forl < p < oc.
a

The d-product space of X is defined by X¢ = {f = (f,...,f;) | f € X(i=1,...,d)}, while its norm is denoted by || - ||x instead of || - ||yd
for the sake of simplicity. We set
wré (D) = {(f, g H) |fe W (D), geW D), He W;”(D)NXN},
16,9 M)y = I ) g + 9t -
Fora = (ay,...,ay)andb = (by,...,by),weseta-b =< a,b >= Z}; a;b;. For scalar functions f, g, and N-vectors of functions f, g,

weset (f,g)p = [, fgdx,(f,9)p = [,f-gdx (f.9)r = [ fgdo,(f.9)r = [ f- gdo, where o is the surface element of I". For N x N
matrices of functions A = (A;) and B = (B;), we set (A,B)p = [, A :Bdxand (A,B)r = [-A:Bdo,whereA:B = N AjBj. The

=
letter C denotes generic constants, and the constant C,p,... dependson g, b, . . .. The values of constants C and Cgp, . . mayjchange from
line to line. We use small boldface letters, for example, u to denote vector-valued functions and capital boldface letters, for example, H
to denote matrix-valued functions, respectively. But, we also use the Greek letters, for example, p, 8, r, and w, to denote mass densities,
and elastic tensors unless the confusion may occur, although they are N x N matrices.

To state the compatibility condition for initial data 6, vo, and 7o, we introduce the space D, ,(2) defined by

Dyp(R2) = {(eo,vo, w0) € W) (Q) x B2UTVP (@) x W) (@) N | .
(S(Vo) — (P(px + 60) — P(p=))l + Bro)n = 0 on T, o5 =0 . '

For the notational simplicity, we set
1680, Vo, )| gy 22> = l0llw ) + IVollgza-17m ) + 170wy c2)-

The following theorem about the local well-posedness of problem (1.10) was proved by Maryani [15].

Theorem 1.1
LetN < g < 00,2 < p < oo,andR > 0.Assumethat " and Sare W§—1/q compact hyper-surfaces. Then, there existsatime T = T(R) > 0
such that for any initial data (6o, Vo, 7o) € Dy, (S2) satisfying the conditions

gp* < px + Oo(x) < gp* xeQ) (1.14)
and
(o, Vo, ) 1D, (2) < R (1.15)
problem of (1.10) admits a unique solution (6, u, w) with
0 € W)((0,T), W) (), ueW)((0,T),Le(R) NLy((0,T),W2(Q)), € W,((0,T),W;(R))
satisfying (1.7), the range condition: %p* < px +0(x,t) < gp* forany (x,t) € Q x (0, T) and possessing the estimate:

191w onwicn T IUlwon.@n + Il 0owz@) + 12lw o) = CR)
Remark 1.1

1. The range condition (1.14) follows from ||6o ||, () < 5*-

2. The local well-posedness was proved under the assumption that Q is a uniform Wé_vq domain in [15]. And, if T and S are
compact W§—1/q hyper-surfaces, then Q is a uniform W§—1/q domain.

3. By using the uniqueness of solutions, we see that if 7o(x) € Sym(R") for almost all x € ©, then w(x, t) € Sym(RN) for almost all
(x,t) € Q x (0,00), too.
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In order to state the global well-posedness of problem (1.10), we introduce the rigid space R4, which is defined by
R = {Ax+b | A e ASymR") and b € R"}. (1.16)
Let {p¢ }”é’=1 be the system of orthonormal basis of Rg.

The following theorem is our main result concerning the global well-posedness of problem (1.10).

Theorem 1.3
LetN < g < ocoand 2 < p < oo. Let £, be a number such that £, = 3when S # @ and £, = 2 when S = @. Assume that Sand I are
Wf"_vq compact hyper-surfaces and that " # (. Assume that the viscosity coefficients i and v satisfy the stability condition:

" (1.17)

Then, there exist positive numbers € and 7 such that for any initial data (6, vo, 70) € Dq,,p(2) satisfying the condition that 7o(x) €
Sym(RN) for any x € , the smallness condition: || (6o, Vo, 7o) [ p,,(2) < € and the orthogonal condition:

((px + 6o)vo, pe)e =0forl =1,...,Mwhen S =0, (1.18)
problem (1.10) with T = oo admits unique solutions 8, u, and @ with
6 € W)((0,00), W} (R)), u € Ly((0,00), WA(2)N) N W, ((0,00), Lg(R)"), @ € W)((0, 00), W, (R)).
Moreover, there exists a positive constant y, such that (6, u, ®) satisfies the estimate:

le¥* (956, 9)||Lp((0,r),W;(Q)) + [le”*dsullL, oo + ||ey5“||Lp((o,r),W§(Q))
+ ||e75(85a),a))||Lp((0’r)’W(}(Q)) <Cye
forany t > 0and y € (0, yo) with some positive number C,, independent of € and t.

Remark 1.4
Using the argumentation due to Strohmer [27], we see that the map x = X, (£, t) is bijective from Q onto Q; = {x = Xy(§,t) | £ € Q}
with suitable regularity. Therefore, from Theorem 1.3, we have the global well-posedness for problem (1.1).

2. Some decay properties of solutions to the linearized problem

Let 2 be a bounded domain and let both of its boundaries Sand T" be W,Z_V’ hyper-surfaces with N < r < oo, and let g be an exponent
such that 1 < g < oo and max(g, g’) < r.In this section, we show some exponential stability of solutions to the following problem:

0¢0 + psdivu = f in 2 x(0,7),
0 0:u —DivS(u) + P'(p«)VO — BDivt =g inQ x(0,7),
0t +yr—4éD(u) =H in 2 x(0,7), @21
u=0 on Sx(0,7), ’
(S(u) — P'(px)01 + Br)n =k on T x (0,7),

(9,“, ‘L')lr:o = (90, Up, ‘[o) in Q.
For this purpose, first, we analyze the corresponding generalized resolvent problem:

A6 + pedivu =f  inQ,

pxAu —DivS(u) + P'(p«)VO — BDivt =g inQ,
At+yr—6D(u) =H inQ, (2.2)

u=0 on§S,

(S(u)— P (px)01 + Br)n =k onT.

