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1. Introduction and main result

Let @ be a bounded domain in the N-dimensional Euclidean space BN (N 2 2) whose boundary consists
of two parts Iy and [, where Iy 0 Fy = 6. The £ is occupied by a compressible viscous barotropic
non-Newtonian fluid of Oldrovd-B type. The present paper deals with the problem of determining the
region {2 < BN the density field p = plr.1). the elastic tensor 7 = . t). and the velocity field

R (o 3 RO wx (e, 1)), which satisfy the system of equations:
Jip+ divipu) = 0 in £,
p(da +u-Vu) = DivT(u,Plp)) = 73 Divr in £,
Q7 +u-Vr 47 = 0D(u) +gu(Vu, 7} in 1%,
(T{w, P{p)) + 3rmy = —Pp.)m on I}, (1.1)
u = 0 on {.
= {ﬁ» + 6{;- LI T{;ri in 2.
\ = I
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v of the peference domain £,

for O < ¢ < T. Here, po s a pusitive constant desciibing the mass dens
T(u. P(p)) the stress tensor of the form

T(u, p) = S{u} - Pp)1 with S(u} = uD{uj + (v ~ pydiv al, (1.2)

D{u) the doubled deformation tensor whose { i. ) components are D (u) = diuj + Ay (8; = 0/0ax;), Lthe
N x% N identity matrix, g, v 3.~ and § are positive constants (g and v are the first and second viscosity
coefficients, respectively). ny is the unit outer normal to Iy, P(p) a € function defined for p > 1} which
satisfies that P'(p) > 0 for p > 0. Moreover. the function g, (V. 7} has a form

ga (V. 7) = W(u)r — 7W(u) + a{rD{ua} + Diuj7}. (1.3)

where o is a constant with —1 < o < 1 and W(u) the doubled antisymmetric part of the gradient Vu whose

& /) components are Wilu) = duuy — djug. Finally, for any matrix field K whose components are Kij, the

quantity Div K is an N veetor whose ith component is 3=t 9iKij, and also for any vector of functions
' — N N % Lo . . N ; 5
w = (... uy), diva = 300, diug, and u - Vu is an N vector whose ith component is 32, jO5us. We

assume that the boundary of 2 consists of 15 and I with I'nn Ny = 8.

Aside from the dynamical system (111, a further kinematic condition for Iy is satisfied, which gives
No={zeRYx=x(1) (M} (1.4)
where x = x(£.1) is the solution to the Cauchy problenu
IN={xe RY |x=x(£, 1) (€€ M)} {1.5)

Concerning the free boundary problem of the viscous compressible barotropie Newtonian fluid flow, the
loval well-posedness and global well-posedness have been studied in the La Sobolev ~Slohodetskii space by
o - £ t

Denisova and Solonnikov [4.3], Secchi and Valli [1719], Solonnikov and Tani [25,30,31], and Zajaczkowski

{34.35], and in the L, L, maximal regularity class by Shibata et al. [7,24]. Recently, M. Nesensohn [14]
proved the local well-posedness of the free boundary problem for the non-Newtonian fluid flow of Oldroyd-
B type in the incompressible viscous fluid case (further references are found in [14]). On the other hand,

] investigated the asymptotic stability for 1-dimensional motion of non-Newtonian

Shi, Wang and Zhang [21
compressible flnids using Ly energy method. Meanwhile. global existence of strong solutions of Navier- Stokes
equations with non-Newtonian potent ial for 1-dimensional isentropic compressible fluids has been studied
by Liu, Yuan and Lie [9]. The purpose of this paper is to study the local well-posedness of problem (1.0
To prove the local well-posedness of problem (1.1}, we use the Lagrangian coordinate in order to transtorm
the time dependent domain 2 to the fixed domain £2. Let u(ax, 1) and v(£,{} be velocity fickds in the Euler
coordinate and in the Lagrangian coordinate, respectively. The Eunler coordinate system {2} and Lagrangian

coordinate system {£} are connected by the relation:

t
r=£+ / v{€, sids = Xol&. 1),
o £}

where, v(£.1) = (0(&.1).....on(6:1)) = (X (€. 1) ). Let A be the Jacobli matrix of the transformation

X

x = X (& ), whose (i, j} element is a;; = 8+ [, ?;i,,—- J(£. s)ds. There exists a small number o such that if

i ft v i
max E‘/ w?iﬁs}(lsfi <o (D<t<T), {1.6}
RoFeml e nd N d o f,}\j Z%E'xi[?}

then A is invertible. that is, det A # 0. Thus, we have ¥V, = A~ AW = (F+ Vs)?.f(: Vv(£, #)ds)) Ve, where
Vo(K) is an N x N matrix of '™ functions with respect to K = (ki;) for [K| < 20 and Vu{0) = 0. Here

: . . 4 i
and hereafter, k;; denote corresponding variables to [, (57

5 ) s)ds. Let n be the unit ountward normal to
7
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Iy, and then we have

