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Abstract Recently, we have seen the phenomena in use of partial differential equations (PDEs) especially in fluid dynamic
area. The classical approach of the analysis of PDEs were dominated in early nineteenth century. As we know that for PDEs the
fundamental theoretical question is whether the model problem consists of equation and its associated side condition is well-posed.
There are many ways to investigate that the model problems are well-posed. Because of that reason, in this paper we consider the
‘R-boundedness of the solution operator families for Navier-Lamé equation by taking into account the surface tension in a bounded
domain of N- dimensional Euclidean space (N > 2) as one way to study the well-posedess. We investigate the R- boundedness
in half-space domain case. The R-boundedness implies not only the generation of analytic semigroup but also the maximal L,,-L,
regularity for the initial boundary value problem by using Weis’s operator valued Fourier multiplier theorem for time dependent
problem. it was known that the maximal L,-L, regularity class is the powerful tool to prove the well-posesness of the model
problem. This result can be used for further research for example to analyze the boundedness of the solution operators of the model
problem in bent-half space or general domain case.

Keywords 7R-sectoriality, Navier-Lamé equation, Surface Tension, Half-space

1 Introduction

Let u and €2 be a velocity field and a bounded domain in N-dimensional space RY (N > 2), respectively. The formula of
Navier-Lamé equation in bounded domain with surface tension is written in the following:

Au — aAu — fVdiva =1 in]Rf,
(aD(u) — (f — a)divul)n —o(Afn)n =g on RY, e
An+a -Vnp—u-n=d on RY.
where a’ = (a1,...,ay—1) ER¥"'anda’ - V'n= Z;\;l a;0;n. Assume that
la'| < aop (2)
for some constant ag > 0. Let R_IX and RYY be a half-space and its boundary, respectively. Namely,
RY = {z = (21,...,2n5) € RY | 2y > 0},
RY = {z = (z1,...,z5) €RY |y = 0},
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and n = (0,...,0,—1) be the unit outer normal to R)’. D(u), u = (uy,...,uy), the doubled deformation tensor whose (i, ;)
components are D;;(u) = Oyu; + 0;u; (0; = 0/0z;), I the N x N identity matrix, v, 3 are positive constants (« and (3 are the
first and second viscosity coefficients, respectively) such that 5 — « > 0.

Meanwhile, Ar, is the Laplace-Beltrami operator on Arp,. Let Rf and RYY be a half-space and its boundary, respectively.
Namely,

}Rf ={x=(21,...,2N) eRN | zy > 0},
RY ={z = (z1,...,2n) €RY | 2y =0}
Letn = (0,...,0,—1) be the unit outer normal to R}. We consider the following problem:

Au — aAu — fVdiva =f ian,
(aD(u) — (f— a)divu)n —o(Arp)n =g on RY, 3)
A—n-u=d  onRY,

where « is uniformly continuous function with respect to 2 € R%Y, which satisfy the assumptions:
/2 < a(x) < 2p.. 4)

The aim of this paper is to derive a systematic way proving the existence and the R-boundedness solution operator of the resolvent
problem for the equation system of Navier-Lamé (3) with surface tension in half-space. By using the Weis operator valued Fourier
multiplier theorem [19], the existence of the R-boundedness solution operator of the problem (1) implies not only the generation
of analytic semigroup but also the maximal L,-L, regularity. The Navier-Lamé (NL) equation is the fundamental equation of
motion in classical linear elastodynamics [7]. Sakhr [13] investigated the Navier-Lamé equation by using Buchwald representation
in cylindrical coordinates. The R-sectoriality was introduced by Clément and Prii[5]. In 2009, Cao [2] investigated the Navier-
Stokes and the wave-type extension-Lamé equations by using Fourier expansion. And also investigated the flag partial differential
equations by using Xu’s method.

In this paper, we investigate the derivation of the R-sectoriality for the model problem in the whole space and half-space by
applying Fourier transform to the model problems. In the other side, Denk, Hieber and Prii3[4] proved the R-sectoriality for BVP
of the elliptic equation which holds the Lopatinski-Shapiro condition.

Recently, there are many researchers who concern to study R-boundedness case. In 2014, Murata [8] investigated the R-
boundedness of the Stokes operator with slip boundary condition. Another researcher who investigated the R-sectoriality is Maryani
[10, 11]. She studied the maximal L,-L, regularity class in a bounded domain and some unbounded domains which satisfy some
uniformity and global well-posedness in the bounded domain case, respectively using the result of R-bundedness of the solution
operator of the model problem of the Oldroyd-b model. The main purpose of this paper is to investigate the R-boundedness of
the solution operator families for the Navier-Lamé equation with surface tension in half-space problem. A further result in favour
of focusing on the main problem is finding the characteristic of 1 and creating the Laplace- Beltrami operator on I'. This kind of
investigation becomes considerable benefit in studying fluid mechanics.