To quote some results due to Maryani [15], we introduce the R-boundedness of operator families and the Weis operator valued Fourier
multiplier theorem.

Definition 2.1
A family of operators 7 C L(X,Y) is called R-bounded on L(X,Y), if there exist constants C > 0 and p € [1,00) such that for any
ne NAT}L, C T, {fi}j=, C X and sequences {r;}/_, of independent, symmetric, {—1, 1}-valued random variables on [0, 1], we have
the inequality:

1/p 1/p

1 n 1N
[ I nWxlfduy  =<C f 1D (sl du

oD (R

The smallest such Cis called R-bounded of T, which is denoted by R . (x,v)(T).
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Let D(R,X) and S(R, X) be the set of all X-valued C°° functions having compact support and the Schwartz space of rapidly
decreasing X-valued functions, respectively, while S’(R,X) = L(S(R,C),X). Given M € Lq10c(R\{0},X), we define the operator
Tw:F '"DR,X) — S'(R,Y) by

Tug = F ' [MF[gll.  (Flg] € DR, X)). (2.3)

The following theorem is obtained by Weis [28].

Theorem 2.2
Let X and Y be two UMD Banach spaces® and 1 < p < oo. Let M be a function in C'(R\{0}, £(X, Y)) such that

4
Reom (%(j) M@ | T € R\(O)

)§K<oo “€=0,1)

with some constant «. Then, the operator Ty defined in (2.3) is extended to a bounded linear operator from L,(R, X) into L,(R, Y).
Moreover, denoting this extension by Ty, we have

1Tl ey ®0.L YY) = Ci

for some positive constant C depending on p, X, and Y.

Remark 2.3
For the definition of UMD space, we refer to a book because of Amann [29]. For 1 < g < oo, Lebesgue space L,(£2) and Sobolev space
Wg'(§2) are both UMD spaces.

The resolvent parameter A in problem (2.2) varies in ¢y, with X¢ 3, = {A € C | |argA| < 7w — €, |A] = Ao} (¢ € (0,77/2),A0 > 0).
To quote some unique existence theorem for problem (2.1), we introduce the space Wq_1 (R2). Let ¢ be the extension map ¢ : Ly 0c(2) —
L1 10c(RN) having the following properties :

1. Forany1 < g < coandf € W;(Q),tf € W;(]R{"),Lf = fin Q and ||Lf||W(i7(Rn) < C||f||W{7(Q) fori = 0,1 with some constant C
dependingon g, r, and Q.
2. Forany1 <g<ocandf e W; (), ||L(Vf)||H;1(RN) < C||f||.4(s2) with some constant C depending on g, r, and 2.

Then, W' () is defined by
Wq_1(Q) ={f € L1)10c(R) | ||f||wq—1(§2) = ||lf||Hq—1(RN) < 0o}
According to Maryani [15], we have

Theorem 2.4
Let1 < g < 00,0 <€ <m/2,andN < r < co. Assume that r > max(q, q’). Let  be a bounded domain in RY, whose boundaries S and
I" are both W,Z_V’ compact hyper-surfaces. Let

e, =14 € C\{0} | |argA| < 7 — ¢, [A] = Ao}

Xq(S2) = {(f,g, H k) | (f.g.H) € WJIO(Q)Ik € W;(Q)N}r
Xq(Q) = {(F'IIFZI F3,F4, FS) |

Fi € W(R),F2 € Lo(Q)",F3 € Lo()",F4 € Lo(2)"Fs € W;(Q)NZ}.

Then, there exists a 1o > 1 and an operator family R(1) € Hol(Z¢ »,, L(XG(2), W;'Z(Q))) such that for any (f,g,H,k) € X;(R2) and
A€ Zeay (pu,v) =R, 9, A1/2k, Vk, H) is a unique solution to problem (2.2).
Moreover, there exists a constant C such that

RL(XQ(Q)IW;D(Q))({(Taf)[(AR(A)) [A€Zeney) =C (£=0,1),
RE(Xq(Q)VW;D(Q))({(Taf)e(yR()‘)) |[A€Zca,})<C (£=0,1),
Rc(xq(Q),Lq(Q)NZ)({(Taf)e(ﬂ/zVPvR()t)) |A€Xea)<C (£=0,1),
Rty (TN (VPPR(A)) [ 2 € Bepo}) <C (E=0,1),

with A = y + it. Here, P, is the projection operator defined by P,(p, u, 7) = u.

|
* A Banach space X i called a UMD space if the Hilbert transform of X is bounded on Lp(BR, X) for somep € (1, 00).

|
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Remark 2.5

1. The Fy,F,, F3, F4, and Fs are variables corresponding to f, g, A2k, Vk, and H, respectively.
2. Theorem 2.4 was proved in [15], where the same problem was treated even in the unbounded domain case.

As was shown in [15], applying Theorem 2.4 with the help of Theorem 2.2, we have

Theorem 2.6

let1 < p,g < oo, N < r < oo, and T > 0. Assume that max(q,q’) < r.Let Q be a bounded domain in R", whose boundaries
Sand I" are both W,Z_V’ compact hyper-surfaces. Then, there exists a positive number 1o such that for any initial data (6, uo, 70) €
W3(Q) x Béf;_vm(ﬂ)’\’ x W} (2)N*N and right-hand sides f, g, H, and k with

(f.9,H) € L,((0,T), Wy°(2)), k € Lp((0,T), W (2)") N W;((0,T), W ()") (2.5)
satisfying the compatibility condition:
(S(ug) — P/ (px)0l + Bro)n = K|t—p on T, ug = 0 onS. (2.6)
Problem (2.1) admits unique solutions 6, u, and t with
0 € W)((0,T), Wy (), u € L,((0,T), W2()") N W ((0,T), Le()"), T € W)((0,T), Wj()"N)
possessing the estimate
101lw; 00wl + I13sull, oL@ + 1l nm2)y + 1Tlwoowi )
= Gre™ {lfolwy ey + 1¥oll 20170 ) + ITollugesay
HIERR L, 0o win T 19100 + ||3sk||LP((o,t),w;1(§z))}

forany t € (0, T) with some constant C independent of t.
To prove the global well-posedness of problem (1.10), we need some decay properties of solutions to (2.1), which is stated as follows:

