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1. I$rcductfu:n and mnia r**ult

i-eU J7 tie tl iru11tldrxi ciosr6i:r irr r'tre }i<iinrtrr*ionrri Eucli{trerur $i}et:6 &j\ i'& } ?} **hgse fu*g*deuj* t:gtlsists

of t*.* purt.s ]5n n:rtl fi, wlltrle & ft ,lBr : 6, The I.} ir* *cupi*rl try rr tnruptt*sihle ri*c.orrs hrrrrrt:trpic:

u$*-Ne$,f.sri*n $uid sf tll.tr.oyd-B t;.ire. 'ilre pfl.*$nt paper deak with tb* pr*trle*r of dc$crs*rdug thg

*rU** fl, ( ffi,'. tlr* tlerrsity iitkl p x pr{*r.f)' th* ela}itic t*n$trr 7 * r{;r'f}' aud the vtlor:itv S*:kl

s * {a1(.r:. f }. '. .. u7r'{.r, f }}. whi*}r xrti*fu t'lt*: s1'nteilr of equati*mi:

ilP+rtiv{Prrl * $ itttri'-

p{dru + u ' Vu} - I}iv Tiu. f}(p}} 5 li Siv r in f& '

ii)rr 4" u 'Yr + ^1r : iID(u) + g'*{Vu' t} in {{'
{T{u.I}{pi) * r}r)n1 # *P{p.)n, on fi'

u r {} tlr&,
{p. u. r}1,=o = {P" + #tr.*r, &} in J?'

g3*1r*, * {ir, filr*r s .fi

{1.1}

fililrrr,rr,l.rrce i*: L)*parrgrlt of &Iatlr.rrr1;rtiu, .lgudcral lin*tli*n*: Uui!'crrity, Irxlox:*iia' lbl"l *til li StLi$ :ld*t{}'

€-m{*l rr{rlrt:m : ! I i lliidi'irll i ir -i rti i. +L ior*l a --i 1r'
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t r. -....:t.:.... rr..r ,,.--- r: tioltrairr il.

t{u. I}{p}} t&ii rtrcss ta',rtxrr of the fnrm

.$. .t/nrtrr*:ri / Ntnttitrttttr datlg.*i* llt {:!Ll}{;} l#i:' 39:$

T{u, p} * Stu} * P{p}I wit}r Stu} * pl}{u} & {r * r'}ttir uI'

$..{Yu. ri * \ff{u}r * rw{ui * *{rB{u} + IXUJr}'

[ * {;,: * ffi'n I*: = xt{,*} ({ e J"r}}'

*.h*xr x * x{{, ti is rlrc srd*littr to thc Ll**ttty pr*blerlr:

I1 * i"r: e i&: i'r = x({,r) {i E ,-i)}'

nlrerp * i.,r * exrnst*tll *'itlr *l 4 * d I alx* 1ff{u} th* rlarrbltld &il1';j*}'uur}$t'rit: pnrt tlf tire grrulitr$t Vu wb{xx:

6--*out,*K ie ;,,r tr:$.9 *rn*, iir. $ i- II-i#;E,r- axcl :ris* f*r n*p r$'ct'o' *f tbn*ticur*;

,. * {,,1.. . . . r*.1.}. ,tiu.* * If 1i!rtti,*gA r, 
. Yu is *lr iY vt*t.,r wlr*:se ith *$lril}{rlt*$t, i* fi=, rr;i)rr,' \1i'

r1,li*rllr that tl:* ;rrrrrr,iu.y ,:f Jlr ronriists t1f /ir a:r*l f.i ra'iti: I11 fr fi : $'

Asir!* firn* th*, <il*ru,it:ai .sysitttll I !. 1 1, u firt'lrcl: kin*rrtirtir: ttrltrlitiou ftN fi is xr:t'i'qfiwi' which sives

D(u) tlc ekrlrlri*ri rtefrrrrrrrrti.rr te*rlix'wlx;*t: ii, j] ccrr4;r:rxnlt'ri a!'e Jllr(u) x tj,;tt.i+fljlii (E' = dll'ilri)- I rlrt

.\ x ,\ kle*tit:, ur:ttrix. p. u, il.-r A1)d d :lrr priitil'e ffIxiiid$tli {6 attrl v il'i'r' t}re first asd *eqxNtd I'is<xxity

cr*f*lrirxrlx, rc*;xxtir*ly). &r is {ilcp *rtit nut*r tlornxrl t* Ji' f}{p} ;1 {)e funrt'iurr clsrlitr,rl &rr ;r > l] w]ridr

s*tirfi*s rh*t lv{r;} >t} t*r p > fi. }Irtr"rxtvtt" f}te'flttrt'tioti lJ,,tVu"r) }r*s a {rrr:n

{ r.?}

{r.3}

t1..1)

i Lai

{:}}.:1;1, ;rnd in tue 11, 1,, m*xirn*:l reqrl}*rit3' cia*o t'y Shiixrta et al' fi':3J' }Ie'c*r*l-t' I{' }i**err'*:irn {t tl

.fo 
1:f:r,* t!}e: [*t:s] r,l,*rll-pm;*d*css +l prn]rl$ri i 1.1 i, n'e tr.${l ilrer 1,*rgl:apgian c*rtn'rliri*lt'* i* ardttr t0 tra**fi]rtR

r:rxx'tli*r*tc $-Y!it*rlr {d} ar* crxrntxtetl lrr' *he :ehltiotr:

(t
"r' : { + J, "({.s}r/.s 

= X"({. t}.

il"}ll'rc. v{{,f} rc (*1 {{,i1.....r:.q.i{.fJ} = uiXr({:li.f}. Lci '{ b*' thtr Jar:crbi rnatrix*f tt* tralsftrrrlltttio{t

r * X,{d.t}"'rvkost {i."i; eleuuur':* rr',r '5,, + .};:t.e}({,o}'/s' T}rc''rr* cxirrts ir sttr*l1 ttultti:er s *ut:h tlrrrt' if

{0{r<rl, i1.{i}

r,ir*n,{ i* irn'ertihle. rirai. is. &rt,{ p t}. l"lurs. neluu-e V,.: d' tV€ * {I-V$1.g]Vvi{'x}r/+iig€' lYhfre

V*{K} i:l ;ur i' x ,\ rnatl"ix r:rf {)* fuct'ti61rs rvitfi re*1xtt tn K * {&1,} kx' lKl < ?cr arrtl Ya{l}} s l}" }Inre

;rrrd irerealier. *i, ri*ttott c$rrrsg:onditlS I'ariillites f" -l,it.$frtt *)ei's' Let n be th$ trnit o*tlc'terd trrural ts

',*'t1.' llj'Ht '-)o.il,-,,,, *'



J'n. *rrtl tlteu *'e lr*r'*

S. "Haru*niI lJcnlin*rr '{a*{ats{'g L{' fg0f dJ 1#9-1Eg

A*1n
nt * j}:iili' {r.?}

$upp.,:i* tll*{ 3ric, t}, r(:r, I } arul rix" f,} aue r*r}u{.ir:ru ol i1.l J' SeLrirrg p{X't{' t.)" t} = p- + 6o{d) + 8i{' 
'')

arrtlr*rrr{{}+'r,{{,t}"sre6agth*tprrr}:le*ril,l}irl,ruufurnr.dt*:t.hefollrrwitrylq*ntfurn't:

6r * (f* + fl$klivv - f(#' v' n) in I? x {*'f}'
{p- +#1;}v1*I}iv,s{v}+Vil"{p" +d'0}0} = g*#Divr+gts'v'n'} irr f/ x (t'}'7'1'

,rr * T?1 * ,o{Vv,roi * ,5D{v) = -17$ + L{#'v'ai iu I? x (9:.1, (i.S}

{S{v}*Fqp.+fo}rl+lir}n = h+H(ftv'n} on l'1 x(u'1}'
v:0 tr* I'$x {(l'I)'

{0"v.nXt=o * {*.ua3,0} in #'

Giv,d.n) * *$v1 + Di, 
{r!'r, (J-t",-) vv + {r * p}tra'i' (/-v'*)n-$

+ r,i,. {/' vv a*) 
" (,, (ot'i. * (J'vv 'i*) v*) + {r * sr) {nn ' u oo'..{J 

1-*") 
o")

* tv tp-t- €* * *ur, (J' vv,l*) v{s* + s} + ;lltr. (J' o"*} ro *'li'ui* iJ' n"*} "

wlrr.re6 = *f)I{p,+S*)Vfir+rjDir"r$ ansl t: {Jt(g-+gb}*F1p-1}tr-$rl}n' S{or+<noer" F{#'v}' G{v'd'n'i'

L(v. a'). *ml II{v.0, n'} arc nerrilirrtar fitrl*ti+trt *f t'he f+rnu:

l'(r/. v) - -firlivv - 1t,, +#u * 0)Ld;' (/"t"'f1-) o"'

+

- "(J' 
P' \p* +oa + {#}{t * f}disz},

H(v.s,n) = * {rtl, (J'v,a*)?v + (r'* i,t (u,* (J'n"o-)""} '}"
- {u (ot,,r * r^b (J' "*ui 

v") + u * p} 
{""'o 

*'," ({'vY'r*) u"}'i

. un 
{J- 

s',,-} r,* (J' F' 1p* +s* + Iid}{i - {}dst'=) n + {F{p. + & +#} - P(p.})

. ,t, (J v,,r*) ,, * si{ar + r'}!s} (/'v"*"}"
L{v,a'} * w(vir * * (J' v*4*} vv{r$ +r) - rw(v} * {' +",,* (,f' v*a*} v"

*rr{rr(v} + {r + ,rir'* (/'v,**) vv + D(v)r *u,l,{-' v*"*}Vv{r * rrr}}'

sfltl !r,,{K}, tr r{,{K}, &ur} },'ai, {K) *re **mt: rwtrie.e*l $f fffi lit**{i*ru* with rtr*pe*t to K firr lKt { iL?, whish

snti*& ttre c*usliti*tt' 

or,i') = tt. t'*.(t)l * {}. tiri' {r}} = {}. {1"S}

Employirq the arguurentraicrn riu* t.{} .ltriihmer [.:2i. wr carr sltcrx' fitentuell1" t]uer t'lm rrnrrxponde"nce

r = X,,({,f} i* irrv*rtible, theH prrrbl*rn {1.1} *,nd pnrtr}em t1.$.} s,re.cx1aitel*.*t' Thrx' rm show t'}re lsml

uruIl-ptx+rchtrx's of prol*t'rri t l.rr].



S. Marya*{ / 3fo*.H*+ar Aaa$rc* f'JJ' {Sfr6'} :*$.'gs

To fhi* stKl, tfts t$ain i*ep i* to prrx* tlre "Lo" lu rrs'l{il$*l lli$ul$rity fur tlre fuil*$ritl$ Ii$e*ri?'t(t ptoblflIl!