Several mathematical analysis approach of fluid motion with surface tension have been undertaken in recent years. In 2013,
Shibata [15] investigated the generalized resolvent estimates of the Stokes equations with first order boundary condition in a general
domain. Later year, Shibata and Shimizu [18] studied a local in time solvability of free surface problems for the Navier-Stokes
equations with surface tension. According to those phenomena, it is such an interesting subject to analyze fluid flow of the non-
Newtonian compressible type especially model of the Navier-Lamé equations.

The main aim of this study is to prove the existence of the R-bounded solution operator families for Navier-Lamé equations
with surface tension in a bounded domain for the resolvent problem (1) in half-space for o > 0 and a = 0 case. This topic becomes
important reference for someone who is concerned with not only local well-posedness but also global well-posedness of Oldroyd-B
model fluid flow. And then, applying the definition of R-sectoriality and Weis’ operator valued Fourier multiplier theorem in [19],
automatically we obtain the generation of analytic semigroup and the maximal L,-L, regularity for the equation (3). In 2017,
Maryani and Saito [12] investigated R-boundedness of solution operator of two phase problem for Stokes equations.

To state our main results, at this stage we introduce our notation used throughout the paper.

Notation N denotes the sets of natural numbers and we set Nog = N U {0}. C and R denote the sets of complex numbers, and real
numbers, respectively. For the sets of all N x N symmetric and anti-symmetric matrices, we denote Sym(R™) and ASym/(RY),
respectively. Let ¢ = ¢/(q — 1), where ¢’ is the dual exponent of ¢ with 1 < ¢ < oo, and satisfies 1/q + 1/¢’ = 1. For any
multi-index £ = (k1,...,kn) € N, we write || = k1 + -+ + ry and 9% = 97 --- 0% with = (z1,...,2n). For scalar
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function f and N-vector of functions g, we set
Vf - (81f7 e 78Nf);
Vg = (0ig; |4,j=1,...,N),
V2 ={0,0;f|i,j=1,...,N},
Vg = {0095 | 4,5,k =1,...,N}.

L(X,Y) denotes the set of all bounded linear operators from X into Y, for Banach spaces X and Y and Hol (U, £(X,Y)) the set
of all £(X,Y) valued holomorphic functions defined on a domain U in C. L, (D), W;*(D), B, ,(D) and H; (D) denote the usual
Lebesgue space, Sobolev space, Besov space and Bessel potential space, respectively, for any domain D in RV and 1 < p, ¢ < co.
Whilst, || - [[2,(p)s | - lwpys | - 1 Bs () @nd || - || (p) denote their respective norms. For 6 € (0,1), Hg(R,X) denotes the
standard X -valued Bessel potential space defined by

H)(R, X) = {f € Ly(R, X) | |/l e, x) < o0},

1/p
11l e x) < 00} = ( / |F 1+ P2 F AN 15% dt) -

We set W) (D) = Lq(D) and W#(D) = B; (D). C*°(D) denotes the set all C*° functions defined on D. Ly((a,b), X) and
W, ((a,b), X) denote the usual Lebesgue space and Sobolev space of X-valued function defined on an interval (a,b), while
I+ 2, ((a,0),x) and [ - [[wm ((a,b),x) denote their respective norms.Moreover, we set

1/p

b
€7l () = ( / (6"t||f(t)llx)pdt> for1 < p < oo.

The d-product space of X is defined by X¢ = {f = (f,..., fa) | fi € X (i = 1,...,d)}, while its norm is denoted by || - || x
instead of || - || x« for the sake of simplicity. We set

WD) = {(f.&, H) | f € Wi"(D),

g€ W (D)Y, He W (DM},

18 ) ey = I D) vy + g o o,

Ly (R, X) = {f(t) € Lpjoc(R, X) | ™" f(t) € Ly(R, X)},

Ly o(R, X) = {f(t) € Ly, (R, X) | f(t) =0 (£ <0)},

Wity (R, X) = {f(t) € Ly, (R, X) [ e 0] f(1) € Ly(R, X)

P71
(j=1,...,m)},
3%1)0(R7X) = W;l:?% N LP771>0(R,X)-

Let 7 = Fand F ! = F~1 denote the Fourier transform and the Fourier inverse transform, respectively, which are defined by

FAE) = [ @y

P @) = g [ e Catée

We also write f(€) = F,[f](€). Let £ and £~ denote the Laplace transform and the Laplace inverse transform, respectively,
which are defined by

cifio = | T e @yde, £ gl (1) = / " Py(r)dr,

oo 2 J_ o

with A = v 4 i7 € C. Given s € R and X -valued function f(¢), we set
ASF(t) = LT INLIFIN]®)-
We introduce the Bessel potential space of X -valued functions of order s as follows:

Hy ., (R, X) ={f € Ly(R,X) | e A5 [f](¢) € Ly(R, X)

P71
forany v > 11},

Hy, R, X) = {f € By, (B, X) | £(5)=0(t < 0)}.

p,71,0
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Forx = (z1,...,zp) andy = (y1,...,Yn), Weset X -y =< X,y >= Z;;l x;y;. For scalar functions f, g and N-vectors
of functions k, g we set (k,9)p = [, kgdz, (k,g)p = [,k gdx, (k,g)r = [ kgdo, (k,g)r = [,k - gdo, where o is
the surface element of I'. For N x N matrices of functions F = (Fj;) and G = (Gjy;), we set (F,G)p = [, F : Gdx and

1/2
(F,G)r = [ F : Gdo, where F : G = Z?fj:l F,;;G;; and |F| = (sz_l FijFij) . Moreover, x - F means vectors with

components . ; a;F;;. Let C5°(G) be the set of all C™ functions whose supports are compact and contained in G. The letter
C denotes generic constants and the constant Cy, 5 .. depends on a, b, . ... The values of constants C' and C, ... denote a positive
constant which may be different even in a single chain of inequalities. We use small boldface letters, e.g. u to denote vector-valued
functions and capital boldface letters, e.g. H to denote matrix-valued functions, respectively. But, we also use the Greek letters, e.g.
p, 0, T, w, such as to denote mass densities, and elastic tensors in case the confusion may occur, although they are N x N matrices.
Research methodology of this paper is literature review. In this article, we consider the R-Boundedness of the operator solution
of the Navier-Lamé equation with surface tension in half-space case. The procedures of how to prove the purpose of the article
are explained in the following. First of all, we define half-space and its boundary, then by using the partial Fourier transform and
inverse partial Fourier transform of resolvent problem of (1) in whole and half-space, we get new solution formula of velocity and
also density of Navier-Lamé equations. In the end, we use Weis’s operator valued Fourier multiplier for time dependent problem.

2 Result and Discussion

2.1 Main Theorem

Before stating our main result, firstly, we introduce the definition of /R-boundedness and the operator valued Fourier multiplier
theorem due to Weis [19]. The following theorem is obtained by Weis [19].

Theorem 2.1. Let X and Y be two UMD Banach spaces and 1 < p < oo. Let M be a function in C*(R\{0}, L(X,Y)) such that

Reoen () M(r) | 7 € RO} < k< 00 (£=0,1)

with some constant k. Then, the operator Ty defined in (5) is extended to a bounded linear operator from L, (R, X)) into L,(R,Y).
Moreover, denoting this extension by Ty, we have

1Tarll ez, @x).L,@y) < Ck
for some positive constant C' depending onp, X andY .

Definition 2.2. A family of operators 7 C £(X,Y) is called R-bounded on £(X,Y), if there exist constants C' > 0 and p € [1, c0)
such that for any n € N, {T;}7_, C T, {f;}}—; C X and sequences {r;}""_; of independent, symmetric, {—1, 1}-valued random
variables on [0, 1], we have the inequality:

1 n 1/p 1 n 1/p

{1 nwnel o < o{ [ U ritwali auf

0o (I
j J

The smallest such C'is called R-bounded of 7, which is denoted by Rz (x,y (7).

Let D(R, X) and S(R, X) be the set of all X valued C'*° functions having compact support and the Schwartz space of rapidly
decreasing X valued functions, respectively, while S'(R, X) = L(S(R,C), X). Given M € L1 1,.(R\{0}, X), we define the
operator T : F'D(R, X) — S'(R,Y) by

Tyuo = F ' [MFl]], (Fl¢] € D(R,X)). )

Remark 2.3. For the definition of UMD space, we refer to a book due to Amann [1]. For 1 < ¢ < oo, Lebesgue space L,(2) and
Sobolev space W, (€2) are both UMD spaces.

We quote a proposition [4], which tell us that R-bounds behave like norms.
Lemma 2.4. Let X, Y and Z be Banach space and T and S be R-bounded families

1. If X and Y be Banach spaces and let T and S be R-bounded families in L(X,Y). Then T +S ={T + S|T € T,S € S}is
also an R-bounded family in L(X,Y) and

Rex)(T+S) S Rexy)(T) + Rex,v)(S)
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2. If X, Y and Z be Banach spaces and let T and S be R-bounded families in L(X,Y) and L(Y, Z), respectively. Then
ST ={ST|T € T,S € S} is also an R-bounded family in L(X, Z) and

Rex,2)(TS) S Rex vy (T)Reix,v)(S)

Definition 2.5. Let V be adomainin C,let = =V x (RV=1\ {0}), and let m : = — C; (), &) — m(\, &) be C! with respect to
7, where A\ = v + i7 € V, and C* with respect to ¢’ € RV=1\ {0}.