Theorem 2.7

Let1 <p,g <oo,N <r <ooandT > 0.Assume that max(y, q’) <r.Let{, be the number defined in Theorem 1.1. Let Q be a bounded
domain in R, whose boundaries S and I are both W,["_1 " compact hyper-surfaces. Then, for any initial data (8, u, 70) € W;(Q) X
ng_w’) ()N x Wy ()N and right-hand sides f, g, H, and k satisfying (2.5), the compatibility condition (2.6), and the symmetric
condition: 7o(x) € Sym(R") for almost all x € Q, problem (2.1) admits unique solutions 8, u, and t with

6 € W)((0,T), W3(R)), u e L,((0,T), W) N W,((0,T), Lg(R)"), T € W)((0,T), Wy(2)"N)
possessing the estimate :

€™ 0l ooy + €T 0sull,0nLon + €7 Ul 0omz) + €7 Tlwi0omi«)

ms
< C{HGOHW‘}(Q) + ol g2o-17m ) + lITollwg sy + 1€7(F. 9 Wl o wio 2

M ¢ :
+1e™ Kl onmien + 1€ 3K, (0oms @) +dO) Y (/O " (u(,s), Pe)Ql)pdS) }
o=

forany t € (0, T) with some positive constants C and 7. Here, d(S) is the number such that d(S) = 1 when S = @ and d(S) = 0 when
S#0.

Remark 2.8
The symmetric condition: 75(x) € Sym(RN) for almost all x € Q implies that 7 (x, t) € Sym(RN) for almost all (x,t) € Q x (0, T).

To prove Theorem 2.7, first, we consider problem (2.1) with f = 0,g = 0,H = 0, and k = 0. And then, the corresponding resolvent
equation is as follows:

AB + psdivu =f  inQ,

pxAu—DivS(u) + P'(px)VO — BDivt =g inQ,
At+yr—6D(u) =H inQ, (2.8)

u=20 on S,

(S(u) —P'(p+)01+Bt)n =0 onT,

where 6, up, and 1o have been renamed f, g, and H, respectively. We consider problem (2.8) on the underlying space #4(£2), which is
the setof all (f,g,H) € W;'O(SZ) such that g satisfies the orthogonal condition:

L ______________________________________________________________________________________________________|
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when S = . Note that any solution (6, u, t) of problem (2.8) satisfies the orthogonal condition:
(wpe)o=0 (L=1,....M (2.10)

when S = 4. In fact, by the divergence theorem of Gauf3, we have
pei(upo)2 = @.PO2 + (kP)r — £ (DW),D(P)e

—((v—=p)divu —P'(ps)0,divpe)a — g(f, D(pe))e-
Because it holds that
D(p¢) =0, divp,=0 (£ =1,...,M), (2.11)

(2.9) implies (2.10).
Let Wg(Q)N be the setof allu € Wg ()", which satisfies (2.10). And also, we introduce an operator .4 and a space D,(A) by

A(0,u,7) = (—padivu, p3 " (DivS(u) — P (px) V6 + BDiv 1), —yT + 5D(W)) for(6,u,7) € Dy(A),
Dg(A) = {(0,u,7) € Ho(R2) |u € Wé(Q)N, uls =0, (S(u) — P'(p+)01 + Br)n|r = 0}.

By using A, problem (2.1) with f = 0,9 = 0,H = 0, and k = 0 is written in the form:
0¢:(0,u,7) — A(0,u,7) = (0,0,0) fort >0, (6,u,7)|t=0 = (6o, Ug, T0)- (2.12)

Because R boundedness implies the usual boundedness by choosing n = 1 in Definition 2.1, for any ¢ € (0, /2), there exists a
constant A; > Osuchthatforany A € X¢ 3, and (f, g, H) € H,(S2), problem (2.8) admits a unique solution (6, u, t) € Dy(2) possessing
the estimate:

[A111(6, u, T)”W;'O(Q) + ”u”Wg(Q) <Cl(f,a H)”W;'O(Q) (2.13)

forany A € X . Here, we used the fact that (2.9) implies (2.10).
By (2.13), we know that there exists a continuous semigroup {T(t)};>0 on H,(£2) associated with problem (2.12) that is analytic. To
prove the exponential stability of {T(t)}:>o, it is sufficient to prove

Theorem 2.9

Let1 < g < oo,N <r < oo,and A; > 0. Assume that max(q,q’) < r.Let £, be the number given in Theorem 1.1 and let A, be the
number given above. Let 2 be a bounded domain in RY, whose boundaries Sand I are both W; b=1/r compact hyper-surfaces. Assume
that

N—-2
u>0,v> W (2.14)

Then, forany A € C withReA > 0and |A| < A and (f,g,H) € H4(2), problem (2.2) with k = 0 admits a unique solution (6,u,7) €
Dq4(A) possessing the estimate:

(6, u,7) ”W(}'Z(Q) =Cl(f.g, H)”W;ro(gy (2.15)

We postpone the proof of Theorem 2.9 to Section 3. By Theorem 2.9, we have

Corollary 2.10

Let1 < g <oo,N <r < ooandA; > 0.Assume that max(g, q’) < r.Let £, be the number given in Theorem 1.1. Let Q be a bounded
domain in RY, whose boundaries S and T" are both W,e"_w compact hyper-surfaces. Assume the condition (2.14) holds. Then, the
semigroup {T(t)};>o is exponentially stable on H,(£2), that is,

” T(t) (fl g H) ” W;'O(Q) =< Ce_771 t ” (f, g, H) ” W;'O(Q) (2.1 6)

forany (f,g,H) € H4(2) and t > 0 with some positive constants C and 7.