A" In ~
Ty = e, {1.7)
*~ |A-in|
Suppose that pla. t), 7{x.4) and ula. £) are solutions of 111 Setting p(X{&. 1)1} = p. + Gl + B(E, 1)
and 7 = 7o(€) 4+ w(&, #), we see that problem (1.1} is transformed to the following eqnations:

8, + (po + Oo)divv = F(8,v, @) in 2 x (0.7},

(pe + to)ve — DivS(v) + V(P (p. +0)8) = g+ 3Divr + Gi{#,v.x) in 2 x(0,T),
7+ 47~ gal Vi, 70) — 6D(¥) = —y70 + Li{#.v.7) in 2= (0.7, (1.8)
(S(v) — P'(p. + 8p)b1 + 3x)n = h+ H{#.v.7) on Iy = (0,7, Y

v =0 on Iy < (0.7,
{0.v. 7)t=0 = (0.ug,0) in £2,

where g = —F'{p, +60,)Vb+ 3 Divry and h = (Plp. +0) ~ P{p,}n— drgn. Moreover, Flo.v), G{v.0, m},
Liv.7). and H{v,#.7) are nonlinear functions of the forms:

¢

F(0,v) = —Adivy — (ps + by + ) Vaie ( / w.f;s) Vv,

Wt £}

: '
Giv.0.7) = —fv, + Div (;:.L}g ([ Tv f){s) Tv + (1 — 1) Vase ([ Vv rfs) Vvl)
] £ A

.k . ; ) . ad ,
+ Viiv (/ Vv ds) v (;1 (D{vy +Vp (/ Vv d.&;) Y”v) 4 (v — ) (divv + Vv (/ ‘\?V(fs) ‘Z’v) I)
JO e Y 44}

- . p . - .
—Pp. +0a+68)}Vp (/ Vv ds) Vi{ty + 8) + Va (/ Vv dﬂ) 79 + Vaiw (/ Vv ds} T
Jo Jo i 7

i
.w<?< fW(p‘%m&;+i9ﬂi-{hMﬁ3).
S

ot PR \
H{v.0.7) =~ {y‘f}) (/ Vv ds) Vv + (v — p) <1‘§}i\- (/ Vv ds) T‘v) 1} n
Ju Jo .
( o ¢ ok
- {p (ﬁ(v} + Vp ( Tv r!s) ‘Tv) + {1~ gt} (divv + Vi (/ Vv d's) Vv) I}
Jo Jg ; .

g 1
x Vp ([ Vv a’s) n-+ ([ P+ Oy + 1831 — é‘}d{&g) n+ (Plp. + 0 +0) — Plp.))
(4] ¥ /

Jo
i ¢ pk
x Vp (f Vv cz’x) n-— 3+ 7)Vp (/ Vv (Zx) n
S J4

L{v, ) = W(v)r + Wiy (

A

. g
was) Uv{r +7) — TW(v) — (7 + 70)Vw ( Vv d.f-:) Vv
o

; . t
+a(rD{v)+{r+7m)Vp (/ Vvdﬁ) Vv +Di{vir+Vp ( [ Vvds) Vv{r + 710)).
Ju ; o
and Vp(K). Vig (K. and Vg, (K) are some matrices of O fimetions with respect to K for K| < 20, which
satisfv the condition:

Vpl0) =0,  Vie(0) =0, Vige (0) = 0. (1.9)

3

Employing the argumentation due to Stréhmer [321 we can show eventually that the correspondence
= X,(£,4) is invertible, then problem (1.1} and problem (187 are equivalent. Thus, we show the local
well-posedness of problem (1.8}
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To this end. the main step is to prove the L, Lg maximal regularity for the following linearized problemy:

Op+pdiva = f in £ » (0,7,

“,;g(?gl! - Div T{u. ’"’[:;[)} = t’i]l)l\’ T4+ in {2 x {G T3
N7 + 827 — go(Vu,71) = d3D{u) + b in 2 x (0, 7.

“ c ‘ 1.10
(T(u.7ysp) + 6170 = k on Iy, el
u =1 on fi.

{f). ll.‘f}gm:() = (p(;‘uuﬁ‘uj in {2,

where ~i. ~o. 72 and 71 are uniformly continuous functions with respect to @ € 2. which satisfv the

asswpptions:

pu)2 < (@) <2 0<mE@). W@ < NVl Sa (E=1,2.3), i)

frilwrgn < m.

while 8;. da. and 83 are positive constants. Note that in problem (1.1} we have written 8y = 3, 83 = and
83 = 4.

The maximal L, regularity was proved by Solonnikov [26.27] for the general parabolic equations which
satisty the uniform Lopatinski Shapiro conditions. After Solonnikov’s study abont the maximal regularity, to
obtain the maximal L, regularity result in the model problem. Moglievskii [10,1 1], Mucha and Zajaczkowski
[12] and Solonnikov [29] used the Marcinkiewicz: Mikhlin Lizorkin multiplier theorems together with some
Hardy type inequality. Priiss and Simonett [15,16] used H™ calenlus and Shibata Shimizu [25] used the
R-boundedness and the Weis operator valued Fourier multiplier theorem.

il Enomoto, son

On the other hand. Denk. Hieber and Priiss 51, Shibata 121]. Enomoto and Shibata
H i i

§£:}.<)\k‘ and Shibata [7]. Dario and Shibata [5], Murata [13] used another mgghods, namely they construct ﬁ;ﬁ‘.