1. m(\, &) is called a multiplier of order s with type 1 on Z, if the estimates:
05 m(A &) < Cor (N2 4+ 1¢7)) ¥,
08 (10-m(X,€)] < Cor (A2 + €'y
hold for any multi-index x € N2’ and (), £’) € Z with some constant C,» depending solely on x’ and V.
2. m(\, &) is called a multiplier of order s with type 2 on Z, if the estimates:
08 m(A €] < Cur (N2 + €)1/,
987 (r8rm(A,€)| < Cor (A 4 1€/1)71¢ |7
hold for any multi-index x € N2’ and (), ¢’) € Z with some constant Cy depending solely on x’ and V.

Let M ;(V') be the set of all multipliers of order s with type ¢ on = for i = 1,2. For m € M, ;(V), we set M (m,V) =
max|ﬁz|§N OK:/ .
Let ¢, ! be the inverse partial Fourier transform defined by

P enla) = Gy [ e €

Then, we have the following two lemmas which have proved essentially by Shibata and Shimizu [17, Lemma 5.4 and Lemma 5.6].

Lemma 2.6. Lete € (0,7/2), ¢ € (1,00) and A\g > 0. Given m € M_s 1(X 5, ), we define an operator L(\) by
LWgle) = [ Fg m( €N 2B (¢ )
0

(2") dyn-
Then, we have
RL(LQ(Rf),Wf_j(Rf)N)({(TaT)é()‘j/QagL(A)) [ A€ Zent)
<ry(Ao) (£=0,1),(j=0,1,2).
where T denotes the imaginary part of A, and r,(\o) is a constant depending on M (m, X, »,), € Ao, N, and q.
Lemma 2.7. Ler1 < g < 00,0 < e <m/2dan Ao > 0. Let m(\,&’) be a function defined on X », and m € M_s o(%¢ »,) such

that for any multi-index k' € Név ~! there exists a constant C,s such that

;. ,
|96 {(Tg)fm(k,é")}l < Cur (A2 4 1¢/| 7271
(£=0,1) (6)

forany (X, &) € E¢ 5, Let ¥;(N\) (j =1,...,4) be operators defined by

AN f = / Fo ' im(N, &) Be  PENTIN FL (¢ yn )]

(@) dyn,

A f :/O F m(N €)B M(zn + yn)Fer [f1(E, yn)]
(2') dyn,
NF = [ F N )AB Moy -+ ) Fa € )
() dyn;,

NS = [ O B M o+ ) F (€ o)

(z') dyn-
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Then, we have

d 14
R, 0, @)% LT ) (GATi(A)) | A € Zepo}) < €

£=0,1,i=1,2,3,4)
with some constant C. Here and hereafter, C,. denotes a generic constant depending on r’, €, \g.
The proof of the Lemma can be seen in [6], [3] and [8].

Lemma 2.8. Let 1 < q < oo and let A be a set in C. Let m = M (), €) be a function defined on A x (RN \ {0}) which is infinitely
differentiable with respect to ¢ € RN \ {0} for each A € A. Assume that for any multi-index o € N} there exists a constant C,,
depending on o and A such that

|0gm(X, §)] < Cqlg| ™1 (7
forany (\,€) € A x (RN \ {0}). Let Ky be an operator defined by
Ky f = F 7 m(X F[fIE)]- ®)
Then, the family of operators { Ky | A\ € A} is R-bounded on L(L,(RN)) and

N <
Reym(ia A€ AD < G 13, o ©)

for some Cy  depending only on q and N.
The following theorem is the main theorem of this article.
Theorem 2.9. Let1 < ¢ < 00, 0 < e < 7m/2and N < r < oo. Assume that r > max(q,q’) and \ € . »,. Set
Z,(RY) ={(f.g,d) | f € Ly(RY), g € Wy (RY)™,
d e Wi U(RY)},
ZyRY) ={(F1,F2,F3, [})|F; € L(RY)N, Fy € L(RY)Y,
F; € LRV Fy e W2 YR}

Then, there exists a Ao > 1 and an operator family R(\) and Ry () with

R(X) € Hol(Se ,, L(Z4(RY), WE(RY)))
Ri()) € Hol(Ze,n,, £(Z4(RY), Wi~ 9(RS))) (10)

such that for any (£,g,d) € Z,(RY) and X € S, u = R(\)(f, \}/%g,Vg.d) and n = R1(\)(f,\Y/?g, Vg, d) are unique

solutions to problem (3). Moreover, there exists a constant 1y, such that
RL(ZQ(Rf),Wf_j(Rf)N)({(TaT)Z()‘ij()‘)) [AEZn ) <1
(62 0717 J = 071a2)7
RL(ZQ(Rf),Wf’k(Rf))({(TGT)Z(AICRI()‘)) A€ Zen}) <o
(=01, k=0,1), (11)
with A =~ + iT.
Remark 2.10. The F, Fy, F5 and F are variables corresponding to f, \'/2g, Vg and d, respectively.