Now, we are in position to prove Theorem 2.7. To reduce the problem to the semigroup setting, first, we consider the time shifted
equations:

9:0 + Ao0 + psdivu =f inQ x(0,T),
0% (0:u + Aou) — DivS(u) + P'(p«)VO — BDivt =g in 2 x(0,7),
0t + YT+ Aot —6D(u) =H in Q2 x(0,7), 2.17)
u=20 onSx(0,T), ’
(S(u—P(p)01+ Br)-n =k on Iy x (0,7),

(0,u,7)|t=0 = (fo,u0,70) i,

. ______________________________________________________________________________________________________|
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with large 4o > 0. For example, in the case (6o, uo, 7o) = (0,0,0), by using the R-bounded solution operators R(1) given in
Theorem 2.4), the solutions of (2.17) is written by the Laplace inverse transform of R(A + 40)(F(1), §(1), H(X)), where (1), d(}), and
I:I(A) denote the Laplace transform of f, g, and H with respect to time variable t. Thus, using Theorem 2.4 with the help of Theorem 2.2
and employing the same argumentation as in Section 4 of Shibata [30], we have

Theorem 2.11

Let1 < p,g < oo,N < r < oo,max(q,q’) < r,and T > 0. Let Q be a bounded domain in R", whose boundaries S and T are both
W2~/ compact hyper-surfaces. Then, for any initial data (6o, Uo, 7o) € W3 () x Bél(,;_]/p) ()N x Wy (2)"*N and right-hand sides f, g, H,
and k satisfying (2.5) and (2.6), problem (2.17) admits a unique solution (6, u, ) with

6 € W)((0,T), Wy (), u € L,((0,T), W2()") N W ((0,T), Lg()"), T € Wj((0, T), Wy ()"N).
Moreover, there exists a positive constant 1, such that 6, u, and 7 possess the estimate:
€™l wy ommwicsy T €7 dsull,onio) + 1€7ull, o n w2y + 1€ Tlwionwi <)
= C{100lwycy + Muoll gz g + ol (2.18)
+lle™ 9 Wl on oy + 1€k, onwi@) + ||emask||Lp((o,r),w;1(9))}

for any n € (0, 2] with some positive constant C depending on 7, but independent of T.

Under the aforementioned preparations, we finish proving Theorem 2.7. We look for a solution (6, u, t) of the form 6 = k + w,u =
v+ wandt = vy + ¢ where (k,v, ¥) and (w, w, ¢) are solutions to the following problems:

Otk + Aok + psdivy = f in 2 x(0,7),
0% (0:v + Aov) — DivS(v) + V(P (p«)x) — BDivy =g in Q x(0,T)
oY + Ao + y¥ —8D(v) =H in Q2 x(0,7), 2.19)
v=0 inSx (0,T), ’
(S(v) — P'(ps )kl + BY) -n =k inT x (0,7),
(<, v, ¥)|t=0 = (6o, U0, 70) in L,
0w + psxdivw = Aok in 2 x(0,7),
05 0;W — DivS(W) + V(P'(p«)w) — BDivep = pxlov  in Q x (0,7),
9@ + yp —D(W) = Aoy in 2 x(0,7), (2.20)
w =0 inSx(0,T), ’
(S(w) — P'(px)wl + Bo)n =0 inT x (0,T),
(0, W, 9)li=0 =(0,0,0) ing,
respectively. By Theorem 2.11, we know the existence of «, v, and i that solve (2.19) and possess the estimate:
le™klw omwi ey T €70Vl omien + 1€V, onmwzy T 1€V lwionwicn
= {I6llug) + ol 2o ) + Iollwy ey (2.21)

e EH R, on w2 + €7l o ) + ”enSaSk”Lp((o,T),wq_1(]RN))}'
For the sake of simplicity, we set
Jog = ||90||w;(g) + ||Uo||BgS71/p)(Q) + ||TO||W;(Q)
+ e EH I onwin T 1€7gll,on @) + 1€kl (onw; e

where n = min(n1,12)/2, and n; and 7, are the positive numbers appearing in Corollary 2.10 and Theorem 2.11, respectively. Let
{T(t)}+=0 be the semigroup associated with (2.12) and let z(x, s) = v(x,s) — d(S) Z'g’=1 (v(-,5), pe)ape. Defining @, w, and ¢ by

t
(@, 1), W(, 1), @(, 1) = lo/ T(t—5)(k(+5), px2(,5), ¥ (-, 5))ds (2.22)
0
by the Duhamel principle, we see that @, w, and ¢ satisfy the equations
0t@ + pxdivw = Aok in 2 x(0,7),
p0tW — DIV S(W) + V(P (px)@) — BDIVG = pido(v —d(S) Ly, (v(,5),pe)aPe)  in 2 x (0,T),
0:¢ + y@ — 6D(W) = Aoy in Q2 x(0,7), (2.23)
w =0 inSx(0,T), ’
(S(W) — P'(p+)dl + Bg)-n =0 inT x (0,T),
(C‘N)/ WI ¢)|f=0 = (Or 0/ 0) in Q.

. ______________________________________________________________________________________________________|
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Because (z(-,s),p¢) = O0forany{ =1,...,Mands € (0,T) when S = @, by Corollary 2.10, we have

” (d)(r t), ﬁ’(! t)r (ﬁ(l t)) ” W;,O(Q) =< C/(; e M (t=s) ” (K(', S), Z(', S), 1//(1 S)) ” W;VO(Q) as.

Thus, by Holder’s inequality and the change of the integral order, we have

)
[ @I 00,5 Dl
p

T t
< C/ (/ e—n(r—s)ensll(lc(.,s),z(.,s),1//(.,5))||W;,O(Q) ds) dt
o \Jo
e t p/p
- C/ / e_”(r—s)(e”5||(lf(-,S):Z(-,s),W(-,s))||W;,0(Q))P ds (/ ) ds) dt
0 0 A
T T
= Cr)_P/p// (e'lSH(K(-, s)lz(., 5)' w(, S))”W;'O(Q))p dS/ e—n(t—s) dt
0 s

;
= 7 [ 066,926, VDl
which, combined with (2.21), furnishes that
||e775 (d)r w, ‘Z)) ”Lp((O,T),W;‘o(Q) = CJp,q- (2.24)