2 hounded solution operator to the resolvent problem and used the Weis operator valited Fourier multiplior
theorern to obtain the maximal L, in time and Lg in space regularity. In this paper, we follgw Enomot@,
von Below. and Shibata {6,7] to prove the maximal regularity result for problem (1.10] with help ufsirhe%
bounded operator for the generalized resolvent problem:

Ap+mdiva = f in £2,
modu — Div T{u, v3p) = §iDivr+g  in 0,
AT 4 a7 — gu(Tu. 1) = 53D} +h  in 2 (1.12)
{(T(u,~3p) +&7)m = k on I,
u = on 1.

1.1. Notation and the definition of vuiform domains

Resfore stating our main result, we introduce the notation used throughout the paper, and some definitions.
For Banach spaces X and ¥V, L{X.Y) denotes he set of all bounded linear operators from X into ¥, and
Hol (T £(X.Y}) the set of all £L{X.Y) valied holomorphic f.;;;” s defined on a complex domain U, For
any domain D and 1 < p.g € . Ly(D), WD) and B} (D} denote the usual Lebesgne space. Soboley
space and Besov space, while || - [ py. [ oy and - |, (o) denote their norms, respectively. We set

WO(D) = Ly(D), W3(D) = B (D) and

WrmiD) = {(f.gh) ]| fe WD), g€ WiD)N. he i&;;’*{t);*”},

I (D) denotes the set all C™( BY) functions whose @pports are compact and contained in D. We set
(F.9)p = [p f@igla)de. Ly {a.b), X) and W)"((a.b), X} denote the usual Lebesgue space and Sobolev
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space of X-valued function defined on an interval (a.b). while |- I, caty,x) and 1w (a.ny.x) denote their
norms, respectively. The d-product space of X is defined by X¢={f = (fi.....fa) | ie X li=1...., d)},
while its norm is denoted by §| - |y instead of || - {{ x« for the sake of simplicity. N, B, and T denote the
sets of all natural nombers, real mumbers and complex mmibers, respectively. Let Ny = N U {0}, For any

g N

multi-index £ = (K1..... xn) € N, we write |} = ky+- -+ KN and r}f =g - dy withe = (T EN)

and @, = #/dx;. For scalar function f and N-vector of functions g, we set
Cf=(hf....0nf) Vg ={dg; li.j=1....N)

V2f = (8°F ] la] = 2). Vig= (gl lal=2i=1,....N).
Fora = (a;....ax5) aud b = (bgg ... by). we set a- b = {a.b) = ZJ‘L 5 @b F@)iﬁi:&tiiii‘ functions [, g and
N-vectors of functions f, g we set (fig) = [, f{r}g{;}d;:‘d f.g)p = [,f(x) gla)de. The letter
denotes generie constants and the constant Ca. depends on a.b. .. .. The values of constants el Co i
gy change from line to line. We use the hold-face letters to denote N-vector valued function and N < N
matrix of functions, And also, we use the Greek letters to denote mass density as well as elastic tensor.

Next, we introduce a definition.

Definition 1.1. Lot 1 < r < o~ and let 2 be a domain in BY with boundary 942, We say that £ is a uniform

oy L : 5 & ) ; . ’
W, domain, if there exists positive constants @. 3 and K such that for any g = {xg1.....Ton) € a1
. ; , iy 5 - N ; " .
there exist a coordinate number j and a W, function h{z’) (@ = (x1.....%),... . Ty)) defined on Bl (z})
e 'i i g o 5 .\ i § 1§ Fed 4 3 . «
with T = (To1s <o« BQ)0 -0 TON i and iglrizn‘ 1 (B e K such that

2 By(xg) = {x € RY Jz; > ) (2’ € Bl (x4))} 0 By(ixo)

80211 Bslag) = {x € RV | a; = h{a’) (¢' € By ()} N Balao)- {1.13)
B vy 4 P} 5 {Bhoenn ol TIPS SR PR, 1Y Bl{xp) = {2’ € BN | 2~ af) < o} and

S B PP
| lr — ol < 3}

1.2, Main rvesults

The following theorem represents the main result of ax&g paper.