The resolvent parameter \ in problem (3) varies in X, , with

Yero ={AeC||argA| <7 —¢€, |A> Ao}
(e € (0,m/2), A0 > 0). (12)

The following section discusses the R-boundedness of the solution operator in the whole space problem.
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2.2 On the R-boundedness of the solution operator in R"

In this section, we consider the R-boundedness of the solution operator of the Navier-Lamé equation:
Au— aAu— gVdiva=1f inQ (13)
where « and [ are positive constants. Applying div to (13), we have
A= (a+p)A)diva =divf (14)
Substituting (14) to (13) we have the formula of u, that is
u=(\—alA) '+ BV[A—aA) '\ = (a+ B)A) divf] (15)

By the Fourier transform and the inverse Fourier transform for f = (f,. .., fx) we have So(A)f = (uq, ..., un) then we can write
equation (15) to be

—1 | _FIEIE)
So(Ng =F;!
- SSaults)
+ BF, 1{ : (16)
S L+ alg) A+ (a + B)IER)
Related to the spectrum, we know the following lemma which is proved by Shibata and Tanaka [14].
Lemma 2.11. Let 0 < € < 5, ¥ », as defined in (12) Then we have the following assertion
1. Forany \ € ¥ and £ € RN we have
_ . € _
o A+ [€%] = sin(5) (a7 A + [€]%) (17)

2. For any \g > 0 we have
larg(a™*\)| <7 —e

The following theorem is the main result of this section.

Theorem 2.12. Let 1 < ¢ < 00, 0 < € < w/2 and we assume that « > 0, o« + 8 > 0. Let So() be the operator defined in 16.
Then, So(X) € Hol(Xc o, L(Lg(RN )N, W2(RN)N)). Forany f € Ly(RN)N and X € X ., u = So(Nf is a unique solution to
the problem (13) and we have
d
RL(Lq(RN)N,Lq(]RN)N)({(Ta)e(G)\SO(A)) A €Xcn}) <C
(=0,1) (18)

SJor X\ =~ + it and some constant C depends solely on €, A, 7, g and N, Gyu = (Au,vyu, A2V, V2u).

2.3  On the R-boundedness solution operator in RY: o > 0, a = 0
In this section we consider the following generalized resolvent problem of the equation (3) which can be written in the following:
Au — aAu — Vdiva = f ian,

(aD(u) — (f — a)divul)n —o(Arp)n =g on RY, (19)
An—u-n=d on RY.

where n = (0,...,0,—1) € RN and A’y = Z;\;l 5‘277/&%?.
Furthermore, we consider the following equation system:

Au — a¢Au — fVdivu =0 in €2,
(aD(u) — (B — a)divul)n — o (Arn)n =0 onT, (20)
M+a -Vnp—u-n=d onR}.

Then, we shall prove the following theorem
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Theorem 2.13. Let 1 < ¢ < 00, 0 < € < 7/2 and Ay > 0 and operator families U(\) and V() with
U € Hol(Sn, £(Z(RY), WARY)))
V(A) € Hol(Sc 5y, L(Z4(RY), W3(RY)))

such that for any d € I/Vq2 RN, u = U(N)d and n = V(N\)d are unique solutions of equation (20). Moreover, the following
estimate holds:

RE(ZQ(Rf),W(?fj(]Rf)N)({(TaT)Z(Aj/2u()\)) | A S 26)\0}) S Tb(Al) (é = 07 1a ] = 07 17 2)a
RE(ZQ(Rf),WqS*k(]Ri))({(TaT)Z()‘kV()‘» | AE E67/\0}) < Tb()‘l) (Z = Oa 17 k= Ov 1)

We have Theorem 2.9 immediately with help of the Theorem 2.13.
First of all, applying the partial Fourier transform to equation (20), we have for xy > 0 for first and second equation in the
following

ala N+ |¢2)a; — adan — Big; (i€ -0 + Onin) =0,
Oé(Oé_l/\ + |§/‘2)1ALN — 05612\[11]\7 — B&N(zg' -0+ aNﬂN) =0,
Oé(@N’llj + ’ij’llN) |$N:0 =0, 21
200NN + (ﬂ - a)(if’ U+ aNﬁN) |-’tN:0: 70"€l|2’f]
M)+ Gy |ey—o =d

with ¢’ - @/ Zg:_ll i€, & = (&1,...,En—1) and f = f(€',xN) = [ano1 e~ "¢ f(2' xn)da'. Here and hereafter, j runs
from 1 to N — 1. Since (A — aA)(A — (o + B)A)@ = 0 as was seen in (14), we have (03, — A?)(9% — B?)t = 0 with