#tP+lrdivu *, ir I? x (0'?)'

*&u * DivT(u.7sp) * dlDivr *g in O x ilLf)'
itr * d:rr - go{Vn,1} * SsDiuJ + h ir $? x {0' I),

(f{n,t*f}*d1r}n * k en lln
u=tl otr&,

{nu.r}lt*$ * t hout,ts} iu f},

p"hele ",,, ,yr, ?* $rld 1 *re uniforrnly continuoux flnc*ione with reqxrt to Jr € fi" r+'trk*r snti*fy ttx

aJlsuilIption$l

p./2 S1{*} 5 2p*, 0 g Trtx}, ?ir{r+ 5 pl, llVrt$a'tct} < &' {f * 1'9-s}'

flr1|16.';ss;1 { rrr.

while Sr. 6s* rurd f3 are Sxxixir*} eor.$tsx!i{$. Nc*a tJrs* in prnlileu {1"1} *"e h*w writ*Pr S1 * i}" fs * 1 and

6:l - il.

T5s umximel f, regularitp rr** porrd try fi*lonni&ov {?$,2n $err *}rs gen*r-nl pardrCIti* equ*tioxr* x'hietr

sutis{y r}re Bnifor*rlopstinrki-$trepiro coudltions. After [ialcanikxk etudy *]rrxlt the nrqi(iu}*l regulmitg to

atrtain the 11ra:rirxr*l iu regulnrity re$ult iu the uroqld prohleul Mr€lie,xhii {:.$'11], S{udrn and ?qisr'El(}cEBki

It?] ancl $+lonnikrx ttSI ;"d the Mnreiakfu$,icz*S'Iikhti*-'Liscrkin nrultiplier thmrerua twiher rryith soure

llartly type irxxlua.litg. Fr*sr, and Sirnonett Jl$,]{il useel fi* c*Iculr}$ and f;lrihat*-$hiruiss [:':] user: t'tre

Il-houndrxlusm *nd the ltlei* operaior vnlued Faurier multiplier thurrorn'

Or* the at,her h*nsl. Ilenk, Iliehcr *nd Prfir.q {5!. $hiba*a pl]. Hrmnxx<r anrl $hihat'a {$}, Snonrotn' 1n-
lelorn and Shibata. lfi. D,uio and Shitrata lti], frIurat'a [t3l u$cd another rn[hod's- namely the]'construct S&

ffimmmrffin opcrat{}r ffiitM *urd n*cd rll{n wei6 W
<rht*iu &5e m*"rimal I, in tirxe nncl f,u in sp*rn rc$ulrrilr'. I+ thi.; pYji*.f1l[|x,":..H;t

fr| B*h*, a*4 .Shifrahr [S,Tj to prrve tlre rnaxim*l regul*nty tmult f,ur: pru**e,rt {l'l$i witb ffi#ffifu B

{1.1s}

(1.1 1)

(1.Ic)

ffig*nerali*etlffiffiffi
( Xp+11divu-J in,f),

I 'rrl,t - Iliv T(u,1gp) = fifliv r * g in J?.

{ .,,t + &r - g.(Vu.rr) : dgD(u) + h in f}'
I (f(.,, ^$,p)'+d1'r)n * k on fi,
I u*,0 orti].

LJ. iYed*{{cryt wul the rfes*r{lirrn nJnrdfrrr"r*l dsrnairi"x

Fnr
Hol

$t&tin# trrr rualt ru$ult, we i*ltroeluco tlre urtetion u6ed thrs*S[out tlm }*;xr, anrlraffie definitions"

sffiIiwset intoffi,s'ffJ

hol*nnorphie * rxxnpl*x dortt*in ffi. For

rury rlour*in D ad l. S p,g 5 w. L,r(D\, I'lrf'{,$} eild 3i,,{

,*ffi# urr,f [kxnr tpaee* wtrilc ]f 'llr-*trrt. ll'||w;"tlrt eud ll ' llr5.*tett de*trte their norms' rs$sr&ivelv' ltrrfu set'

ir.;0i nr * r r n\ l.u*l nl - rtt f F)) qnrlwf(D) = re(D), Ipf(D) = B;.c(Dlaffl

u,.fr(r) = {(J,s"h) }J € lq(s), s e llf{a}il. tr e Iry{.D)iI'}-

{:fftl}} deixitt* the m$ all C*{&.N} tune*i$n* $hose ere sofiltl&ct and cont"*ined in O. trl&

ffii" = J"ffi I,,u{(*,}},xi and }sfr((a'$'



.{, jlf*r7ru+f / ,V*rr}iturr-,"{nalgris .ldI f*{'I{ii It}$ Sgil

rror*tri, respffrir.el3,. l"her4f-p*.trrl* riprl{'.a of X ie sleiinerl tr3 -t*! * {l = {fr,..' 'Js} i.tt' e x (i : 1" "'(i}}'
nhjlc ir* norm is rlrrr1;rtNl irr tl - il"x irxtn:rel cfi li . 11,q, f*r the r*,k*: ol si[rplicitl-' $i, ]i*. n'ilcl C dc*ot* tht:

nnrlti-irr*lex x = {.*r,.,'"$r} € H;\' **writ'* iari * r;1 *"'*ri,u a*rl ff * #f'""ilt'o *'ith"r * {e't''""*'v}
*nel o; = 8li1*,r. F*o:: xrnlar frrlt:ti$1 f, and "rY*rw:i.ot *f til*eti*uri g, sic :*st

V.f * {i}r,f.... "ii.r',f}. Vg = {iis, I t.l = 1.... .i'i,
Vn/ *{iI'J I lo! =t). V*g* {i}'.qi i {rri=2. i * l,"''''1")'

I-,,,}.;,I";;o;;,1,,'l"l,uu;lk*fiI;rii*i**iii&;'rf#':'l*,?,H1Ii;# x*fJ'l:

ilutrix of frrm:ti*m*, S.nd *l*u, $e u${} tlre tJre*k le(t*rs t* dertnt* r4ass derxit-v *.t u'el} rr"c elfl:"t'ic fdrti}ior'

Ne-xt. u,* intrtxlrtc:er al dcfinitirxr.

sefinitiqn 1.r. [.r-rt I < r. < rx ard let. fl ]xr ;r cl*rtailr iu &N wir]r burrntialv i]rJ. 11'e snv th*rt r] is a $niftrrilr

11.,.j-1l' elnrl*drr. if t,lrc*'e *xisfs lmsitiyr {:orlrit&ritii o.;l *rxJ J{ .crx,}r th*lt fur ei}5'.1:o * {.r*l'.',,;r:15i € i}Il

tlr{rr.€r*xi$t a rr.rnrdirrate nuu:}*r1r*,cl * Frl'-1lr fu*c:ti*n A{r:'} (-r' : iri....,;tj,.....r,,c}} d*{iuettr*r ffi{'r:!1

r.it[r:ir={;1rr....n,}*,r....,.r'.cl.iarxl}i&fl*,"..,,,i,rt,rf;;J]!{Ir *tr}rt}rrtt

I/ r-r ij;r(Lr*) * {.r.: * Rs | *, > io{'t'} i/ c si{;rl}}} n ffu(rr*}

tlti it 134.t'u\ = {,r e Rs i .r; * &{;r:') {"r/ e ffli,ii}} n B;;{'rx}' {r.r3}

itrgr4. {*'s.....:1j.....r:.ri : {;rr.'.-.;}:i-..,r-rl+L....*t*1. $i-{'rdl '* {:r' fi H}*l I }:rr *-:r{-,} < *} arrd

"83{r$} * {r { e I i,t -.r:ai < #}-

1.3. ,{fa:ru rnsull"s

'Itnr f6ll*wilrg tl1 1a;rpcr rcpr.*xn6ls l[s tu*ir1 ..*trl* of tfirin;ffi]itfi

t*i,t6{A'<i{<,;r,,2<p<rc.dtrid}?>ti. Ifitrr.ffuc:rrrsr+sl-sr:t"inr'r-'f>0rJr:purhirur;r-ntJ?rtt:lr

tJr*i ff tl,x: i:tit.ial r*nin {$11. us' fi1J /rrr fgs" i }' I I .taifuly

il&rlirqiirt rllrt,ii..,(,.*i..., ' iinrlil;rrir { /f'
L),;t. " {{!t

f.irr rirr.grr rr,rttd*fui*ru:

?"r,.*sx{?;r*.
n*rJ tJr* rurl.priifultr'lf g trm *itittt t, :

iT{u*.1'{p. + ${i)} { #tu}n * *P(/^'*}n au ft. un * I $a IB'

fAeru prof:ie*t i l.x I nrJmfie a uniqut .sr:ftrit'oa i#. v' n) ta'ft*

ir.l l)

{t.lil}

t1.1{,}

0€ ri;l({ri"r}"1};ir}l}. v € tl;:tt0.:J'},t,iiJ/}}nt},{{i}.I"}.I.l'd{#))' r{ $;{{0.r}'11;{fJ}}

.rrrJ fr:Lfrx il1; th,r: rttruli.tirttt tt :

li: . n + ll., a. J,t 
f7'

4 { g. + {i11 { "*;:". ,,r,],r1I.,,/u ll{fiu;/;14.,1i'"*}dsll;..4,171 <'r'



,t. ,&{rr:i*ni ./ ,l:rfllixtar- ,4fl*tg#* l$l {*:{'}$l }lltl t't!'