Theovem 1.2, Let N < g < o, 2 < p < oc and R > 0. Then, there erists a time T == O depending on R such
that if the initial data (85, wp.70) for Eqs. (1.1] satisfy

Bollwson + laoll ooay  F lirollwpie = B, (L.14)

21~
;3,,,&; * )

the vange condition:

B2 & pu % B < 2pas (1.15)
and the compatibility condition:
Q’I‘(u{;‘ P(p. + Q(}}‘.} + frgin = -~ P([J* }ﬂ on 1. ug =0 on Iy, (ii{)}

then problem (1.8 admits a unique solution (8, v.7) with

0 € Wh(0.T). W, (12)). v e Wi ((0.7). Ly(2)) 1 Lp{(0. 7). Wi ), 7€ WH(0.T), W, (1))

sotisfying the conditions:
o

Qf— < po + O < 4Ap.. X / How; JOE M- 8)dsll iy < 0.
4 oo : (£2)
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and the estimale:

¥t [ : 3 = [ 9o | &
10l qomwpcon + IVlwicom.Lon + Vil cqomwzny + Inllwiemwien = € R

with some constant (' independent of R.

Using the argumentation due to Strohmer [32]. we see that the map @ = X (£.#) is a diffeororphism

with suitable regularity, so that for problem (1.1] by Theoreny 1.2 we have

Theorem 1.3. Let N < g < 06, 2 < p < oc and R > 0. Then, there exists a time Ty > O depending on R

such that if the initial data (6. vy, 7o) for problem (1
problem (1.1} admits a unique solution {p, . ) with

p—p. € WHIO,T). Ly(2)) N Ly((0,T). Wy (%)), ue W0, T). Lg($2)) 0 Ly ((0.T). W (50)).
r € WH(0.T). LY{20)) 1 Ly((0.T), W (1))

U satisfies the same condition as in Theorom 1.2, then

Remark 1.4. In Theorems 1.3, v € WH{(0.T), W' (£)) means that # e € Wi (eh) for t € (0, Ty and
t

§=0,1,..., €. where W) = L, W, = Ly and v = v, and
4 rT 7 s 1ip
baslt . HEp o 0oL b T o g
lelweqorywy e = Z(/ (X ol w2 d-‘») < X
g} Y 0

Including this introduction. we organize the paper as follows. In Section 2, we discuss the extension of the
unit outer normal n to the whole space, give some ;n‘op(itit_m about wniform W7 " domains and prepare
gome calenlus lemmas for the latter use. In Sectiond, we show the existence of R-bounded solution operator
10 problem {1.12) and {1.10}. In Section 1, we st ate the existence of R-bounded solution operator for problem
(1,127 and we prove the maximal regularity resuit for problem. In Section H. we prove Theorem 1.2,

2. Some properties of the uniform W2~1/" domain

Tnn this section. we discuss some properties of the uniform W2 Jomain and we prepare some caleulus
lernmas for the latter use. Let @ : BY — BY be a bijection of €'* class and let #7! be its inverse map. We
assume that V@ and V&' have the forms: V& = A + B(x) and V't = A_; + B_{z), where A and
A are orthonormal matrices with constant coefficients and B(x) and B_{#) are matrices of functions in
W2RY) with N < r < x such that

1B, B-)lLomy € M, I9(B, Bz

§

< Als. {2.1)

Let A;;. A-ij. Byy(x) and B_1;;(&) be the (i, j) elements of A, A, B(x) and B_(x). respectively. We will
choose Al small enough eventually, so that in the sequel, we may assmne that 0 < My <1 < My, Let
2, = $(RY) and I'y = G(R]). where

BRY = {(ar,....2x) €RY Jay >0} R = {(x1.....: zn) € RY | ax =0}

The I'; is the boundary of 2, and represented by { = Gz’ 0y with 27 = (ry..... 25y} Let

& - Ol

i1 o On-tia

N1 o Onoiin

()
U.f’é‘ !

i

‘.\«,” = clet with f},‘fj'

Hhéx - On-ién
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, /
where ¢ = (..., P, let Ty = (=1 HN VLL A NG et ngy o= g0 ¢ and let np, =
is the unit outer nmmai to I'.. Moreover, np, is defined on BY

(nagso..nen). We see that np |;
and by (2.1}

Inp e @) € Cn. IVar, flwi@y) < Ca- (2.3)

Several properties of wniform W77 domains are given in the following proposition which was proved

in Enomoto and Shibata [6. Proposition 6.1].

) X e oo e mm A

Proposition 2.1. Let N < ¢ < o and let 2 be a umj};rr;i Wi YT domain in BY . Let My be any small
number € (0.1}, Then, there exist constants My > 0,0 < d . dt d? < 1. an open set U, at mosi countably
many N -vector of functions ¢ and @}, and points x % € I, xy € I't and ,r;’ £ {7 such that the following

assertions hold:

1) The maps: RY 3 x — #i(x) € BY (i = 0,1) are bijective of C class.
J 7 § 7

(i) 2 = (Ui Ui (5RY) N By () u) 3 (U5 Beed). Bat}) © 2.
By () (i = 0.1), @*{",{}}r.&,,u n,im.u Y {i=0,1).

{ili) There exist O™ functions C; ard x"ﬁ =0,1.2. j=1.2,3....) such that
0, <l suppg supp(} © By (), I wz vy (G w2 @v) < eor
2 e
:,J’ =1 onsupp(j, ZZQ =1 on {2, LL3 on I (i = 0,1).
il =1
Here, ¢ is a constant which depends on My, N, q and v, but is independent of j = 1.2,3.....