A=/(a+B)"]A+|¢)?, B=+a Ix+[¢]

We look for a solution @t = (4, ..., %y ) of the form

G = (Py+ Qp)e™ BN — Ppe=Amn (22)

for{=1,...,N
First of all, by substituting (22) into (21) and equating the coefficients of e~4*~ and e~ B*~ | we have

a(B? — A%)P; — Big; (i€’ - P' — APN)
o(B? — A?)Py + BA(i€' - P' — APy)
i§' - P'+if" - Q' — B(Py +Qn) =0, (23)
a((B—A)P;+ BQ; —i&;Qn) =
(a+B)(B(Py +Qn) — APy) — Big’ - Q' = U\f/|277

with 7§’ - R/ = chv:_ll 1, Ry, for R = P and Q. We consider i£’ - Q' and Qv as two unknowns to solve the linear equations (23).
Then by the second and the third equation in (23), we have

€'
AB—[¢'?
A
AB—[¢'?
Since i¢’ - k' (0) = (B — A)i¢’ - P! + Bi¢' - Q') + |¢'|2Q ) as follows from the fourth equation of (23), combining this formula
with the last equation in (23) and (24) and setting

ig' - P = (i€ - Q" — BQw),

Py = (i€ Q" — BQn) 24

2
L= O‘AB|§|§|2|)
al¢']?(2AB — |¢']* - B?)
Lz = —lep?
1. _ 20AB - A) - (8- 0o)(4? - )
" — TP
P CE B)B(A? - [¢]*) (25)

— ¢
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we have a linear system:
AN
Qn al¢'*n

Li1 Lo
L= .
[ Lo1 Lo }

with Lopatinski matrix

The analysis of the Lopatinski determinant can be seen in G6tz and Shibata [3].
If det L # 0 at (A, &) € X »,, then it follows from (26) that

oo P
" et )(AB— ¢
Py = A

M
(det L)(AB — [¢']?)
with M = —(L124 B1,, )0 |€'|?n. By (28), we have

if/~Pl—AP — (|€/|2_ ) M
N7 (det L)(AB — [¢)

so that by (23) we have

= _5;523')(5;1(;4;)_ €2) (Li2+5L,,)0l€ 10

T if)(<|§:m - e e )l

©i=3 :fe]t L Ly(A +(I§)|( )|§,|2) (L1a + BLyy)
+Luole'

Thus, combining (23) and (30) and setting w = 3/«, we have
N _ w(i&)(Laa + BLu) [€]7 -
4G oN) == T R T AL AB e
(BM(zn) — e~ P*¥)al'*h
(Zgj)Lll —BIN

112 ~
BdetL ol

and,

_wA(L1z + BL1) |f'|2 2

Liy  _Bey _er24
t el o€
—Bxzn _ e—AwN

with M(zn) =

B-A
Inserting the formula of iy (£, 25)|z =0 into the last equation of (21), we have

TP =

dtL

which implies that
det L

G

i = d
with
G= ()\ det L + L110'|£/|2).

(26)

27)

(28)

(29)

(30)

€1y

(32)

(33)
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Lemma 2.14. Let 0 < ¢ < 7/2 and G be the function defined in (33). Then, there exist Ay > 0 and C > 0 such that the estimate:
Gl = C(A + €N + [€'1)° (34)

holds for (A, &') € X, x (RN=1\ {0}).

Proof. Firstly, by using Lemma 5.1 in [3] and technique of the proof of the Lemma 2.14 which can be seen in Shibata [16] we can
proof the Lemma 2.14. O

Thus, by substituting the solution formula (33), the equation (31) can be written in the following

w(zfj)(le + BLll) |§/‘2 —
B(B + A) AB — |¢'|?

iy (¢ o) = - (BM(ax)
e Pl

(Zg)Lll —Bzxyn 112 d
g kPG

and,

: wA(L1s + BLu) [€'2 - pd
= M —
L N
+ g ol (35)
By using the Volevich trick
p(€ 2n)g( / P&, an +yn)a(€ yn))dyn

/ alf rn +yn)q(& yn))dyn

= [T b€+ ) (€ g

l N—

and the identities 1 = a32 ; i&, and OnM(xy) = —e B*N — AM(xy).
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In view of equation (35) The solution formula for u; = U;(\)d and uy = Uy (A)d can be written as follow
o ¢ B(B+ A) AB—[¢'2 G

AM (zy +yn)FIAd](€, yN)] (') dyn

[ [

o ¢ B(B+ A) AB—|¢']2 G

e—B(JPN"‘yN)f[A/d} (5’, yN):| (x’) dyn

Uj(r) =

/Oo 7o [w(Lia + BL11) €2
¢ B(B+A) AB-—¢|?

ol¢|2PBM (zx + yN)}-[ajaNd] (€, yN)] (') dyn

£/

BB+A)  AB_|¢F G
o~ B +ux) FIAd) €, m} (') dyn

_/Oo]_-ﬂ w(Liz + BL11) [€'* — A? o¢'?
o ¢ B(B+A) AB-|¢']2 G

e BN tun) 79,05 d)(€, yw)} (@) dyn
_ < (ifj)Lllﬁ
e~ Blentun) 7 [A'd)(¢ yN)} (z')dyn

[t

—B(IN-H!N)]:I, [8j8Nd] &, yn)|(2")dyn

— A% 0B
TP G .