$fid LlL(: t:$li!ntrl,r.,;

ll{l!}11-,11,1.'y'1-11,,ji#}i i- !ivll11 ,,11n,1'1 ;-.rtr/}i + flv!11.,,11o r1.rri{t.t}) + ilailu',}ltrr'r.t'lr'*'1-411 s {:If

uriiJt .s*rtrrr r{}rl,E{{r.rrl { intk:lxtntl*tlt oJ fl-

Usilrg illr: &rgilrri$ltiltirlil drlo to Sf.riilrursr [t:t], wr: $r!* thnt ihc nrrqr r * Xr{{,f} is * riiffml$orphiilIrl

n,il.ir i*uit*!rlt: re}$*xritv. su thltt fr:r trrnrlrltlrrr i l 1 ; bl. 'l'],r{}r'"tlt l'3 *rr }r;rr.c

Theursttll.S./,ef.4<rr{ls"?<rr<lKnrxlll)f}.ftrra. IJteresrri.sf*ttliwr:?i>t}dtlls*:w*inqa*l?

prul:lrrr iI ti a.ll;rrlf/* u. wrir4tt: *dutittt't {p-u.r} tirfifi

lt * {}* * tq{t{}, r}, t,1(fJr }} n J-ett$. r}. I{:i{f}, }}, 1l € I'til{{r}. T'}, f-.,{fi,i} il f-p{{fi, ?"1. }1',i(#.i}.

r € I1;li{0. r}. t}tr},1} n ;:i,t{{}. r)" IIT{flr)}

Ilemark 1.4. lrr -[.ltt,ilrltlr l"i}r. rl € l.t;1tt*'1,),'1;i,,{,}t)} irlcfll$} t.hi[t fr1, e tll,.(f21) ftlr i € t(l'T} rrrrtl

J = tl. 1.... -f, rrlx:trt itrf * 1-,,- tl'if = 1',, iuirl {l}'t'* r" *Ixl

li''ll,r it,u.r,,,-'' ( I?, )i' f ( { 
" 

t'';''t " r ) liu ;" r,'' )'''l'') " " < *'
1=il ,-..

trlui: r:tri*r1x l*rrllas fi:r tlru lo.rtt*r lm*. lu &rtirrrrf. ,r*Elr+rw tbe-*;d,'rts{1 ffi;fr}tlndfe}. xttt}$icln:,$*r*tt*-r

?" Ssr*e propertieti ef the uniform l;t'f*r/'. domain

brurrrari frir t.ire lrrtt*.r us*. Lert s :6s *" Rx l1(r a biiru:li(}B *f Cll <i*rr rr.ficl kri s-l lx, its inr*trti*r rrrrrp' \\'*

llrislnlre tiur* V* aurd Vglr-1 !:ar,c tlr*r iix:us: Vf *,4+ lj(r) ruxl Ii6-l =.-4-t * J3-1{;r'!. ll'}rerr I antd

lt?{e'\ i s'ith ,V { r { tc ,sil{'l! thi*

i|{{r,S-r)llr,*i-,.,; i ,1I1, liY{JJ, S-r}l}r.-ia..i {. iJ:" (?. 1)

L*t .41;, lt*1.1, fJ,;i"r,) arrri.B-r,r{{} lw ttr* {i, j) e}trrr*rtts *f *{, C*. fr{ri :trx} tr.3-i{ri. r*$pt1(:til'elr' \1h will

clrrxlit, lir *rn:lll rurcluglr *r,cutually" so th&il irr tlre se<pr*l" we t*n}' l*i$lllltd\ lhat. t) < ifr f tr $ 'lJr' Let

,?-ts = d,(Rf ) a:xl /* * *(${#), n'irt,r'e

nB.f * {{rr,.".*s} €&s i;r1' }t}}. Ef' * {{cr^""'*,r'} €$e'\ }r'* *t}}'
'l"lre ;-a i* t.he b6ttnri*rrlr .)[ $r- n:rrl re;:rr".te*tcd b]" { : S{r'' t}} n'ith 

'-rJ = (r:1 " " ' ;r'1'* 1 }' Lct

,V, = det

ilr€r r.}* - r{t

tlr{i*r ul*"- re,- ,

ilr{ror i},r - l{;* t

llr{r fu"r{N

(2.?)iJf. {;r: }
with i),{, * ff,



r'. lilnry**i 7r ,Venldte*r ilrulg*i* l ll ('ttilril 1$$ :!tg

w|*yr S * (npr....,S,r';. lel rii.. * t*I;#*'.\',lVE[ "i. 
k't rt.-; * fr+i,r S-', *rnr! krt 3lr* *

{rr.*r....,r}+s},\tr:rr *r:l: t,ir*[ ny',];,- i* t]:e trril *ui*r n$illurl irr Ia. 5l*runer. n1, i* rlelirr*d otr ffi,s

;rud [rt, i i.l i

linr,, ilr, s3'y 5 {:,v, llV:rr; illr,;{*."1 ! Cr:u.. {:r.3}

iu ErNxur:lo rtrd $lrih*ta lt!. Propr:sititxr $.i]-

Fropc*itio6 ?.1, /rf "4 < r <i yt t4t$ *a tt k" ss ultifr.rrln l.{f*t"'' i*ru$tt. r.'s H'Y. I-,r'I ilf1 lte *n$ *Tntl!

rxo*1str"g tCI. i l. "l'hrrt, tl1rrr: o*-t.sl rtrriel$rr.{s Lfu > CI, $ < (*1" dt,dz < l. a'll o3*rt st"f li- *.f trtu*t t:ttrstlabllS

rrrrny 5-re;:f *r af !u,nr:ti.a*-s *l nud,Irj. unrl pnr,rds r| € ili.;rj { i! rxrl ri { "# 'rtlrh f.hrt* tfrr:/r:lfa*rlrag

&s.gertda'B.r* &.,lll:

{ii ?}iF ffffip*." H} * r * *j(*"} € &'1; ii : {i. I) nnr &ijflr:f:irrc *J Ct rftrs$.

(iiJ#={Ul-rU;,t*;tR:Iina,6(*}}}) 
"{U},x",1*.j})'86-(*}} 

crJ,6i{Hf}nB,,irjl:Irn
i,1,6,{;r}) {i * {}.1), .Ii{Rn\'} rr I'te,p:}i ,= r' ff lf7,(*:i} {i * {}.1}'

(iii) ?)ff:nrr.::rii.rl(.'x'fu*rfinrr's{jor*dij(i:tt'1.t.i*1.?'at.-'.i sudrill'at

il s i";, i; S r. srrg:qj. strir5ri] c #-r't.ri), il(jllu I {r{r}. iiijllrrii;--1 {c'*'
:! ,x a-

ij*l orixuirl:(j. ff,;j=, onE. fC]*tr a*l';tf*$.i]'
d-:ll -i::l .l''I

l{tn,- t:i, i"t e rtrrl*lnal *,r/r'lcl dr:g:ir.<Js *rr -1C7, oV, rg rlr;rJ r. }*t l.* i.wkyxtu!*ttt ol i * l'?,;r', ' '.
(ivj 

"rFj 
,= J4] -t ff;, V($jj-t : -Ai.- + fr.i -. r{'herr .Ai ",.r1 

.-4].* *rc J\ x,\ r:nri*{{rtr* r.rrtirr:n0rr:tnJ

rr.rr.irr:n:r,,.r. r*6d Ili a,71j #j.* *.n ,Y x.hi rrlrrlr,*r;i:s of l{tj+i{ffix) firrrr:f**c'r dqfr'nr:r} o*. kfr rrrlrl}* stttixf';} tlw:

r'**diltir:rt+:1l/Jj1ir-1x,."; S,tJr,llrij.-i!r,*,,*,,5,1/'.liTBj{lr.,i:.1{ }/z **d ilVI{.*{li,.t.t''} d illtl*r
i:{}. i *arl;- 1.2,i},....

{r,}?}rrrT:r:;r:r"cf.rc*ttlrtywlr;unr&r:r"L72.*udttlwt*rtg.f,+1r.dr*irilrtst:{-r*J{fJ*,t,irli*t}"}.,J'i*
I,l. Ii....| fiolr a* r"wtntTs ittttrs,x't*w.

I3^l .l'r,.,trn;srti*rrr L1{t), r,re }ratr,

2x
c.]il.ril'i",,,rr s Xf ll{iJll1.r,,r s XX ilJllt"{o"s,r g r'.illJli"i-,ir,, {.].,1}

ixttjxI

fnr ntr-v / e f$(fJ) ruxl I 5, q < x:, rvillt srtrte prxitivt-'(:t)il$trillt$ {]i aud C,].

lrr thqr stxp*J, tte t:rite lli = 17,,,111). f {,j)-1 : lf.ri, {ij = *J(3{f I. urtl Jt' * @"}{ki}'i *'rr the 3;1kr of

extr:rn*io* opry'rttl}r E. tirt slxur W';l{f}} irurel its n*rul {f 
.llw*,q*1, attti w*r pr(}1'{1 s{}llxl ittrxltlalitricxr ftN'thlr

srclr thnt n|, : s +* i1 * Ilf. artrl

linili!{.Ji#i) 5 {:. (2.i)

Lr:* ii: II"rEj."l arrri u$ = Uf,su14:r{1. aur} thetr il: ri r:n I1 t*d srrp;rn [ $. ]'or thr: not*iir:nai

sirrrlrlir:it:..hereitxrft*rvr.rrvrilcn*ffir{j.nl..tiintrrA*sotrflr-1!'cwrit*n:nuuk:ss.r:r:nfr,tsitlnr*l;t}
{}lt{:11f-



l16 #. A{*ryrnn{ / Sro*l{nccr An*Iy*nr Ul {**l$l lfiP"tgg

N*r,rt, lel p, U * t,2.3.4) lxl txtllrb*rx s'u{h th&t Iit*r(*i}*pi - I for * * -l's'l'2' Slroeg funt:[iun

f e l4"s,x{&{}, Iet

[/tl.r,*] (*.ry > o],

rl/ii*) * 
{irrrtr,*i*rr} 

{x:v < s},

obviu*nly. s$r.[f],**r+ * sf,,r[/]*"-*u- * ti]x.lXr,r,0+], n] ih*t 1t*[J]llwTrn": s Clifllr+'*t411 fu:

& * tI,1-3, r*'her* [tj] * lln. il{or**ver.rt8r{il * dx1f!1(*j}""tp;J(*',*irN}} far 'rrr' < $ anrl

El-,illi:,urli;r,-rl*rll***o* : 1{rr"0+},'m ttrat il*{'4".41fin;,{x,r 5 fll"fllr"rrlt, t'bert n;r{&s1

is the dual spnee of I'1''{1{mn'}'

Ix* ttm *:tk**siolr qler{*"$r E be rteJirwt t"ry

1*'*
slll * f f ,Uqjflo sjln ,Pj +Iqir'

[e{t j*l J*}

For the prodrrct JS, E{fgJ ir* rleli$rrl lrr" eifs} * S{/lE[Cl, and if s i$ definasl o* KN" EiJgl h rle"fiued lrv

E[jS] * ts{/}g. Obvifftti:t E[J] * J ir O. &lqrrmver, wn hnve

1E{uifi6;6"i g flltlilw;rol tur Ic *$,}.1. 
tz.$}

$E{Vr{[f *"',sn- 1 5 Cliullr.,1,$1.

Let

w;I(J?) * {f e r,r,u*(o} ls{fl € I{.'';t{ffiN}}, IlJllw;,1r:1 o lfB{fl$s-r1s,ry'

Frrr tlrs la.ter us*. s* Ilr$r'0

I;emma*,2,httl<q<ac,and*-<c<1c..{s${l,}}-eih*tnr*x{q,r/)<*.fft*a,thrf,a{*nuxtug*'teerfio,}e
ltold"

{1)

!l/.rltw;r'o S cll/lfrl?tr:tll.sllw';tcr' ll,sllL*.tnl ( fllsflr,r:t#)'

{2}

llV*llw;,tnt S Cllulla*qrli.

fl utl|6,-, 1;ry S Coll*ll*t'13;yltvlln'.' 1*1,

ilr:rl|ry,;, i331 S #ull*lfa*1*1 ff rflr,1al.