(iv}) V@} = .A; - H} V('P’;"‘ = .:4‘} + b" _, where .,4‘ and ..4" are N = N constant orthonormal
matrices, and f%’? und B ‘. are Nx N mcmﬁm of W, ”’{}g ) ftmrfums defined on BY which satisfy the
conditions: || B] L, @y S MBS vy S My VB, v € Mz and IVB; .y €M Jor
i=0,1aend j=123.....

(v) There exists a natural number L > 2 such that any L + 1 distinct sets of {Ba xi) Ji=1012 j=

1.2.3....} have an emply intersection.

By Proposition 2.3(v), we have

2 o 2 =

o pye < W el o \ e < (u 2.4
g i%f%sfwgs.r, - :;‘-u';’f ‘ifn,»ﬁﬂ? = iflig fanply = i%f REE) (2.4)

=0 = )

o,

i
o

for any f € L {02) and 1 < ¢ < o with some positive ('("nﬂmntw (“ aud f";f‘

In the sequel, we write B} = By {x}}. {‘I”}"i = *if‘ 1 = ‘l’ (BY), and i'l == (Iﬁ{iﬁ;}'t for the sake of
simplicity. The I b is the lmmxdrzr& of Q’ We ;mmduc ¢ ROMIEe pmpmtuw of the unit onter normal i to 77, the
extension npemwt E. the space W 1{2) and its norm | - }W '(y» and we prove some inequalities for the
later use. From the consideration at thee beginning of this section it follows the existence of nf € W} (RM)

such that nl =non [, N B and
i i i
gl uBly & p g A8 (2.5)

Let i = 3 o, ¢inl and § = UE, supp«;ﬁ and then n = 1 on [ and suppn € 8. For the notational

simplicity, hereinafter we write it = 3,7, ¢!n}. Since it = n on I';. we write n = i unless confusion may

GUOLIT.
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Next. let p, (j = 1.2.3.4) be munbers such that Z;ﬂ{wj);";)j = 1 for k= ~1,0,1,2. Given [unction
JF € Lhiut'i‘a ’;,‘L let

f{.’r'. zx) (o > 0],
i fila)
it Z;»J _jzy) (ex <0).

Obviously, 95 [flex=0+ = t'}fi;z,{,f},.}_mg_ = {On )@’ 04), so that [ {fh,y“,:;v, (R
o= 0.1,2, where H'j: = Lg4. Moreover, dinfl = iix{z, {(—4) ]{j,}f{J‘,M}JI.‘N}} for xy < O and
S () p fl = e = [(a'04), 50 that | lmxfum any < CllfliLy oy, where W, H(RY)
is the dual space of H',j( R,

Let the extension operator E be defined by

1 x o
=N Y i Hlo i+ GS

jeo ja=1 =1

For the product fg. E[fg] is defined by E{fg] = E[flE[g]. and if g is defined on BN, Elfg is defined by
E[fg] = E{flg. Obviously, E| [f] = f in £2. Moreover. we have

E[ull ERY) S Clullwecgy for k=0,1.2,
TS ) fullwem

: (2.6
UE[V il @ny € Cliulli, e
Let
[ Rifle -1 at = HRIFll
WD) = {f € Liw(D | Efl € Wy ®Y)}, flws o) = ISy @)
For the later use. we prove
Lemma 2.2. Let | < ¢ < o and N < 8 < . Assume that max{q.q') < s. Then, the following asscrtions
hotd.
{1)
{2)
rv”%%W; g {£2)
fi“”&w L ‘gzﬂgf‘;%“‘
levliw-1(o) < Collulln i livlie,om-
(31 Let gy (k= 1.2,...} be functions in W}l PR Ny such that
suppagr © Bj. falhwremy < 2o {(2.7)
for sume constant vy szrpr ndent of k= 1.2,3..... Then.

< {”4:“}&;'.{5\&"@ teeye

< Corvoll fllwpeey h=01).

il Wk L)
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Proof. (1) It follows from the Sobolev imbedding theorem that | Holin. (o € Cliglhwigen, so that we also
have {|(f, VfigliL, ) = Cll I fllw )}Ig_t.}%{w;( o). By the Sobolev imbedding theorem, we have

WfollL.ce € Clfl.anliglwicn  (a=a.q"). (2.8)

In fact, by the Hélder inequality, we have {[follz, o) < Clflle.collglliae with 1fa = 1/s + 1/b. Note
that @ < s If a = s, then b = o and N < a < x, so that by the Sobolev imbedding theorem
ol m < Cliglwiay- Fa < s, then N(1/a — 1/b) = N/s < 1, so that by the Sobolev inhedding
theorem we also have figliz, (o) < Cligliw: ). Thus, we have (257,

Applying (2.8}, we have || fVgllL, (o < €} iy 1 U gl o, 12y~ Summing up, we have shown the assertion
(1).