/oo F-1 [w(Li2 + BL1) [€]?
¢ B(B+ A)

AM(xy + yx) FIANG(E, yNﬂ (') dyn

B /OO o [wlaa + BLu) [€ — A% 0B
o ¢ | B(B+A AB-¢|2 G

e Plovtum) FIAd) (¢, iUN)] (') dyn
> i [w(Liz + BLyy) [
+/o Te { B(B+A) AB_|¢]

ol¢'|’BM (zn + yN)}"[ﬁNd](f’,yN)] («/) dyn

G
_ = EUB —B(zN+yn) / /
/0 ]:5' |:B G ]::v’[Ad](gayN)
dyN
/ .F ; Lll O—B|§ | CEN+yN)
(37

For[Ond] (€' ,yzv)]( )dyN

—|€'12d(€’, yn). We have U;(A)d = uj, j=1...,N —1and Uy (\)d = uy. By Lemma

where we have used F[Ad)(¢',yn) =
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2.14 and Lemma 2.15, we have

RL(W;(Rf),Wf_‘(Rf))({(TaT)e()‘kmuj()‘)) [ A€ Zent)
<ry(\) (£(=0,1,k=0,1,2),
where 75(\1) is a constant depending on myg, m1, mo and A;. Analogously, we have
RL‘(WQZ(Rf),qu*”(Rf))({(TaT)Z(Ak/ZuN(A)) [ A€ Zent)
< rb()\l) (Z =0,1, k=0,1,2).

Furthermore, we construct the formula of n. Let ¢(z ) be a function in C§° such that ¢(xn) = 1 for x| < 1 and ¢(xn) = 0 for
|z n| > 2. We define 7 by

1| - det L -
o) = otex) 75 et e 0)| @)
By the Volevich trick, we have

n(z) =— ¢($N)/0 ONFe! [6A(wNerN)dthLd(flayNW(yN)]

(2) dyn
=(xw) /0 = [e‘m*”)Ad(;“d(s’,yw)czb(yzv)}
(@) dyn
— paw) /0 TR {eﬂrwymdi%N(d(é, ymczv(ym)]
() dyn

o0 Adet L
_ F*l —A(mN+yN)
oex) | { GO+ IEP)

Pl - AYd(E, yN>¢<yN>} (') dyn

e det L
_ —1 —A(:EN+ N)
d(zN) /0 Fe {e Y CaLem

0+ EP)
) N—-1
(oxtde m)otum)) — Y- isson(Flordl€ u)otum) )|
k—1

(') dyn

Let V(A)d |z y—0= 1 and recall the definition of 7 in (32).
By the Volevich trick, we have

V(A)d

= —d(en) | OnFa! [e‘f“wm)diLd(e, yN>¢<yN>} (+') dyn
0
> Adet L

o) [ gt e AEEAE o) @)

~ o) [ Fgt e S Loy ey )otum )| () i
*° Adet L

_ —1| —A(zn+yn)

=ttow) [ 7 e g

F(1 - A yN>¢<yN>} (') dyn

o det L
_ Fit —A(zN+ynN)
otex) [ { GO+ IEP)
N—-1

(0x(dl€' ux)6u)) = 3 60 (PO o) ) )

k—1
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Let V(\)d = ¢(xn){VI(N\)d + V?(\)d} with

1 1 A gn) AdetL
o= [ 7 { e e
F(1 - A, qus(ym] (') dyn
VQ(A)d:—/ f—{ Alen-+yn)
0

(aN<d<f',yN>¢<yN>>

det L
G+ [¢'?)

. Zzék&v 0l )6)) |

(2’ )dyN
To treat 1, we use the following lemma which had been proved by Shibata [9].