{:}} IrJ B* (I' * 1,2, . . .} iie lunctrons to ft?u*(**} '*ur}' f'ftrd

sup$sk c B], iis*llwiralr 5 r*)' {2'7)

la,r' twrw txmxt*rd "ro ir#c?*a'd*nt ol [' 'e 1-. t,i}, ' ' " ' 'fTi*lr,

llx tl

il[elr"-11 (cla?rllJlls';'1s2tr'
,IH It

lll'=t ltw;'g:)

llt**-ll 5 c,'voilflir*?r;:r {I* x (}- I)-
Il*= r ilr.r,; toi



.S. *fsr?*n{,1 /rl*ali*wr dnnlnrndt ll{ {*{11ff1 tW'leg

Prsot (l) It [6il*ns {rcim t}re Sc*xrlev irdxultling t}rtrrcrrr r}*i: {lgll{.*tlr1 5 #i[rfl{t+7{{r}r ii{r tlurt tre a]icr

hu* }{tJ, Vllsllr.-t*l $ Cl{,ftl$.;s,$rllClhqtpl- fu the fisbotot, irnh*<lrling tlr+rrrrern, c,q h*tru

llJsll&r$i < {rlljll;*r,*rlisllutt*l {a o q,q'}' {2.8)

ln fact, by rhe l{$kler inequalitl', we lxrve llfgllr.rrr} 5 {'llJ$*"qnrllg[lr.otr:) wiih f/* * 11.* * 1/b. Itfiote

th*(. fi < s. If {r * it, rlsu } * oc 0,nd lf < * < rc, fi$ rh*t hy rh* $oln:lev irubeddittg t'It*xrrilt:i

Itgllr"i,*r 5 ffll*llw:rr:1. If a d so ihe,n &'(ua - l1fi,) * sJe d tr. so ih*t lry the &rhqlev iurlxdeling

the.rrem ws also tr*r'c l[gflsr15;r 5 efiSil11'jtfi1' 'firus, we ]rave {:I'r*}'

Applying {?.li}, rve harr llfVglf p,t12r S ClljllrqtrltilVtrlla,irt.r. $umruing itF, w€ trr*r.t} s}r$Yrn ilxr *ssar[ion

(r).

(2)Tilrlirxtiriwluniityfollo*'tfrrxn{l}'fi}'Toprr:nrcthcserx:n*lo$s'titsr:lx*rwthai

f{E[uu]. e]s" I S ]lrrllw;' r r1 llDlr]ril r+pm" I

lor mny ,rr e i{'}(ffis}. Sy t3'fi} r*'c h*ve

lltvEtrl)*tlr",{m*1 { C$ve{aills"1s"rt}pllu?p"t. (?"s)

'I'hrx, na have flE[tr]pfl*itm"t * #]t$iu]flyq*"111'fllw.;',rnot,.wtrich implirs the s*mnd irwlunlit'}

Aralngon*Iy. usins *I6ldetr'rinecluality nnrl replncing VE[r'] lry E[ui irr {t.$}' li[r* h*ve

l{&[ur.,], p]n'l 5 gElulgl"1x"1llB{"}r*1lr-,rc*} { CIIEI$J}1e,re*lltEi"lllr.m"riftrllnr,,ts*],

rvhieh irnpllc,n tlre l*trt inetluality.

(3) Th pruv* th* IfuEt inequa.litX,', r*ettiug C : I*r iigl. *e rrlx*rve th*rt

Iffi [/sJ, e)s" I = t(E[f], sp]n" I S ll/liw;, 11;1lkirllxl m* I

for uny ,p e H;r,(mtr]. Ey ill,,{i replacing I? lry H'v, {1.?) nad t9.$), we lurYe

ll v{cpi il{", iso ;1 
S #rv,y f nvtclr*iir} flf;c re, ]

*=l

$ #r,,q, 
f,tnvtel.u*)fl}*,*,,iiii'eil{*.i*.",1 

+ ll{is&llf;*{un1filirll|a11sn1)
't= I

* c'ru,o'r$'f 11**fu,r;, s cr.c:$'llrfi$,,p*y

Aurlogotu*!3'- w*r nl*o h*tr flggil6n,ixo; S #l',.s.'{0llfll}i{,ir*;. Tlur*, xre trar* th*r fins* trmqnali{y,

Aualcrgorulp tr-v {?",1} *een*i\ haw t}re second incqu*lities, which romplote t}m procf of Lmrrut*r t,jJ- il

Ftir exonrple, H*hrS il-'I,f arxl lxltmrr*r 3.! we ha-l'tr

IlJnllr.rai Sl #fl/l[,*rnr. $J..llui1s1 { #ll,flfw;xc1'

llJsutlw;,rr?; { C[|lllr+;'qo1ll*lltqrrrr' ilf.anllw;'1*, S #llflk"tallXglli,.t$l
{?.1$}



#ffifl!i*,$,. A fanily on 4{X'-Y}'*IM
ffiffiM; s lr-eoi #ffit;;; $;.; ni, {&}}** c.r'.llili*' c.'r.a*d nfquenffi$ {ri}}'*t or

inrkrpgrrtlerr, uy*nru,6i*ITTT,"i'I,ttltffil rffxtroffi wriablex o* [t, tl, lue h*r'e the inalxlity:

{l ltp,,(.),r,,,ll' i} 
", 

" {l' llp',.,[ 
*]".

kw*Mmww,EmwwmRcrM)
Tlrc rmtrlvcnt pera$reter.l iu pmbkm {}'t*} rr*ri** in I'oeu xilh

f,r..ro * {} e C t l*rgll( r- e, lAl 2loi-(e € (0,x'/2}'lo } 0}'

Th* *rain.*** *i* tmkw

mm&ffiffi|Ll. mffiffi[.* { i$, 0 * ffi md Js < r < *' ffi r t nrxx{q'd}' fxr* s k a

un'ifmvnl+'?-'i' dmnain and,\ e I0,1,,. '9el

Jr{(r}} = {{f,g,h,k} }(/,S.h} e *'}s{a},*c w{{*}n},

,cd{t}}*{{FroFz,Fs,Fc,lpa}tn*m'jtrl},3r(fo{f}is,F:rqtro{'l})N,FaeJ'u{I?}#"Fs'et'ri{r}s'}'

The*,r tltwt: *ri*(o * I$ ? t cnd on epemforf*nrltrp fit.\) ffiI't

ft{A} € l{ql{d*^rn. ci#{{#}, H',";# {t}}}}

*n*l* timt /m a*y (J, g, h, k) e &(#) **rJ l e f,,*u , tp, u, r) * F'{'\}{/, g, '}'rl?k' Vk' h} {* o a*;t'ue a*h$ion'

to uflblrnr (l.l2l'

*r**".

$. *lcrg4r+l / ffar'rldae*r .4noftrrrs ,Jl lSdIdJ "lff*jgg

3. B borulded solutioo operaior$

Irr this stctiort, armuaiatsl urith generalied ffi
ffiffi {t'lt}' First <rf all' *e the ffi borrnded opftr*tor fnmitY.

Rffi\x*1n;,6;."tnu({(rf'+r}a{'rn{'\)i l 'r fl s;,'t i} S c {f * 0' l}'

ft*{.t"*ia},w,j.-,13713({{ror}{(tE{r)} i'\ e &,rui} S 6 {f = 0' []'

Bc(*,{o},**{*1,o1{{(r#r}r11t/*vP*l?{}}} I } e's'':o'}} s s {f * 0' 1}'

Rcr.&t,p].tu{ra**1(t(rsr}r{v}P"n{i}} l} E &'u}) s 6 ir=$'l}'

udih ,l * r + {r. fferr, Po ts {.fue pmj*ettan oFffut#r {,qfit}d Sp P*(p, u, r) = u'

&seark $.& The fi. Fr, S;1, F* 6sd Pe are tgrjnhrlm e*rreep+ruting t't1 
"f, S. "\llek. Yk' anrt h' reupeetively'

In ihc *equeti se prove Thtltu*rx il.;[- To prmc T]r**r*m i],?, we mduc* th+ pr*lrlenr kr tfo* La'lltd equ*ti*rn:

ts.1)

(3.2)
f tr.t,. - DivS(u) = g in fi'
{ S(u)n : k otr rr,

I u=0 on&.

Accordiug to Enouxrtu, r'ou Eelsw *nd $lritrat* {?}, we krxru'



,$, ,{fnrr*ti 7t i.1+rltr:eg.r.'lnclyti.t ,1,I i:!11tliJ Ja}$'JgIl

IE'W .*"4. !s6 i,,<.,g < rc. {} < fr' .{,t:f.3 fl'nrj 5 < ,' { rq' *.*Cr: ;d*4i r"} m*rx(q'r{l' L*t tl br'{'

Hrrifr,fi* 1i1?-"'" *mrwfut. {,t:t

};f{f}} = {(e.k} Js e tn{f})tr.1( e ll;"t(tll'ri,

J,},{J/} * {(Fz,F:r.Fe J lFa € t,,{t})r.t.r € tu{#}s"F1e f"u{{J)'u'}"

T'lznr tlirx: r:r:t'.tl * &, ) 1 ru',,rl o.vr. ({}rrtrf+r" fttwi[y J{l} 'u'il}l

C{}} € l*rl{ r.,A,. Ct&{rri. ii;i{fJ}s }}

,tur:lr llnrf far *ny tg,k'} E \t,r\tl) *rxl A € ,1,.r,,, 1l * .A{"\XS-,\l"rk,Vk} i"s * u*tgur: rt:I*ifii:ril' ir/

pntblrrn 111.J) ctrr/ ;4{A} sr.rfi-"S/ *llr: r:sfdru*lr=.t

Rr,f.,,i-,r,-.,,rr," i({tr#"}'{C'r,4{}i) ! A { x-.}'--i} { {: {f * i}' l}

$rlffi A * 1*'!r. .rfit:tr rrrr:.rtlt,S'* '}*'"+ Ar?*-&3 orrtrd {r'}u * {iu'1u"\i:'ilvu'F'!u)'

$*rrirrgCj*A-t{.f *?rdilu}*rdr=t.\+St}-t{$a${ui*g,,{Vu.rr}+h} f,ortliece.*.lf {}i*ii 1!}'

rq'* ltnte

[r*An.^ DiuS(u) * g -'A*'V{r*r}+ dr{.\ *aT}*lDivh
| + l- rv{^r1r:rrlil u} + ri1(.1 + ri3) -rl}ir, (.q,"(Vrr, 11) +-ri$t}(n}} in f/'
{ s{uix=k+(.\*113/-dr{A+,fu}*th}ri
| ' {,tr'- 

r*,ri:r<liv u t di(i I ,}r}"-1i$r,'{fr. r"r} 'i 'i:r}(tlJJ}n 
qru J't'

I u*{J *nI6'
.l"l*rr;.g-,l-lv{-r*fJ+11}{.\+&}-tl}iv}:nlrtlk+{i*ti:},f-cir{}+ri:r)*lh}nlxritrgr-'t',1:nrtmdg*utlk"
rrspt::tivell'. frir thc .qa.ke of silnpliritl:. we s:.rnsitl{:r" th* firll*wiu14 erlult{i$nx:

f ,rf,, - I)ivStu) * S1{,\i(u} * g ix $.