(2) The first inequality follows from (2.6). To prove the second one, we abserve that

{(Eluv], @)a~] < ullw; ‘sju}gﬁif“%?%%u:,{?%*’s

for any @ € WL(RY). By {2.8) we have

HVE[DelL, @v) £ CIVER] L @v leliwy @y (2.9)

Thus, we have [|El| vasy S CHE] .»x;m.,'f Syt vy, which fmplies the second  inec uality.
HE[u]el W, (B~) i ) WLEN) i 1 )
{

Analogously, using Holder's m(*( nality and replacing VE[¢] by E ¢l in {2.9), we have
i i & i

i A Rl HER ool ; G0 DI R Qs
(Eluv), 9)ax] < Bl @ IEW2lL, @y < ClEully, @ ;?ng?}Szﬂst«fu\)ﬁsAiss LN
which implies the last ineguality.

{(3) To prove the first inequality, setting g = T“;f_,;, Clgk. we observe that

Lt

(Blfgl. @)ax | = [(EIf]. g0)ax | £ Mfllw; v gl @v)

for any ¢ € ’H:}:(f%'\v), By (2.1) replacing 2 by BV, (2.7) and {2.9], we have

,_Wtq: . Mwids. 1 . :;'
ﬁvfyv’m;w,{;gn:} < Oy Z §gvi{‘§:§k‘xkr}§i;“,;§x}
fee=1
P i _nq s B ‘l‘
< O S Y (Fv{{af G %t; (RN p,’s}.rﬁn Ny o *‘wi» (fki Lo (BN ;f%gk“ﬁ"’%iﬁ'l’{gﬁ\y}
};~1 o
L
" ~4 Hon
< {'.""-".q" jii] Z% iin LB = <Cx N'd ‘f) %%532 u RNy
k=1

Analogously, we also have [lgelly  zv) < Cw.gvolled W, (R¥)- Thus, we have the first inequality.

Analogously, by (2.1} we easily have the second inequalities, which complete the proof of Lemma 2.2, O

For example. using (2.5} and Leimna 2.2 we have

Il < Clflli, e %éfn?,fn;;uz} < Clifllwice- 216
] i i - 4 .1 “ ) 5
[ fonllw -t £C :fhs nllglw; . Ifgmliw: o) € CllflL,allgle, o

with gome constant (' >0
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3. R bounded solution operators

In this section, we prove the egstence of R bounded solution operator assc yeiated with generalized resolvent
problem (1.12). First of all. we introdice the definition of the R bonnded operator family.

Definition 3.1. A family of operators T ¢ £{X. ¥} is ealled Ribownded on L(X. Y0 s‘ww exish constants

¢ > 0 and p € [1.) such that for any n € ﬂ {Ti}Yjer € 7, {£i}7.; € X and sequences {ri}e, of
independent, symmetric, {—1. 1}-valued random variables on [0, 1], we have the inequality:

1/ 1/
e " e i i on [? P
i e o | -
/ 1 u)T 1}1 i < C / i rixy i
40 Hi=i Hy o 0| =1 oy

%t{f smallest such € is called R-bound of 7. whidli is denoted by Rpx vil7)-
The resolvent parameter A in problem {112} varies in X, ., with
Yo, ={aeCllargA{ S m—e¢, AL 2 Aol (e €(0.7/2). A0 > 0).
The main vesult for the R hounded solution operator is the following theoren.

Theorem 3? }}ﬁtl cg<x 0<esnf2and N <r <X Assume that v > max{q.q'). Let 2 be a
uniform W™ domain and X € X, Set

X, 2)={(f.g.h k) |(fgh) e W) ke W, Ny

X,(2) = {(F\,F2, F3. F . Fs) | F € Wj(Q).Fa € Ly(( NN Fy € Ly(2)Y . Fy€ L)Y Fs e WM.
Then. there erists a My = 1 and an operator family R{A} with

R(N) € Hol{den,, L{X(£2), W, “(Qm

such that for any (f.g.h.k) € X (2) and A € Xy, (pou,7) = RIS g A2k, Tk h) is a unique solution

to problem {1.12).
Moreover. there cxists o constant € such that

R::m:,{.rzi?.u‘,,‘“e'emi{(Tf}?f@iﬁf\?li fA€ Zea ) € ((=0.1),

R iy {OT R (A€ L N = C (€=0.1),
R,y mw,x{ifdf (A2UPRN)IAE ZaD SC (E=0.1)
R o iy (ervH T VAVEP R IAE Zeanh) SC (£=0,1), (3.1)

with A = ~ + ir. Here, P, is the projection operator defined by Polp.oa,7) =

Remark 3.3. The Fy. Fu. Fy, Fy and Fy are variables corresponding to f. g A2k, Tk, and h. respectively.
In the sequel, we prove Theorem 3.2, To prove Theorem 32 we reduce the problem to the Lamé equation:

o Au — Div8(u) = in {2,
S{umn =k on /. (3.2)
=0 only

According to Enomoto, von Below and Shibata [7], we know
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Theorem 3.4. Let | <« g < oc. U< e < w/2 and N < r < . Asswme that v > maxiq,q'). Let {2 be
uniform W2 Y domain. Let