Because @, ¢, and w satisfy the shifted equations

B¢ + Ao@ + pxdivW = Ao(& + k) in Q x(0,T),

px (Wy + AoW) — DivS(W) + V(P (px)®) — BDiv @

= pido(W + v —d(S) X4, (V(,5), Pe)2Pe) in Q x (0,7),

3:G + Ao@ + y§ — SD(W) = Ao(@ + V) in Q2 x (0,7), (2.25)
w=20 inSx (0,T),

(S(W) — P/ (ps)dl 4+ B@) -n =0 inT x (0,7),

(@, W, %)le=0 = (0,0,0) in Q,

by Theorem 2.11, (2.21), and (2.24), we have

le™@lwson w2y + 1€70sWlli,0n o) + €™ Wy, 0n w22 (2.26)

+ 1€ lws 0wl = Dpa-

When S # @, settingw = @, ¢ = ¢, and w = W, we have Theorem 2.7.
Finally, we consider the case S = 0. Let

Mt
0=, 0= W=W+opud®) Y [ 5 pIadsPe.
=170

Because (2.11)holds and py is the first-order polynomial, we have divu = divv + divw, S(u) = S(v) 4+ S(w), D(u) = D(v) + D(w), and
V2u = V?(v 4+ W). Thus, by (2.22) and (2.25), we see that 8, u, and 7 satisfy Equation 2.1. Moreover, by (2.21) and (2.26), we have

€™l omwicy + 1€70sull,(on.e) + €7D L, 0.2

nsv72 ns (2.27)
+ €™ Vaull,on @) + 1€ lwionwi) = Dpa-
Using the first Korn inequality, we have
M
luC: )llwp ) = CUDWE )l ) + > 9 poell
=1
which, combined with (2.27), furnishes that
M t 1/p
”ensu('l S)”Lp((o,t),W‘}(Q)) =C ;”emD(u('l s))”Lp ((0, t)qu(Q) + Z (/ (e"5|(u('r 5), pC)Q |)pd5) }
e=1 0 (2.28)

<C

M t 1/p
Yog+ ) ( / ™|(u(s), Pz)szl)pds) }
=1 WO
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Thus, combining (2.27) and (2.28), we have
™ 0wy o nwicen + €™ dsull,on Lo + €™l onma@y

M t 1/p
ot Y ( / (e”‘|(u(-,s),pe)g|>pds) }
=1 /0

+ ezl onmwin =€

This completes the proof of Theorem 2.7.

3. A proof of Theorem 2.9
In this section, we prove Theorem 2.9. For this purpose, first, we consider problem (2.2) with A = 0, that is

pxdivu = f in ,

—DivS(u) + P'(p«)VO — BDivt =g inQ,
yt—4éD(u) =H ing, (3.1

u=0 onS§,

(S(u) —P'(px)01 + Bt)n =k onT.

We start with

Lemma 3.1

Let1 < g < oo,N <r < oo,and A; > 0.Assume that max(q,q’) < r.Let £, be the number defined in Theorem 1.1. Let Q be a bounded
domain in RY, whose boundaries S and I are both W,e"_v’ compact hyper-surfaces. Then, for any (f,g,H) € W;'O(Q) andk € W; Q)N
satisfying the condition:

(@pe+kp)r=0 (=1,....M 3.2)
when S = @, problem (3.1) admits unique solutions 6 € W]] (R)andu e Wg(Q) possessing the estimate:
16,0, Dl = CUIE 8 Wy ) + Ikl s): 33)

Remark 3.2
Recall that W2(2)" is the set of all u € WZ(2)", which satisfies (2.10).

Proof
Setting = y ' (§D(u) + H) in (3.1) and inserting the relation divu = p; 'f in the second equation and boundary condition, we have

pxdivu = f in Q,
—Div(uW'D(u) — P’ (p«)0l) =g in <, (3.4)
(WD) — P (px)60hn =k’  onT.
withy' = u+y~ 88,9 = g+Div((v—p)p; ' fl+y ' BH) and k' = k—((v— ) p5 'fl4+y~ BH)n. In the sequel, we use the estimate:
Iy @) = Clihllwi@) G=01), (3.5)
which was proved for example in Maryani [15]. By (3.5),
19'lg@ + 1K gy < CUIE 8 H) oy
Moreover, by (3.2) and the divergence theorem of Gaul3, we have
@ p)o+®,por=0 (=1,...,M). (3.6)
To quote a result due to Shibata [31], we introduce the space W;/,r (R2) defined by
W) 1(Q) = {p € W) (Q) | ¢l =0}
Forany ¢ € W;, (R2), it holds that the Poincarés inequality:
Il < ClIVell, ) forany ¢ € Wy (). (3.7)
Then, by (3.7), we have
I(F, p)al = Il el @ = Cllfllye Vel @)

. ______________________________________________________________________________________________________|
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which implies that f € Wj]” (2) in terms of the terminology defined in Shibata [31]°. By the Hahn-Banach theorem, there exists an
F € L,(2)" such that f = divF and IFll, 2 < Clfll -
Instead of (3.4), first, we consider the equations:

pxdivy =f in Q,
AoV — Div(W'D(V) — P (p)pD) =g’ in €, (3.8)
(WD) — P (px)phn =k’  onT.

According to [31], there exists a large Ao > 0 such that problem (3.8) admits unique solutions v € Wg(Q)N andp € W; (2) possessing
the estimate:

||V||w§(s2) + ||P||WJ,(Q) = C(||f||w;(§2) + ||9/||Lq($2) + ||k/||w;(gz))-
Moreover, by the divergence theorem of Gaul3, we have
® .
do(v,pe) = (9. po)e + (K, po)r — — (BW),D(pe))e — P (px)(p. divpe)e.

By (2.11) and (3.6), we have (v,p¢)o = 0(f = 1,...,M),sothatv € Wg(Q)N.
Settingu = v+ wand 6 = p + qin (3.4), we have

pxdivw =0 in Q,
—Div (W'D(w) — P'(ps)gl) = Aov  in , (3.9)
(W'D(w) — P’ (ps)ghn =0 onT.
The problem
pxdivw =0 in Q,
Av — Div (' D(W) — P'(ps)gl) = Agv  in Q, (3.10)

(W'D(w) — P’ (px)ghn =0 onT.

is uniquely solvable according to a result due to Shibata [31], and the inverse operator concerning problem (3.10) is compact, so that
by the Riesz-Schauder theorem, the uniqueness implies the existence in problem (3.9). This fact is called by the homotopic argument
in the sequel. Thus, we examine the uniqueness of problem (3.9). Letw € Wg (R)andgq € W; (R2) satisfy the homogeneous equation:

pxdivw =0 inQ,
—Div(W'D(W) — P'(ps)ql) =0  in €, (3.11)
(W'D(w) —P'(ps)ghn =0 onT.