{ s{u}n - fJr{ri{ui = k *u 11"

[ * * {} {ili fi}.

lthtr* rl'* itave rr:1,

IJr(,U{u} *."\*lY{ir::tliltl}-t',i,{l r 6r'}*rl}ivt,ry.,{Vu,rr} +'asl}(u)},

I Llt{.\}{ui * -(,\*r1'r?rrliv rr * d1{,\ + rfu1*r{g,,,{Vu. r} } + *'$f,}{u}}}n'

T* pr**;qT*ti*t-lrtzu 3 :l.; ffi rrse $,lfs,{Ul}gq'd..-Sg t*'c }trtrurru re}rr:nt th* 7*-rt*rtn*'

l,emrna 3-5 {I]i}" I*t d. \' *tul Z br. I}**,*c-:lt, sqtal"r: rtrtd k:tT t*d S fu ft-bunxk"t{ fwdlit*

l. ffX apd l'crc llarr*t:h.r3ra1rs og/ ttl T tutd.9 k. B-lxrurirJcd/*rtdJtle* ir C{,t'}"}- lfa*a f +$ = {?'+ 5 }

7' q, T,,l' e $l * *J'rrr nt R.-lxrtx,d;:d !*trt'ily in {{X' }") cnil

71. xi y .y il.T + S ) *'Ect "t. r't (f ! * t.cr.:':.r I {$}.

2. Jf ,{. 1, *nd Z *rr: fkrtur* itpu.:c:s *rul. k:! T wul .5 lir: E--b*rlrrd*tl "f*s$.[irts frr [{"{'}') *iltJ t(\'.2\.
n:,r7x:i:fi1r*iy, t1:u $f = {S7" I J. e f,$ e ,5} is al.sct tt,l-'lZ-tx,*tndrtl t**ily in C{"f,' ZJ axrt

ft61.x.7i {f$ ; 5 Ras x.r'i {f }fr a1s.yi {.S i,

L*rruna S.S {1..1r}" L$. 1 <f;E < r$ rttttl k:t I) fte n desrtratn in' Br'

f ?e*.tq *.fh.fr$,i6 bokn{rtrl $a,r*pqi$*p.r,d.. dlri * .rrr&sr:f d irr *, c*r*3r}r*: pI*rir C *r*l lat :11,,,t,i,i

&r c. nrrdt{plic:attirs* r:ptru$ttr u,i#r rrli.l} ritfru,erf i'g *J,"{}}"F *rt.I)f Jor etng I Q La{I}}'

t.)..) I

(3.r )



l?o ,$. ,t{*rgrac{ / :Yanlin*w Anal,yn{c tl i {g.*1g} l*$'lgg

II*rn

fl.sq1*qd!1{{&r,a{A} i,l € ,t}} S c*.q.rr*lynlk,*.

2'L*t'*{?.ltuaffrfirnr:ttunieli*rldox&\{0}#m**a{reJir*tiemnrl#*oa*;}a{r}f{1a,*r{}ru,{r}l {1
u;r'#t. **nr* twnstant's 7 > tJ lor en.y ? € ffi\ {(}}. L{/.T* fu an *parutar mlued }bur{er ra|l.lfr[ptrri*r de$ned
by T"l = Jr*l{nFIf!} /or ong / arf{fi .f{qi e o{&, ff}. ?}sn, ?i, *' srtends{, to tu,un6,6fuirnr rrprrufor"pvm f"nR'iolt)| iwto tta*t!, !$arem*r, d,m,oting Jlrd* rrkn*r.on a&a &g o" Me rl,ofie

li&llcu"ts.r."(:r))) S Cp.a),fr"r.

I{tre}rxrfter, r*q rxnrrid*r ptblern {;l"lti. L** i{(,U bs t}w opratrr sivsrr i$ Tlrqrn*r* li-;l, *uxl letu * *{,}}&{s,k} irr {j}.ir}, wlrem jL{*.k} - 1g.*tlrk.vk}- By t"}xtrnulr $.,t, {r}"f} asel ilt,4i_ we rraye

[t f" - DivS(u) - Br(AXu] = s-fr{.Ufl"\{g,ki in ,f},

{ Siu)n * &{}Xu) * k * C.r(I)fA{g,k} gn 11,

I u=O .nJ-u,
srbe.rt $m hlrr* nnt.

fr{,\)r * ,\-rv{'vr?adiv"4{.}}F} * dr(.tr + f?}-rDiv (g.,{vc{.}ir,tr} + das{.,{A}F}}
#x{}}f * *i,},*l,y17ortiv,{{.f}s, +dr{.I+dr},r{**{V,4q.t}F,11}+&IXd{Ai1l}}}n. ' (}.s}

l,et f,1u : {r'e,\u - f}iv${u} *.er{,rxr}.${n)n * &{,rxu}} arrd gr? - {r},(.ur.{}t(A}F}. $ror F :(Ji,f,',F5) e .{r{fJ} with FU * {FE,Fs,F4) € }c{fl], tsr} rrr{ry nrit* &1 {$.,8} i* th€ fsrmr

f,;.4(,U,F'1(g, k) - {I - $aFi}ig" k),

1$lleru I is ilre itklrtit.v m*p frour Iiu{O} iuto itse,lf.
I.*t ,rr l:e any prrtrdtivc *u*rh*r > ro.sy il.il}, L{:rhrr*r:l"t{ri, {1.1t}}, Ixrn*rn ri,f."l ir{\}t'( ru jl. l. we hate

R*tt-*(t 1.r*{.tu "i{{{r&}r{tr{A} l r € E*.,r, }} S flrit {f * & t}.
kcty,,{rr}.r,*{r*1"1{{(r$,}r.{I/t02{}) I i e S*."r, }i S *f ;, {f = 0. t), {,g.s}
krtjr,t*).r.*trr1.,1{{(ro,}rVC*{,\) I .l € &..r, }) S Otit {f = {}, t}.

In frct' ttr any n e lN' Ai € s",r* fj € );{f}), arrd iudeperxreut,.c}'D}rnr*ric, {*1, l}-r-nlrmd rxnclqnr
varialrles ri (j * 1,. . .. n), me hane

/ IIE 
r'(u)vc:3()''"'l[,,,*, *

{$.14

(3"r)

l,ffrunra it.fi and

**,' I' (il;',,',-r''t^,r",li*-,,,, - 
llpn(u)(A; 

+.,r) ',4(,ri)F,ll,,-.,,,,) o,
t,*7lttl/

s c,,,()it + {}r + dn}-,},{ 
f}f 'r,",n,rr,r,ljur,r, o*

{ c,,}i1I 
llE",,*,*,il",,,,, 

r,,



S. .i{.rfA'dr.; ,/ Noxltx*t* {n*Qle} tlt l*g16} ur*-lg$

Auakrg*tl*ly sr hrrrr,

Arxl *hm,

/'llfi r31u).r]/t#31^r,rr11..,,,, dv s cn,uil + (i, * ds)-,) J' fff o*,^;,,xtrrr*rll* 
,o,*,o

s q,,^r, l' lJE,rr",",li"_,,,, 
oo.

J'lipry{u}c'1(.rrjr*3iL,,,, ,,rs (Ip,(Ai'* (}, ua,l '}J 
fft"r,,,o,^,,r,lln*n, 

o*

s (.'o,.\1 r l' llfi,r,o,rr{i,.",o, 
n*"

'fhuu, w* h*we i3.$1 fru d'* 0. An*lcrgorr*ly, we h*ve {i}.[] it:r f * 1.
ln prrtieular, lry {8.*j we h*ve

llqyu*rr,*htol({(r&)rfr0{A} l} € fo,r*}} s c,t;r tf -t},1}.
1!'e dumue lr l &l rio h.rr.ge tlrar

ts"fl)

{3.10)c.tlr g r7r

in {ii'I}}" Lct il{g,k}flv;{r}i = llsllr.ir;; + llkltrx.,lr13r **er gFll:,;rs, = I**e.&.{ ltrs'r.llr"rra. By i;t.}t}}

tr}ri{9"rF"r{s,k}il}rr"tcr*ll&9r{Fr{c-k))llyoesr:S{rl?}|lrr{s.k}llr._tsrl.

$turce fiF"r{g.k}lly-rsl:.is sluimlent nrx:rrs ro lltg,k}lly-tnl prwi{rrxl rhat ,} t tt,l* g.r& h*s i15 inv*sq
eiJrer*t$r tr - $.rf.r)-r iu r;1c1. sy {3.?}. fr.4(A}rr(i - g,r$'r}*rte,k} * {g.k}, xo r,hnr problerx {,1.i}}erdtrits a snlutlon u * 'rt{A}fi{I * S.rfr}*t{s,k}. Tlra uniqncuers fo}la,nrs fruu tlr* i.xixtenee af .mlutisrur
to ths du*l alnntir:,*s. M*roove.r, r-'"rfi * g*},.r)*t * (I * &6.1)*:&" Tl1rs. if *e rtefine th* opera.tor
s{,1)*"{{.ixr-&0;)-l,rhenu*B{}}F.r{s,k)*,4(,\}f'*(r*g.rst}*r(g,k}iaauniqlesaluria$of
prnbl*ru i:t.i:l), *nrt hy 'lhor.nelr 

"T-"1. l,r-anruul ;,.$, t3.p), a.nd {,tI.til}, sm lr*ve

t*{.yu{n }.r,{*1,n1{{{rst)t{G}s{,r}) I r € d".&,}} < # {{ * 0,1}. {s,r1}
&rr F * {Fr,F,F*) € #*(J?i witlr F' - (Fr,Fr, F+) e }n(r}}, I*l &{.\}F bc. dosned b3.

fi(.\)r * {r*1{ri - llrtivS{.\}S*}}.8{}}r,, tf +,fu)-r(.{$D{Bt"\}(r}F'}} + s,,(!,S(}}F,, rr} + Fr},
*nd then by Lr*rrrxa it.lj aud {i}.11}, Ee sffi that E(,1} is the requirc{t uper*ttx in Tllxun*nr itr.?, which
txuuplete.i th+ proof of "I'lx,.trrcm ii"t.

*- &p*Lq nraxltnsl re$da!ff fx pmbh {I.tS}

In this *erti*n. !n'* sh*ll pr*le fhe foll*wing thsrrsnr mrrc*rne*I wi[lr th+ &o iu ruaxim*l reg*rt*rity.