Y,(2) = {(g.k) | g € L) ke W ()"},
V() = {(F2.Fs.F1) | Fa € Ly(2)" F; L)Y Fye L'}
1 and an operator fomily A(N) with

A(A) € Hol(Z, 5, LV (2). WHY™))

such that for any (g.k) € Y, (2) and X € A5, u = A(A)g. A2k k) ds e wnique solution of
problem (3.2) and A(X) satisfy the estimates

(R‘C() (21 L2V {{TL)TV{GX\A{;’;}) jAe B = =01}

Then there exist a Ag >

with A = + + ir, where we set N = 2N 4 N2 4+ N3 and Gau = (Au.yu, A?Vu, V2u).
Setting 6 = A~ (f — mdivu) and 7 = (A + 82) 7 S D(u) + ga (V. 71} + h) for the case A 5 0 in (1.12),
we have
v Au — DivS{u) = g AT f) + 81 (A + 82) " 'Divh
AT T (pgdiva) + 8 (A da)” DIV (g (V1) + 63D(u)) i 12,
S(un = k+ (A" 'y3f = 81 (A +d2) 'hin
Ay adiv b (A 4 82) T Hge(Vu, ) + 63D(u)))n on I'y,
u =10 on .
Thus, g — A~ W {vaf) + (A + §2)"'Divh and k + (A s f — di{A + d2)7'h)n being renamed g and k.
respectively. for the sake of simplicity, we consider the following equations:
~odu — DivS{u) ~ Bi{A)(u) =g in {2
Siun — By(Aj(u} =k on I, (3.3}
w =0 onlp
where we have set
B }\3( Y= A h{“{“'“: liva) 4 a{A4 Ig;g}wlﬁiv {gﬁ{‘{»’u,rg} ¥ (\3{}(11}3 (3.4)
® By ()\}i o /‘\— "\3"«”;(3“’ i+ (’91(}i S (51;')""1{(}“(?11‘ Ty ) + (ggDiu})h{l o
To prove Thioion 3.2, we use the following two lemmas about the R-norms.
Lemma 3.5 ([5]). Let X.Y and Z be Banach space and let T and S be R-bounded familics

!f X and Y are Banach spaces and let T and 8 be R-bounded families in LIX,Y). then T + S={T+5|
¢ T.5¢e8) is also an R-bounded family in LIX,Y) and

ReixyilT +8) € Rex. i (T) + Regx vy(S)

2. If X. Y and Z are Banach spuaces and let T and 8 be R-bounded families in L(X.Y) and L(Y.Z).
respectively. then ST = {§T | T € T.S € 8} is also an R-bounded family in LIXN.Z) and

RexzfTS) € Rexv vy (TR ex.vy(S).

Lemma 3.6 ([)). Lef 1 < p.q < x and let D be a domain in BY.

L. Let m{A} be a bounded funection defined ov o subset A in a complex plane T and let My (A)
be @ multiptication operator with m(\) defined by M, (A = m(A)J for any F e LD
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Then

Reir oy ({Mn(A) | A € 4}) < Cy g plimliy

s i *

with some constants v > 0 for any ~ € B \{0Y. Let T, be an operator valued Fourier maultiplicr defined
by Tof = F~YnF(f]] for any f with Flo| € D(R. X). Then, Ty is extended to bounded linear operator
i i id 3 i t¥} \ 7

From LR, L,(D) into itself. Morcover, denoting this extension also by T, we have

2. Let n(7) be a C* function defined on R \ {0} that satisfies the conditions: [n(rll < v and fre'(m)) < ~

ITuller xL,00) € Cpab

Hereinafter, we consider problem (3.1, Let A(A) be the operator given in Theorem 3.1, and let

u = AN (g k) in 000 where F)(g. k) = (g, X1/%k, Vk). By Theorem 3.4, (3.3) and 441, we have

vzAu — Div S{u) — By(A)(u) = g - Ci{MFyg. k) in 2,
S{un ~ Ba(A){u) = k - Cof A Fa(g k) on 1. (3.5)
u = 0 on 1.

where we have set
{AMF = ;\M};v{'ﬂ’?;{(ﬁ&'ﬂ{)\}}?‘a + 81 {A 4 8o} " Div (Ga(VAXF, 7)) + S D{ANF)),

. . ) ) o ) (3.6)
f)\}F R iz\ l"t;"gih"A{a\}F “He (§] {,\ Rl 3] li{ftt(VAf/\'}F. T } 3 (}‘;D(,A{A}F)}iﬂ. (

6i
Cy

Let £yu = (vAu ~ DivS(u) — Bi(A)u). S(uin — By(A)(u)) and G\ F = {CHAF.CLAF), For F =
(Fi,F'.F;) e X (82) with F/ = (Fo, Fy.F)) € Yol£2), we may write Eq. (3.5 in the form:
EXAMNFA(g. k) = (I- G\ Fy)(g. k). (3.7)

where 1is the identity map from Y, (82} iuto itself.