Lemma 2.15. Let ¥ be a domain in C and let 1 < q < oo. Let ¢ and 1) be two C5°((—2,2)) functions. Given mgy € My 2(X), we
define an operator Lg(\) and L7(X\) acting on g € Ly(RY) by

Le(Wg)(@) = dlan) / ot e A g €

g(é-l? yN)Q/J(Z/N) dyN7
0

Le(Ngl() = dlan) [ Fot| AeA@xtumimo(a ¢)

g€ yn)v(yn) |dyn -

Then,

RL(LQ(M))({(Tar)eLk(/\) [AeX}) <mp
for some constants k = 6,7, { = 0,1 and r}, depending on X x,

Proof. The lemma 2.15 of the model has been proved by Shibata [16]. Moreover, for (j, o/, k) € N x N)' = x Ny with j+|o/+k| <
3and j =0, 1, we write

N2 9% V(A Z( ) (0% "(an))

+ Aj ag,/a]kM(A)d]
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and then

192 9% VY (N\)d

o° "™ det L
_ j—_'—/l |:A —A(zn+yn) ( 2 ( |£ |)
/0 e[ G

(1+1¢%)

F(1— A yN>¢<yN>]

NV2(\)d

= [T m e M G ot @ i
o G

N o ok V2 (\)d

:/ ]-‘— [ A(zN+yn)
0

(31\1((;(5/7 yN)O
(") dyn

for |o/| + n > 1, and we use the formula

1 ap
1+l

M (i) det L
@(1 +1€'1%)

“1
ik

oo o) )|

N-1

€&

for the third equation of (38).

1
_ _ i
THIF T TTEE X THEEE Y

We can see that for the multipliers in the equation (38) hold Lemma 2.15, then we have

Rewamy)we— @y (L

(k=0,1).

This completes the proof of Theorem 2.13.

Proof. Furthermore, we prove Theorem 2.9. Let (f,g,d) € Z,(RY) and (

T%)()\’W(x\)) [AeXca ) <m

511

(3%)

u, n) be solutions of the equation (3). Setting U(\) =

(UL (N), ..., UN(N)), by Theorem 2.13 we see that u = U(\)d and n = V(X)d are unique solutions of equation (3), then we can

see that given ¢ € (0, 7/2), there exists A > 0 and operator families R and R; satisfying (10) such that u =

R(\)(f,\/?g, Vg, d)

and = V(\)(g, \/?k, Vk, d) are unique solutions of equation (3). Moreover, the estimate (11) holds. This completes the
proof of Theorem 2.9. In fact, in view of Definition R-boundedness solution operator, for any n € N, we take {)\j };’:1 c X,

{9;}7—1 C Ly(RY) and r;(u) (j = 1,...,n) as Rademacher functions. By the Fubini-Tonelli theorem, we have

/ ||Zr]

gJ”L J(BY)

du

:/ / / |ZTJ(U)L6()\j)9j\qdy' dzn du
0 0 RN-1 A
j=1

= ([ 1z

i JRN-1) du) dzy.
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For any xn > 0, by Minkowski’s integral inequality, Lemma 2.15 and Holder’s inequality, we have

1/q
</ Hzr] ngL (]RN 1)du)

o) </ ”/ Fo Z% Aleavto)

1/q
0y €005 €N V0 oy

n

< |p(zn)| (/01 (/OOO | Fe D> rj(uye=Alenton)

j=1

q 1/q
mows’)gj(sayNn(y'w(yN)dyNnLq(w1>dyN) du)
< |z \/ (/ |7 27‘3 Ao tux)

1/q
0O €N, s ny ) 0

h 1 - 1/q
(] |f,1[;rj<u>gj<.,ym]qu(RNl)du)
[ (yn)| dyn
<|o(xn

)
00 1 n 1/q
(0 0 s ool oy
j=1

( JA dyN) v

<o () 17 70 )

’

([ ot auw ) "

In fact since,

08 (e~ AN TN Img (X, €)| < Carle'| 7]
forany zy > 0, yn >0, (N, &) € ¥ x (RV=1\ {0}), and o/ € N¥~! by Lemma 2.8 we have
1 n
JRDIE
o

‘Ff_’l |:6A(xN+yN)m0(Aj ) E/)g] (5,7 yN) (y,) ||%q(RN*1) du

1 n
< [ r gy sy d
j=1
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Putting these inequalities together and using Holder’s inequality gives

/ ||er QJ”L (RN)d
(oo}
S/o |9( / ”ZTJ QJ”L (RN)ddeN

oo , q/q’
( [ W dyN) ,

and so, we have

IIZTJ 2951 24(0,1),2,RY))

< Clolle, @i, @l er9j||Lq((o,1),Lq(M))~

Jj=1

This shows Lemma 2.15. O

By using Lemma 2.6 and 2.15, we can show Theorem 2.13. These complete the proof of Theorem 2.9.

3

Conclusions

Partial Differential Equation (PDE) can describe the phenomena in our daily life. The aim of PDE problem is well-posedness
properties of the model problem. One property of well-posedness is regularity of the solution of the model problem. The R-
boundedness of the solution operator families of model problem is one of the methods to get the regularity. Therefore, the R-
boundedness of Navier-Lamé equation with surface tension can be used to investigate well-posedness properties of model problem.
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