Thsorem 4.1' f.s, L 4 p,rl < ' . A' < r { oc., rlxd mur{4, t') s r {q, * ;fr}. Let "{ fu a*gr prsf#ue n*nr&er.
.fu*rme thr* .f} ,ia * anifaN*l*ri** dorn*in. Let

r4r # I+;{J?}, uo e Aft:..tyr}1#i', ro 61+,';(t}}#'



*, !a{c$V*rjt / if<mJin*r.r.Analg*$r ,41 {g,*lg) tt}g-r*p

*e drdrdol d+i* Jor pru&Ierf, {1 "10}r wwl k*

"f € rp{iO,n, 1{"';(fli}. s € r,r((0,r),1,q{t}}). h € &,{{$,r},}ti;{r)*,},
k e "tn{($,f}" r+.',j{J?)r') n }trl({{}, ?},w;r(J}}ff},

tx right rn*r*$rrs f*r Ttwbl*m ii.l{i}. Awum* *Aaf #my wti*fu ffi* co*pnff&il*tgr crrdrtdox:

{T{u*, t*fru) * dlra}n * k[*-* on f1, uu * $ on I{,. (,t.U

p € ll'J {{$, r}, urj{r?}}, u € tre{($, r). !r;i(rr}s} n B.j{{$, r}, f,e{rr)*), f € H,;t{0, r}, H,-;(f,r)ft*)
p*ssec*r.ng fhe rxtdrnrde..

[{p, u, .} }* 5 #e='{ll{rru, r,r}llu.f r*l "+ lluollr}}i-,i*.,1s1 .i. ll{f, e, h)llr,,r1s,r1,u1,.o1r,r1;

+ llkil*.qro,*r.r*'J{rr}} + ll&kll*,ttc..}"$/;.'{rr}ii (4.2}

tw" ang, € {0, 11} r:fjl, *r$re prz*ftr,ur w*xlantyy and S,, w}tete ,ile kxv* **t

$(p.u,")1, * fl(ar)llrrlEi$,r).rr.;ur)) * llulh,,,irt,rl,hf(r?)l + ll&uilq*r*),i{{#u t4.e)
utul tht tlans{*ut (? d.n {*,?i d,e,p**.et* $* ps arul h,

?tr prorae lfltrx:rcu d.l. Iiffit af all we tran*fon* prol*cru {I.Itl1 t{i the xxa irritial 4*t* ca*c. To thl* oml,t*'*tflkcael*ur*infJl$ucrhtlmtf/Ift:fo*rrdt?c$l.TheorLr*rrnif*nnr{'i*r/,{&<r{oc}cl*urain.
Lr:t u0 e rfij*t'rrlto) lxr an initinl v*lpr."ity field far prr*rlcrn {1,}*} srNl le{ frp * {,ii+r,....ria-t,) h* a'r
extension of uo *r J& s,ueh thrr* us * fts *n fi nnd lle{r![rri,*,r'eit{}_] g Cllusll*i:i_,r",j*r. 1lfo collsidff the
t inrr:-shi ftrxl hcat xluat iont:

#ru;+Iorl *pAt1 *0 ia flr x {0,oc), tSlrn =$, rjit*tr=*,*J (4.4)
(j * 1..".,-lf). Sinrre frc3 s&ti#ie.s tlre xrruprr*ilrility mrulitian: r:6rlq * rr<rjfu,, o (l ar folicx*n fnxrr {.1, l},einplo;f irtg tlre similar argumentatiou to th:r.i !n shib*ta l?t"J2l,;; rhar rhr.re extut r; (J * 1,...,ff)
streh tlr*t

,i'; 6 .Lr{{o, rsj, t!'d(#r i} n },t 
ur { t$.,x,i. i,*{ & } },

ll&t";llr,tqu"*),r"q(rrrlr * llt';llr"it,r.*).u,fi$rlt < tlll,ia;lls;,lJ.. r,,r,1irirt) S #}}u'lleI1;_,,/p]{"{}}. {'1.5}

$st v * (.tr,....t:3s). In pr*bl*.m {t.titJ, sa tist p - pq *#1 u e y +tr rnxl 7 * fs *ff1 and then S, w arul urs*tisfy the fnlkrwing eq*ationc:

{ d,o -t" ^11rlit w = y, in /} x (0, fi,
| ft&w - DivT(w.1sd) - dr{}ivu'+gf in # x {*,1"},
| 4.",+ d:,* - p*(Vw, zt) o dxl){w} + h' in, !} x {$.Ii,
I ftl*..y3#)* 61uln = k/ m J.1 x {0.f},
I * * tt ** fp x i{1,I.;_t (0,w,"u)ls*r) e {0.0,0} in fJ,

(4.6)

wlt'h f' - / * treliv v, gl * g - 1l&v * Ili'T{v,"3s/a} * drl}ivro, h, * h - &&+ g*(Vv,4} *ftD{v}. nndk' * k * {xv'tspo) 'l d1r6}x. By i"I.lii antl Lcrurra l.:}(1) *-iih .t * r-, {?.t0} n$d {I"I l}, ne travu

ll{"f',e',h'}llr,"r{o.r;.ivf ,xrclt + llk'lL*rrr,"rt.r+,;{r}}} + lli&k.l};,truri,ry;r{rr}} S (.y\t
with

fr = fl(m, rCI)I,n,;i$) * llrqllf r,-unt*r + il{.f.g.h}[{r.,{ro,t},u,J.o{,,}i

* llkll roito.*i.l+.'J ($]l + ll0rkllr"ttu.r|.w;, {r}}}.

{d.7)



,$. ilary*a{/ i{o*li4erA**Iy*d* I4t {g$t6l tftg-ryg

lflrus, fruru lruril' o$ we cutrsirkr $rol*em i4"{Jl, 14.re urudify tlre riglrr fire$rbrlr$ &o curxirier tlra ;1t*blepr rrg
ffi f<rr tiure. Gittn *r1y fupcti$n J{.,t} d*fined ail {$,f}, kt f6 d*rr*te thq *ao efft6*.ri{xl of j tg t-oc,6},unmely.fs('.t)*l(",tlfort6(0,?")andJt(",flo$f*rfe(**c.$l.f,etS,bezuroperattx.tlefine.dlry

lE,/J(',''1= {r'{"') ftrrs <t'
l/ot-. rr 

* .r1 for s > r.

Oln irru*I3", {Erf}{", *} = 0 ftrr * S ({},Id}. S,{t:re*yer, if ,fl**r = $. th*r we }ysrs

[t ftrr * f, (0. *,],
a,lilfl(..*i: {(tl,J}t..,'} forse {{}.r}.

[-(4"/]i.,tr - *i for r e {f,2*J.
$tn t € {t}, ?}, let

fi*"g*{J'J. G*E,ldi, 
'I*ti*[h,J, 

K*&{kl-
By tlre ctxn;x*ibility qxrdition {,i.} i, ICfl*s1 * 0, so that t}y {d-l}t, we h.rlt

il,K*{&Ic'X.,*} for s{ {0.f}, r}*K* *(O,k,}{.,tt* *} {bre€ {t,?f},
li'K*0 ltrraf(0,?r).

Irir*t, rull co*nitlpr the wlroh tim* gn'rrblern:

(4.8)

{4.1s}

[ 0r0 + 71divw = F jrr .f] x ffi
I r:#rw - DivT(w,,)'30) * dl Divr.r * G in JJ x B
{ &u + $2*'- g,,(Vw, rr) * dsp{*r} + II hr f} x &

I tfl*.trd) * dluln = K ou f1 x *.,
I w*{} or:fgx&.

(4.e)

{4.ru

{{.1t}

(4.1s)

{4-i,l)

Let X atnl X*l rtenc{* itw Lap}ace. Ffirtrier in**sftrrra nnd the inver$r Lapl*ee*Fourir.r trnlsf{}rnr with rrrpeet
to f defined try

4[/l(]] * i * /: r-h+1ri1/{r)rf (A a 1+ rr}- c*r{rgr} - * /_ err+t'}{,,{r}{rr.

Let .Frr,nd .ffI he tlre Fousi*r trruu,tfonn tt{th rs*psr-. kr t alrd the inrrrre fiprrier tr*ref+nn wit}r rmpe*:t
to r r.l*fincd try

fiJ]{r) *;[* u-'"'y1r3ar, r*'{si{r} = *r{_e."ts(r}rrr,
14'tr s*le thaf

,tl](A) *.F{{€-1,J(r}}, f*tk}(r) *n'}'.rytls{r)Xf}.

AppXfqnC tlre Laploce-Sburie.r r*anrforrrl to {"1.1t }, w,s have

I rd + r,dly* = f in t]
I ref*-DivT(ft.'ysdl : *rBl"*+G i.* f,?

{ m n d2ri - g.,(Vrtu, rr} * d*Dt*} + ff in fJ
I (r(*,',sd) + dr,iln * B on f1,
( *=tl on&.

t*t l?{t) he thr molutiur: {rl}s.r.fltilr to protrl*m {l"lEl gi!!*p in Tluxnr*u i}_il, and tha* q*r: hnve

{& w, -u} * e*t {f?{Jti{F, €. }Ilslk, V*, H}1.



*. "{f*ryr*n.* / iran#re+r .4a*Iy*jrr Uf {**t6} rS$- rE$

L+t X*l/t1 lxr the {{xrrrtt$ tfurfinxl lry

.{|*"f * f *t{.\1l2cl/Ji,\)1,

Npte tfu*t Al/'Jlt r CJXII?X1. Th eetimat* {{J.ul,ar), {,e qrmre t}*e ltcis $pera}tq}r.l,nh*rl Frrurier rnrrltiplier
thf{xtm' 1,s[ ?(ffi'.{} n*tt 

"${8. "(} be th* sc't of all X ttrlueci Ce fuiretionx having c"or$pgt snppnrr nrrel
th$ $clturnrta rip*ce eif rtrpi<Nfu' <kr.r*lsirrg ,t" ralrre*l firnetimr" r$ipoctilnly, whil*l .5r{ffi,,y} * {{${e. C}, X}.
Gireu ,1/ € tr1.66{& \ {t}}, X}. we defir* tlre qrer*r*r ?i{ : .F*l?{ffi,,{} * .S,{K, y) h1,

T'x$,* r- tl.4{"F{dl} (r[di € rr{ffi.ri}. {.{.15)
'fhe f+llowi*g tirc+reln ifi $brilirlrxi try \{biu {:J:lj.

the*rBrn *2, lar ;( arcd !' &e ftrro #Jt{fl B*.n*r** e;.m*ar and I < p 4. x:. Lr"t $I fu e Sat*tixt inrr(R\ {fl},Ctx")1}} *xt* t**t

Retr,r'i 
{{('*)'r1r(r} rr e R\ o*}) { ri < a* (r * 0. r)

u*'flr *onar ear$f,r*n{ a. ?ken, fJr.e openntar 7';* d*fi**A..rh i-l.I$} ia e$endd t* a kwnded linmr aperutor ftwrt.,e(R,N) rnf.r: f,r{R,}'}. *t{rr*arcr-. r!*mtd*g t&d* *r{eru*.on by llr, rse Ir***

lifu ll c{r,"i*,,s1, r,u1x, r11 S #n

t*r ctnne yn*i*ixtr *rw$*wl C rteyxndirry on p, -{ axd. y .