First, we consider the case where 2 < g < co. Then, w € Wf (Q) and q € W] (), so that multiplying the second equation of (3.11) by
w, integrating the resultant formulas on 2, and using the divergence theorem of Gaul3, we have

w
?”D(W)Hfz(sz) =0

because divw = 0. Thus, D(w) = 0, namely, w € R4. On the other hand, w satisfies (2.10), so that w = 0. Moreover, by the boundary
condition, we have ¢ = 0 too. Thus, we have the uniqueness, so that the Riesz-Schauder theorem implies the unique existence of
solutions to problem (3.9). When 1 < g < 2, the uniqueness follows from the existence of the dual problem with exponent g’ > 2.Then,
we also have the uniqueness when 1 < g < 2, and therefore the Riesz-Schauder theorem implies the unique existence of solutions
to problem (3.9) when 1 < g < 2. Summing up, we have proved the unique existence of solutions 6 € W(} (Q),u € Wg(Q)"’, and
T€E W; ()N for problem (3.1). The estimate (3.3) follows from the Banach closed graph theorem, which completes the proof. O

In the sequel, we prove Theorem 2.9. In view of Lemma 3.1 by the small perturbation argument, there exists a small Ao > 0 such that
problem (2.2) can be solved with A € C and |A] < Aq. Namely, Theorem 2.9 holds for A € C with |[A| < A¢. Thus, in the sequel, we
consider the case whereRe A > 0and Ay < |A| < A;.Inthis case, setting = A~ (f — p«divu) and r = (A +y) 7 (6D(u) + H) in (2.2),
we have a generalized Lamé system:

pxAU—DivS;(u)=¢g'inQ, u=00nS, S;(un=k onT, (3.12)
where we have set
Sa(u) = (1 + B+ ) '5DMW) + (v — ) + P (p+)px A~ )divu,
g’ =g— (P (p)A"'Vf = B(A +y) 'DivH),
K =k+ (P (ps)A 'fl—B(A + y) "H)n.

_______________________________________________________________________________________________________________________________________________|
S The space W;'1 (S2) was defined in [31], but we just quote a result because of Shibata [31], so that we do not state its definition.

_______________________________________________________________________________________________________________________________________________|
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Because Ag < |A| < A4, by (3.5)
19 llgc) + 1K llwp () = Caos (I1(F, 8 W) 10y + Kz 2))-
To solve (3.12), first, for fixed A, we consider the equations:
pxku—DivS;(u)=¢'inQ2, u=00nS S;(un=konT, (3.13)

with new resolvent parameter « € R. Note thatif (g, k) satisfies (3.2), then (g’, k') also satisfies (3.2). Employing the same argumentation
as in Shibata and Tanaka [32] or Enomoto, von Below and Shibata [24], we see that there exists a large ko > 0 depending on A such
that for any k > K and (g’,K’) € Lg(Q)V x W(; (Q)N satisfying (3.2), problem (3.13) admits a unique solution u € Wg(Q)N. Because
the solution operator of problem (3.13) with k = ko is compact, by the Riesz-Schauder theory, we see that the uniqueness implies the
existence in problem (3.12). Thus, we examine the uniqueness. Let u € Wg(Q)N be a solution of the homogeneous equation:

pxAU—DivS;(u) =0inQ, u=0o0nS S;(un=00onT, (3.14)

First, we consider the case 2 < g < co.In this case,u € W% ()N. Thus, multiplying the first Equation 3.14 by u and using the divergence
theorem of Gauf3, we have

1 _ _ .
0= P*A”u”i(m + E(M +B(A+y) 18)||D(u)||f2(9) + (v =) + P (px) s 1)||C"V“||fz(sz)~ (3.15)
WhenRe A > 0,Re pxA~" > 0andRe B(A + y)™'8 > 0, so that taking the real part of (3.15), we have
U .
0= p*ReA||u||fz(Q) + EHD(U)lﬁz(Q) + - ;L)||d|vu||f2(9). (3.16)

Because ||divull} ) = (N/#)|D(W)], ) by (3.16), we have

N-—2 .
0= (v= "2 lavul g,

provided that Re A > 0. Because we assume that v — %M > 0, we have divu = 0, so that by (3.16) and the assumption that i > 0,
we have D(u) = 0, provided that Re A > 0. When S # @, we have u|s = 0, so that the first Korn inequality || Vu||.,() < C|ID(W)|l, )
does hold. Therefore, Vu = 0, which implies that u is constant. But, u|s = 0, so that finally we arrive at u = 0. On the other hand,
when S = 0, u satisfies (2.10), so that u = 0 too. Therefore, we have the uniqueness, which implies the unique existence of solutions
to problem (3.12) for each A with A < |A| < A; when 2 < g < co. When 1 < g < 2, the uniqueness follows from the existence for
the dual problem, so that in this case, we also have the unique existence of solutions. If we know the unique existence of solutions to
(3.12) for one 1,, by the small perturbation argument, there exists a small number § depending on A, such that the unique existence
of solutions to (3.12) holds for A € C with |A — ;| < §.Because theset{A € C | ReA > 0, Ao < |A| < Ay} is compact, we have
the unique existence theorem holds forany {A € C | ReA > 0, A9 < |A| < A} with uniform constant C in the estimate (3.3). This
completes the proof of Theorem 2.9.

4. A proof of Theorem 1.3

To prove Theorem 1.3, we start with

Lemma 4.1
Let 1 < p,g < oo, let T be any positive number, and let 2 be a bounded domain in R", whose boundary T is a W,Z_m compact
hyper-surface with N < r < oo. Then, the following two assertions hold:

1. We have

_ < . _
ré%’,or) lu® 20170 () = CUIUC Ol 2017 () + Wu(T)}

forany u € L,((0,T), Wg Q)N W:, ((0,T), L4(£2)) with some constant C independent of T. Here, we have set

1,(T) = ||3tU||Lp((o,T),Lq(Q)) + ||U||Lp((o,r),wq2(§z))~

2. Assume that max(q,q’) < r.Then, we have

IVullwz1 (@) = Cllullg) forany u € Lo(2),
luvliwz1 () < Cllullwz @) IVIiwy )y  forany u e W, (Q),v e Wy(Q), (4.1)
vl (@) = Cllull @ IvIlg @) forany u,v € L4(2).

Copyright © 2015 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2016, 39 2202-2219
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Proof
Lemma has been proved in [15] (cf. also in [31]), so that we may omit the proof. O

From now on, we prove Theorem 1.3. Let € be a small positive number, and we assume that initial data (6g, Vo, 70) € Dqp(2) satisfy
the conditions:

2 < + 6y < 4
3)0* Px 0 3)0*, (4'2)
||90||W;(Q) + ||Uo||35$71/p)(9) + ||To||W;(Q) =€

and the orthogonal condition (1.18). Because we choose an € small enough eventually, we may assume that 0 < € < 1. Thus, by
Theorem 1.1, there exists a Ty > 0 such that problem (1.10) admits a unique solution with T = Tj. Let T be a positive number, and we
assume that problem (1.10) admits a solution (8, u, ) with

6 € W)((0,T), W)(R)), u € L,((0,T), W2()") N W)((0,00), Le()"), @ € W((0,T), Wy ()™

satisfying the condition:

1

5 t
P < px +0(x,t) < —ps forany (x,t) € 2 x (0,T), sup ||/ Vu(., s) ds||i @) < 0, (4.3)
3 3 o<t<T Jo

where ¢ is the positive number appearing in (1.7). We may assume that0 < o < Tand T > T. Let

I(t) = ||en59||wg((o,t),w;(sz)) + ||emas“||L,J((o,r),Lq(Q)) + ||ensu||Lp((o,t),Wg(Q)) + ||emw||w;((o,r),w;(sz))
with some positive constant 1 for which Theorem 2.7 holds. Our main task is to prove
I(t) < Mi(e +1(0)?) (4.4)
with some constant M, independent of € and T. To prove (4.4), we start with

16C Dllwi ) = CGollwy 2y + 1D,
luC.Dllgo-1p ) = ClUoll20-17m () + (D)), 4.5)
loC Ollw ) = CllTollwy () + 1B)-

In fact, writing 6(x,t) = 6y + forBs@(-, s)ds and w(x,t) = 6y + forasa)(-, s)ds, we have the first and third inequality in (4.5). The second
inequality in (4.5) follows from Lemma 4.1 (1). Hereinafter, the letter C stands for generic constants independent of T and e. Its value
may differ even in a single chain of inequalities. By Holder’s inequality, we have

t t 1/p t 1/p
/o uC9)llwzeyds = € (/(; e’ ”Sds) (/o (e”5||u(~,s)||wg(g))pds) < CI(t). (4.6)

To estimate the products, we use the Sobolev embedding theorem:

m m
ITT o < CTTIAlw@y Il < Clfluye 4.7)
j=1 j=1

because N < g < co.Because 2 < p < oo, we have 352—1/;7)(9) C W]] (), that is,
Ifllwi) = C”f”Bﬁ,ﬂﬂ/”’(Q)‘ (4.8)

Recall the definition of nonlinear terms f(6,u, w),g(0,u, ), h(6,u, w), and L(0, u, ). Using (3.5), (4.3), (4.5), (4.6), (4.7), and (4.8) and
noting that Vg, (0) = 0, Vp(0) = 0, Vpiy (0), and Vo (0) = 0, we have

lle”*(f(60,u, ), h(8,u,®), L0, u, ) |, (00wl T 16790, 0)lli, 00 L2 = Cle +1(D?). (4.9)
By (3.5), (4.1), (4.3), (4.5),(4.6), (4.7), and (4.8) and noting that Vg, (0) = 0, Vp(0) = 0, Vp;, (0), and V,(0) = 0, we also have
lle¥*ash(0, u, w)]”Lp((o,r),w;’(RN)) < C(e + 1(t)?). (4.10)

To obtain (4.9) and (4.10), we used the fact that (e + 1(t)I(t) < (1/2)e? + (3/2)I(t)? < 2(e + I(t)?), because of 0 < € < 1.
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Applying Theorem 2.7 to problem (1.10) and using (4.9) and (4.10), we have
M t 1/p
I(t) < Cle +1(0% +d(5) ( / (e”|(u(-,s),pe)g|)"ds) 3 @.11)
=1 0

Now, we consider the case where S = @, namely, d(S) = 1. According to the argumentation due to G. Stréhmer [27], the Lagrange
transform x = Xy(§,t) = & + fotu(é,s) ds is a bijection from Q onto Q; = {x = Xy(§,t) | £ € Q}andfromT onto It = {x =
Xu(&, 1) | £ € S}, so that denoting the inverse map by Y(x, t), by (1.9), we see that p(x,t) = p« + 0(Y(x,1),t),v(x,t) = u(Y(x,1),t),
and 7(x,t) = w(Y(x,1),t) satisfy Equation 1.1. Because we assume that 7o € Sym(R"), we know that € Sym(R"), too. Let J be the
determinant of the Jacobi matrix of the transformation: x = Xy (£, t), and then noting that p(§ + fotu(g,s), t) = p« + 0(£,1) and

V(£ + fyu(€,5), 1) = u(£, 1), we have
d
dt /sz,(p (- OV(, 1), pe)dx
d t
dt [/Q("* +OE U ) Pl + /O u(E, $)ds)J(E, 1) ds]
= /Q 0t [(ox + O, U, D] -pe(§ + /(; u(g, s)ds)J(g, t) dE
+/ (o« + 0 D)u(,t) - Br[Pe(E +/ u(é,s)ds)]}(g, t) dt
& 0

4 [ (a4 060G pele + [ u(e 10,0 .
Q 0
Because 9.J(&,t) = (divv(x, t))J(,t), by (1.1), we have
d((px + 0, DU D)E D) + (o« + 0 DU DI (E, 1)
= (3:(pv) + v - V(pv) + pvdivv)J(§, 1)
= [p(3ev + v - VV) + (3rp + div (pv))V]J(§, 1)

= (DivT(v, p) + BDiv1)J(§, 1).