R'emark 4'S. hr tlre d*linitir:n of U,1ffl ry)s{:e! \r.r refer to n boc}k du* t* Anra*n [l]. For I { q < co,
tehcsgue *pace l*il?) and liob*le'spar.e H'?{#} are both U&{D *p*rxx.

Applying thr,: lveix ttxxrr*rr stater! rbave t*r (p,w,r,u) defi*r,d iu {,N.t4}, we hx.rra

lk 
*'" 

{ dt #, Or,.r) 
[{ t,t&. ryo, (r: 1 1 + lle - ?. {#rw X}/? Vw 

" 
Vr*) ll *, 1a, *o qn11

g C{lJe -t' (f - 
G, H} ll &*3,*i.u{n11 + lle-" 

?* (t vtK, lIK } llaorm, r, r1x1l }

for arry ? ? ,10 * t *'ith {nxns (reru*e}ris C indeperxler$ of ,y. xhcxr ,\ is ths eogfltent givrm in f},*xn$m jl"!.
lly using the f*m elue to Shilmta [Et, Appeurtlxj. l.+rur.nn"r ?-t a.nd ;"1.{i, lrne cfln pr$rr eariil_1, thnt

flr*rsa{/ry6r,.{&,r((r?ilJc{ffc*r,dffl"uta,rv;,tott+llr*r..fll*o1a",+,;qaly},

{'1.lt }

(4.17)ll e*1 tJ iL,* tx. :,, (sr) ) S f fle 
-'"e)* 

"f 
ll r, {fi .r., ( r}}} :

{l**1"&fl}r:uta.r,n{ru)) * lfe-1*lllr*tn,q.?r.o}} g #|}e-1"(S f, rrl/svf- vr/}i1,,,o,nu(*}r,
wlrich, conrbired with {,t.1$,}. fqrnishe$ that

1|lr-1"{#,w,*r)li;,i;a.i1.,.,,1s711 +[fr-t'{8r$..1r*}*a,{x"u.;{611 +flr-a,;}rwll{;}is,r'{s)}+}le*1ow$;*q*.r,t.;i$,)
( f(lfr-1'{F-S,rr}l{r,i*.p,j.,,r9}l * fle-ruVK#r_,.i*.r.,o(g}t + lte*a,#ot{$e"1.n.w;.,4a1y} {{.lS}

far *ry 1 ;f ].tl + l. 8y {4.it} *rrrl (4.t$i, we hma

lle-1*(f, G, Hlll*,f*,rt.*{*r} * lle*a"Y'KJk*tx.ro(,}} + [[e*T*d,K]lr.r{*,w;,(r_r}) S #?r {.{.1$}

witlr *or*e {$}urtetrt e inclepeud*ut of f. By i,{.lt{i rurd (,1.}S}, nm *en th,mt

{#, w, or.r}{', ,ti * 0 f*r * < t}. {d,r$}



.:-, .$f+r1nrf / ,\r"tfitr*r- .4nn$I.ri.r l4 t {rt$1fi} It}ll f rtt}

Ilr fitr'i. r,rr. ,rlrs+rr.r. lhat

ii i{r. w" u} ll r_,"{i_ *,.,-,i.r+ J,r{3}} 
4i iir 

- f i#. w. u) ll 1,,1r.ui !{n}1 g -r -. r I}r
fr":rrily -; l,\r;4 i, so t,il;nt xe h;rr.* |l.,Iit i).$ -r *,x. f,ornbirrirrg {,{.l\i il.}1,1" we lr;rr,{.

[{#.w.;i},5 (1,1'Sr

l1' I l"t I ; anr:l i ,1.:iil- th$ {S. w.*) j* * so}utigrr [r: r]rc m1u:rtioas:

e,i.# -+ ltdil w = .f' in JJ x {{},t}
i;31/"w -- Iliv?{w"1}{r) * r51 l}ir'* + g irr I} x {{}.fl

tlor,; + ,5U "- S.iVrar, rr] = ,fuD{w} + h, ig # x {{). f }
{4.2?)

{"{.pt l

t5.3J

{?{w. in#i * Sr*}rr = kf
w*{}

(tl" w.;'} j,*u - i0. (). tt)

a;r Ii x {ti. f j"

*n fi1 x ({}. f )"
irr l).

Iirr t] < 11 { ca < ?', l$t f$" ws'. atrt} ',;i' Lx: sriluliorri of }1qr+. 1i-lji x,it}r i * fi. I}1,t1+,*riiqur}rr:*i.;

{f}".srr,*/"; fnr.r € {*.i1 }. *r.r t}urr i{u'e srt {#,w.*,} - (6}'";r',*lr). trren *:c have (0,w.u/} : 1#r.wr.o,r}l*r' an1' f { {(}. ?'1. T'iris cn:rrlrlettx; the prrruf c.}f 
'firitlr,:rr ,1. i"

5. A pro*f *f the t*r*l wellp***dxesa

ln rhis sett'i1:n, wc prol?'l'ltr,-*rr'rir Lf b3'usi*g rhe l3*nalh fi"xrti ;:oint tL*nre::r- Irr thl scr;uel. $r &r!.illr:x!
xlr;rt' 2 "i l, d )r, -\r < r3 *: rx. ullql rrral r? i,r a ulriforlr lr''t'-llq ,r,lu*it, irr H,N {,\ } ?}. L*t ?.nr*d f. lN,r arrr,.
lx.xitivr: urrrltxrr.r *li<l iet 7y.y, lx. tlx, space *lr:fiutxl l*.

z*.'r * {{{r" v, r} I s € r{l{{{r. r}. rq{f}}}. v € r{,i}{(fi. ri, r,r{$}} ri ip{{i}. ?'1, 1{:f{'*}}.
r { I{;i(0"r1,Iti,rilr}), (f}.v,r}jr,..t = {0.u6.{i} ifi J}. {{#.v.r}}, { 1,}. ti.1}

L > I' hfonxn'r:r' rq*t*lr:oxrpr itr ii.Ii'r iu rucir rr nrrr.r tlrilt lir*li*,"1t$r g Ji { p1 . {lireu {rr,w.p} e3,r-..r.,
lcl, ttl" v turrl .l lt*r **rtratiturs tu Srrcblcm:

{* +" {t:. * &r}rlirv = F{x. w} in fT x {*. F},
{P.-r#iliv,*l}ir',s{vi+Vi"P'{p-+fi$}#i *,JDiv!,,{-g+Giw,x.,..pi iuex{ti,Ii.

t,, + )ri, - g.,{Vu. Ar} * d${v) = *,iro + L{r*.. g} i1 lJ x (t}, ?.1.
iS{v}*i}'{p" *61,r}#I+:i6.,}n = h+Hiw.a;.p} o* /l x {(}.I.i. {5'2}

v*{J
{S. v. r}{1*,1 : {ti, q;, {.}}

*rr fir x {{}.I.1.
irr fJ.

l* tl* -**rlnc'i. {l dturxc* g*rr'rie {.*r}$ti}$tri i'elerp.rxk:lrt of J? r*rri r.
ittrlcl:etrrlr'-nt, *l'L- 

'11; tlt*t*t,*; x*** spx.'rir.rl carr*t*rrts. r'he rxl**s ,,u a:'lrl.,?],uftffi"-*.}[jr:f'#
irxrprrrlir..l'*xrl rln itle*ritirx: si.,l1=,{ia"t-,s}rrrs;,urrr *{.,*.i* "l"l;ll-rt.,sJd*, n*h*u:

li tt tl
su1, li / Yw{...r),Isii S :V,"5|n'r,.i, {u. t': ll ./o jl r., ,,r,

, 
strlr ifc{..si11r_,ipr I }!1Ttit" 7.

sr4r lf"p(',.q)llr.. r*: S AI,7'Ltt'1,"
IF:{{f.? }

ii r' ii
srrlr jl / Vw(,.s)r/*i{ 5,\t;tt.P'f,I' i0.7',:lJil iitt;r#.i

srrlr l|r(.-.s)1j11.11-..,1 < .\{r'ftip' L
rk{u. /-}

,*uP,., 
lltr{', *)lirr1 I r*r {,1Ir ?'1"r'' {.
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wit'lr pr * p/tr, - l)- Tu del*r'r*i'e fir*rt.iorx rvi{.h r*npecl, L{, A.r {r, a*r: ffvwq.,x}rlr, i* viern uf Llw 
'r**ge:1*:l:::: t .,y."1fo . ,^ iu 'fir*oreru l.t *rxl {l.tii, we sh*,ee 1* s*n*ll e*ough in **e*r a *a.y r'atltr!'r/n 7 S p,/2, lt!fft/t' LS a aud llJ"t/e' L! I, aud tlrel ne hayei

* * *+&+rn{dpr {r€ [$,rl],,ff],llj'vq,(..-],,f[li*(ri] {s.'tl

Recatl th&t lJ#*llx"irnl f iluoll .,,.-ri + llro[$.-,]{r?} $ J? {tf. 'Ihrrururur I.t {t,I4i}" By tfi.;r} *nd {ti.,tl r*
Irare 

ltqP P ltll

-{tli,il* {l'n*,',oo4ll"-,,,, s s?r/r'r.. -#F,llo*(J'o*,.,-,r-)11,r,,,ss?.r/p'i
ll rr

,J,;[, ilo/r" 
F'{p, +do + rxxr - ,,*i|",,u, s c(n + rtip't-\ (.i.8)

wlts;* { * o, div, B:, arxl IV * W{K} is atry nratrix *{ftnctions witlr rmpmt toK, Ry Lti}r1l6r. t.?{l},
{*.X}}, {ii"ili, {$..{} nntt {xl,fi!, w.e hav*

If{t . g. -TroIl*or{r.r}.u.J oiag + llhfir,r({r.'r},r*,1{r4} + ll8rt1l",rru,r.1w;,1gy, S #ff,i:rrp.

lf{F(m.w},G{w,x.1r},L(nr,,r}}{l,"oq1o,a},*,1,r1n11 <C{I*grqStlr' +fr/p), {b.6i
flH{w, x.9}llL*{(o.r}.}r.;{r}}) < #{i + ,44(?'r/r + ?tlei,

where n'* harr* us*tl tire faet tha:t &h * 0.
T.o ob*nin the follrwing estim&tes,

,f*L[",U*t'"t)llr'ur-ri*r,s1 5C(]lf]rwllf]t{0.r},r,{{t?)l+ltryllr-,tt*.?'t,t}'ftr}}}+lluellai1;-,,,nrErz}} (n'r1

sne u$e the etrrhsddlng relntian:

Iu((0, cc), "t, ) n 1,[.j {{0, o*}, .{t ) c #{lf({0, c*}. {Xa,.yr]r*r1n,r) (s"8)

for *ny two }l*ura* q)a{S {t i{*.1 X1 .rttr*r tha.t ,{1 de,n** ilr -to nncl I < p < oc (ef. {l}}. In f*rrt. s* ftrrs $*rrl
irr Seetir,rn't, l$i fi{i e ff{,1*tlr)qy2 } be ar ext*ru*ou +f rrg,ilreh tlu}r tln x iru orr J? zunt flfi4llpr,1*,,*1s,1 S
{Jffualllr*r, ,r,*{rr1o anrl t}renthereexi$tsa Ee Hjt(0.+a},{,u(f}}"ry}nf,n{{0,*a),I{rf{J?}J{) whic}r sarisfie'
thc equ*tiotrst

&fi+ }16Z*frA5=0 in Or x ($,cc,), Zlrn =*, Z[*6*frp in &,
nrxl ;mssio".ts*r the r*r[imate:

ll&f,llr."qro.,"*i.f,r{rrr}} + ll?i[*,,trn.*],[+,fr{r,}t S ff}}u6f[*,*-,+rrrr, ($.S)

rvtth sxne mrL,itfflt c" Let s * w * z. liinm Elr*r = 0. by {,xl"ijl ff.ffI t,*,$}i we lurae

}}ffrsllu,ltto,*).f,.{r?}}+l{.Eya{fs,116.*}.r,}(r}})5f{llallp"tt*,?"}...,{{n}}t}lr}la,r*r,.r.i,w.3rrru}

s #{{li}w}la*$},r},&(o}) + llry}lr,tru,r,.}+'f{#}} + ll&sll*,tto,,rc},ro{r?}) + ll?llr"t*.*i.wgrrlrr}. (s.tri
Ylrus. rurting th*t w * 3 + Eyn fw f € (0, f) r*rul u"*ing {$.#}, ne lrave

,;1tqn 
Il*(', t)ll6'r'-"*rrrl s 

,*]X-Li 
ilat"tlllofii-,,,riqsly * 

,*tll"L,, 
llFrr{-,*}}lr{1;.-,..r}{r?}

$ {:{$ssrl}4{t*,r},r,{tr?t} + l[w[lr,tt*,rl.u,';{o}} + lli}*zl{r.te*.r,o1r,r;; * llEllr,ex*,*,?irzli}, t,5.11}
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whidr" cxilnl'i$ed wit'h {5,$i, furntuh*s {$'i}. $iuce rffj*ttt't1g; ( Ht{J}} a.s &rllonx frm* rlre saniu$!psi*t}:
? < p < oc hy i$,?i and tlrs faer: unp,*1g.f) i| .# Vw{.. uid*[|s*{rr} S tr_ *e h*r,r

*up llw(.. r) llu; lra S ..tllq- liw(.. f)llsar,- n+,,r,{{($'r} 
s;fifi;r,,,.,"r,,re{nJi*llog*,rrar'}.rq(r?}}+}runris,^1,1-,,*qc1}.

By {$"1} w*f harq

, 
srw,lln'(".rllir+..irra < {7tL + Jt}. tE"lI)

l&'ri*irrg qi{K} ,.* fl\/&I{. for j * D and * div, n;e h*rr

&r{{*r. r* ,y} = - 
{utr, (/- "* o,-) rd,w + p 

{r, (f ,- *) 
"*) "*

+ (p - p) ('r" (/' **r*) * ** u (r*" {/' o**} 
"*) "*} r} "

- 
{rtu**r 

. * (/'n*u*) v&c. * ('n {/-***) o*) o*r}* 
{J' 

o**) .
- {,{ (**, n'" (/' ***} d }'* (J'**} **} *

-(* p,{*,**,",n," 
{.{ o**)v&w* ('r," (/'"**)r-)o*r},o {/'**),,

- {."-,r { (o** *'u* (/' o**) 
"*) *} u} (/-o**} *} n

- (,J' P'tB. + flt+ {*}{t - rid{r,rr,r+ 
{' r"'to-+$o *rni{l * rX*.r*ja-*),

* 
{toa rr* +4 - r,(p.)}i.? (/'"";i $u,+ Fr'{p. +fh +r}d*nr* (J'1-*}}-

* 
{rr&r'rr (/- **} + #{* r ,,,rr* (/"v**) "*} *

Applyrng L*,.mny,t 3"t a*d urirrg {$-itJ. {S.#} rnd {,5.4}, w* har.e

li&II(xr. r.,plll1uqr6.a1.,,*;,(r;)) { CIL * fi;rqy.tlr' + ?.Ilp}.

Tlrur. *ppi1"iu6 Ttrrr;uxt; 4"1 to prnl:lem {S.}} anrl usirrg (.I.fi} anrl {,'r. l#}, s,g hnr,+:

[(0,v,,;']]r. < CnlL -r tr;rlftrr'+.1"t/p).

Cho*xing 'I > 0 rc smnll rhat Cs(I + &)l(Itie' + fr/$) S I in {{i.i.4}, ntr h*r,c

f{0. v, {'} $1 { L.

{5.1;})

($.r4)

(5. ri)
Let us deflxe * lxap d h1" di(r*, vr, p) * {0, v, g!), rnd then \y {li.l$} d it a map frcnn f1.1. i*to itself. Ftrr(fir,wro grj €\,I {i = l,?} lst (S,v,.u,} * S{r1.w1,5:1} * S{n1.wr,,&J* anrl lqt

"F ." "F(xr,wii * f{ns,urs}, f a G{w1,nr,rtu} * G{w2,x3,yrs},
C= L{wr,fr} *f,(ws,1o,r}. fi =II{wr,r*r,fi} * H{w3.r".f,r.2}.



ltl3

tlrcn lry iil,2i

S. MwVa.ttt I ,\ro*JCzs6r A*agrcl* tll {$$fiil lftg- tgg

hlrv$

&*(fr,*#s)divv
(p. + 0xlv1 * Dir.S(vi + V(,lr(p. + so)#)

ri'r + ?{4 - s"{vn. rtr} - do{v)
t$(v) - P'tfr* +$t6)0I *,#sln

,l

(d* v-ril1*6

: r$Iliv'{: * $

xl{
x$
* {0,0r0}

in !7 x {0.t|').
in /) x {0,fi,
irr d? x {*,1P},
cn fl1 x {0,fJ.
tln l"$ x f{r.f),
in I1.

{s.l$}

$irrre

,J,tili* 
ll{vr * "tii', t)lirii,l trp'r{r?} $ ffi[l#1(v1 * ve]ila"q1*,r],r,*{i}}} + llvr * vriir,,tto.r'r.n?rclr)

as' ftrllnws $b$m t$"7i. *urpl*yitg tlrt s*nre argnrlxl&t{*tirrr *s in pnN.ilrg {fr.{ii s.r:d {,i. i::l} nm lravr:

ll{.F,f,f}fii,{{{r,.r'}.R,j,rrr}t+ll{ll+,itn.ri.}y;tr}}}+ll#rtrll&*11,,jr1.w;r1r;1

< f{}}+ tflftlp' + ft/*}[{rs,-Trr,sr} * (n!,w:}o p1)!r.
Thru, eppl3.ing "t'lrr*nmu.,1.i to F,qs. {Ir.lSJ, B,* hnve

f4{r1-w1.,p1} * d{rcp,ws,pa}Ir S C:s(fi+ rfift/p'+ fl/r1{1xs,urr"prJ - (xr,*r,sr}!r
tt'itlt strme ffrnstnnt c:6 clep*ndfuig eiu rt. chonslry ?' > 0 s* snmltr th{* c'EU{+ .[]{fr/r' + ?r/p} s Ul, we
s+* tha.t S ili a ffEr*urciicn n:*p on Q.1., cnd the,rcforc fu the B*xarh fild pqilrt thqxrrcm sm hoy* a *rdtrue4ri !u*t r Br a $aarrl'li{:{.xrH ll}flp {rl} Ji.f' en$ tlr€,rstorc t}y the H$xlr*h {ild plirrt t.htxrrem we hoy* a 5piqu13fixxlprirrt{#,v'r}eftlrenrnp$.wIricIr*olr'eriHqs.{1.siuniquely,t,i*.

Aclna*lodgmeut*

W rhs pireotoffrte srxr*rnl of $iglte.r sctnertitm (DslInlDH{TI}. L,{i*istry of
fl****rdr. Tk*txrkrgi' *lxl l{ighcr fltlur:lrtirrn of l*dunrxi+r *l:d Prof. Yo*lri]rirc Shilrah s*t r]$Ly frr inxightful
.*rggestion for thin srticle bui alllo fnr the sanerrluri nlpp$rt itrring tlr+ studS-

Eofuems
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. . llnrlx.trmu: .{**$"r,,}r. llaru{ l.}r-khqr, Nt:*' Yr:rk, lSlti- pp. I tu.

" _ r&isii r:f * conrp**siitde {ltritl. ,}. M*rh, }iri. }l$ t:{f}:.J} ??j.dt tTIlS.

liryrii*, llr. ltirt+rrhurg [.{nt}r ,1. t.* (ttSJS} t ffi"

\larh. lqr,. t{li {ixi{i (:I}tlt}.

lfiri*tria. $\rrh*i*[. F.jkr,:**. l-,f.t iH}tg] {.tI .I:#iI.

Arut. Ilr*ir,. ilr+rx,r,s {it} {Slt+} ** **t.

- - uilh f*rl [x'u*ri*r;r, irxlrJlrious" Afiy]nr]{x. i[mJ. flf] {X.}I.$j t{lf-.?i$j,

,.., :d.)**5t Sr{*€}a-'luti{t{dw iu rr.hxlf-:ilo,r,. Za}r. \+*r,'hn. }i.nr. L()}ll'xl ,lE;'gi t"lT lit ii, Iirrurlrrr}.

rxr*tirurs, X*1r. Nr'r'frrr. iit.ra. l_(.tlll I tti i lttdl ) tr},ri. l i..$ {irr ltrrx*i*n},

l*r*liuorrn*ro'n, firlrxti;* h.lntlr. i.-,L:t tll {lltilx|} Tfi l$1"
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[x{ x' $hi' '1"' lihrs, r' u"Y:$,-{.0"r'lprr:+t'xrt}ri}ir.-v il;;:;;;il; rr*I", * q{r&.:*{4r/rri,,i$*r rx*y*n:x*itr}* f!nid*. Aerotl{th. .\l'pl. $irr. itri il'; {pril {} lrt. t lti.

[**+5p*] [1q*nrir*rx :t? {'tt}l,l } .i} L?..]r{t!.i.

. _ "]. Lltlthmrrliml .Flqrotir+rr tiifi {:yll.B} ;Ilt? ,itJi$,

Fhrid }fi}clr. ;t (l$J ilrrf.tti fi"} ?$ri:

- rk"rrrrtirr. ,J Rri*r' .tu4r:r,- *lor,h. tj$ {mX}ii} l,riT ?}f_r.
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