Moreover, representing pg(x) = (Z}L ajiXj, . . .,Z;V=1 aNij) + b with g; + g;; = 0. we have

t N N
u(E, 0 - (e (€ + [0 W(Ed) = 3 auE OuED = 3 (@ + @, ) =0

ij=1 ij=1

Summing up these two facts and using the symmetry of t and (2.11), we have

& || ove0,pod = @ T p) + oive,poie,
Q

= L), Do), ~ (v~ WAy, divpog, + (P(p) divpoe, — b (DB, =0.
Thus,
/Q (pe + 05 D)u(E, OPe(E + /O u(E, )dS)JE DAE = ((pr + BoNVor ez =0 (E=1,...,M) 4.12)

forany t € (0, T). Because J(§,t) = det(l + Vo(fotVu(S, s)ds)) and Vo (0) = 0, we may write J(£, t) in the form:
t
JEH =1+ vo(/ Vu(§,s) ds)
0
where vy = vo(K) is a C®° function with respect to K defined on |K| < ¢ with v,(0) = 0. Moreover, we write

pe(é + /0 u(E, ) ds) = pe(&) + Ag /0 u(é, ) ds

. ________________________________________________________________________________________________________|
Copyright © 2015 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2016, 39 2202-2219



S. MARYANI

with some constant matrix A;. And then, by (4.12), we have

(U0, pO2 = —p3! (p* (u(-, ), Peve ( / Vu(s,s)ds))
0 «Q

(4.13)

+p*(u(-,f),Az/0 u(,s)dsJ( t)) @ +/Q9($,t)u(élt)m(5+/o U(E,S)dS)J(S,t)dS)-

Thus, using (4.3) and (4.13), we have

l(uC, ), pe)el = ClIbollwy ) + 1O)UC Ol ),

which furnishes that

=1

Combining (4.11) and (4.15), we have (4.4).

i t 1/p
> ([ @i poars) < cer o

(4.14)

(4.15)

Finally, using (4.4), we show that solutions can be prolonged to any time interval beyond (0, T).Letry (¢) = M) "'+ /(2M;)~2 — ¢
be the two roots of the quadratic equation: My (x? +¢€) —x = 0.1f0 < € < (2M;)™2,then 0 < r_(¢) < r4(¢) and r—(e) = Mye + O(e?)
ase — 0+ 0.Because I(t) — 0ast — 0and I(t) is continuous with respect to t as long as solutions exist, there exists an €g € (0, 1)

such that

(1) < r—(e) < 2Mye

foranyt € (0,T) and € € (0, ¢p). By (4.5),

(4.16)

166, T g + MG Dllga-1m gy + 10 Dl < Mae < Mo @17)

with some constant M, independent of €. By (4.7), |6, T)|l1.(2) < Cll6(. T)||W;(Q) < CMse, so that choosing € so small that CM,e <

(1/3)px, we have

2 4
gp* <px+0(xT)< §,0*.

We consider the nonlinear equations:

3.0 + pxdiva = f(6,a,a)

00 — DivS(@) + P'(px)VO — BDived = g(é, u,®)
3@ + y@ — 5D(@) = L(,a,»)
(5(t) — P'(0+)01 + Bd)n = h(8,u,d)

u=0

(4.18)
inQx (T, T+T)
inQx (T, T+T)
inQx (T, T+T) 4.19)

onI‘1 X (T,T+ T]) !
onSx (T, T+ Ty)

(6,9,0)=r = (OC,T)u¢T,0(T) inQ

which is the corresponding equations to main problem for time interval (T, T + T;). Here, 7‘((5, u,6),§(0,u,),L6,u,d),and 5(9—, u,w)
are nonlinear functions defined by replacing 6, u, ®, and fOrVuds by 0,u, w, and fOTVuds + thVGds in (1.12), respectively. Because
fOT|| Vu(,, 5)||1,ds < Ce as follows from (4.7) and (4.16), employing the same argumentation as in the proof of the local well-posedness
for problem (1.10) because of Maryani [15] or the local well-posedness for the compressible barotropic viscous fluid flow because of
Enomoto, von Below, and Shibata [24], we can choose positive numbers € and T; so small that problem (4.19) admits unique solutions
0,u, and @ with

6 e W) (T, T+T),W(Q), el,((T,T+T)WQQY) NWI((T,T+ T, Le()M),

® € WI((T, T+ Th), Wh(S)),

satisfying the estimates
T+ 1 _ 5
/ Vi, )]l ydt < o/2, Pl <ps+0(xt) < 3P+ ((x,t) e Qx (T, T+ Ty)). (4.20)
.

If we define 6;, w;, and u; by

o(x,t) for0<t<T, (1) = ux,t) for0<t<T,
O(x,t) forT<t<T+Ty, WY T lax ) forT<t<T+T,

wkxt) forO0<t<T,
w1 (X, l’) =9 -

ok t) forT<t<T+T,,
_______________________________________________________________________________________________________________________________________________|
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then 6y, w1, and u; solve (1.10) in (0, T + T7) and

61 € W((O.T +T1), Wy(R), wr € Lp((0,T + T1), WZ(2)") N W3 (0, T + Th), Lo(2)"),
w1 € WI(0,T + Ty), Wl()).

Moreover, by (4.16), (4.7), and (4.20), we have 1 p. < px + 61(x,s) < 2 p« and

T+

t T
sup | f Vur(,5) dsll oo < / VUG5l s + / 1V 5)l|s (s
0<t<T+T; 0 0 T

< Mse +0/2

with some constant M3 independent of €. Choosing € > 0 so small that Mse < /2, we see that 6; and u, satisfy (4.3), replacing T by
T + Ty. Therefore, we can prolong 6,u, and w to (0, T + Ty). It follows from (4.17) that T; is independent of ¢, so that we can prolong
0,u, and w to time interval (0, co) finally with I(co) < ri(e), which completes the proof of the existence part of Theorem 1.1. But, the
uniqueness follows from the local in time unique existence theorem (Theorem 1.1), which completes the proof of Theorem 1.1.
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