Let Ay be any positive nmber 2 Ag. By (1113, Lemma 2.2(1), {2.30), Lemma 3.5, Lomma 3.6

- +oand
FPheorem 3.4, we have
Regyap,omy({mo) G0 [ A e 5,1 < Cxt (e=01),
Reon o7 X200 [ A e B < oAt (E=0.1), (3.8)
Ry, n, 0 ({Td:) VG | A e Sa ) < OXY (£ =0, 1.

In fact, for any n € N, )\, ¢ Lers Fi € Yo (£2). and independent. symmetrie, {—1, 1 bvalued random
- 7 i J T X
variables v; (j=1,.... n}. we have

}; e i’
/ 1Y (@) VO (A)F, | du
70 =i B
: "L, (2
s I < I |
<Ch / ‘ %g}d rif{a)A; A(/\J}F;,{ + i?Z rifu A 4 ds) A(AJ}F}%; du
L=l TW2(6) }U*; 55&4;‘;‘1.{3‘;
ni »E 43
< {”'ﬂ*{A{! + (A + .523“1}/ ) rilu) AN F du
Y0 Hi=1 Mz
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Analogously, we have

L . I
du < €, x,\ + (A +89)"1) Z) Ji "";{N}AM};FJEE du
=t Wi

i

tfl n il
< (f'l.,iz\;{v/ “Z MFtEf .

=1
J B L)

"

Aund also,

s | , e |
/ Z‘ 31}}\ {Ai}Fﬁf du < Cp (AT + (A 5 62)™ Y / !IL ‘r}{}/}’\;‘ “AQAJ-}FHQ du
I aanl ' ks
"0 = Neom s = e
1 l: 1 2{
< {*{“A""ij il ri{u)F; | du
0 = i;!%“g}
Thus. we have (3.5 for § = (. Analogonsly, we have (3.0 for £ = 1.
In particular. by (3.5 we have
Rewytmyon{Ed ) FGA) A€ B0, 1) S CATY (£=0.1) (3.9)
We choose Xy = Ag so large that
CATl €172 (3,10}
in (3.9 g KMy, 0 = llglle, o) + KL wice and [[Flly, o) = 3o 5 o 1P, By (3.10)
IE G Falg. K)lly, o) = IFAGA(Fa(g. k)i by, € (1f“?(?ﬁl"}(ﬁ,k}ﬁ};f\fz;‘
Since [Fa(g. K)lly, (2 is equivalent norms to (g k}lv, () provided that A # 0, I~ Gy Fy has its inverse

operator (I — GxFx)™" in Y,(£2). By (3.7). &AM — GaFy) g k) = (g.k), so that problem (3.3
admits a solution u = A{A)FA(I - GyFy) " '{g. k). The unigueness follows from the existence of solutions
to the dual equations. Morcover, Fy(I — G\ F IS (I~ F\Gy P Fy. Thus, if we define the apoerator
B(A) = AMI — FAG\) L then u = B{A\)Fy(g. k) = A(AVFA (I — GaF)) " Yg. k) is a unique solution of

problem (3.3}, and by Theorem 3.4, Lemma 3.5, (3.9), and {3.10). we have

ey sy (HTONHGBO) | A€ 4 }) S C (€=0.1). (3.11)
For ¥ = (F.F . F5i ¢ A {£2) with F = (Fy, Fy. F,) & Yo 02}, let RIAF be defined by
ROF = (A(Fy = 5idiv BAYF')), BV (A + 82) " (8DBOYAF) + gu(VBAF. ) + F).
and then by Loemuma 3.5 and (3,11}, we see that R(A) is the required operator in Theoreny 3.2, which

completes the proof of Theorem 3.9

4. Ly~ L4 maximal regularity for problem (1.10)
In this section, we shall prove the following theorem concerned with the 7 L Ly maximal regularity,

£y

Theorem 4.1. Let | < pg<~x, N <r <. and max{g. ¢y < v {g = Jm— . Let T be any positive number,

Assume that Q is a uniform W2 domain. Let

Q. weB VO, pewlyV

F2h € H,i 4.

q“’
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be initial data for problem (1100, and let

f e L,{{0, 7‘).!?)}(1); g€ Ly((0,7), L,(£2)). he L((0.7). 0 qt,é,}x*).
ke Ly((0, 7). wH)y¥ )y nw, S((0.7) WYY,
be right members for problem (1105, Assume that they satisfy the compatibility condition:
(T(ug.yape) + dirodn =klyey  on Iy, wy =0 on Iy (4.1}
Then, problem (1,10 admits unigue solutions p, v and 7 with
PEW(OD).W (), we L(0.T). W) NWHO.T). L), e Wi©.1), W)

pussessing the estimate:

aé[’ . 7”}: zC 1{1*“ 'H“ 42T muf‘ ;;;‘f; by + E”t* g*hmgwuu,f;,u‘; L

gii;«s'm,n,i«vnm'; + ikl Lo{t0.6 W teay) (4.2)

for any t € (0.T) with some positive constants ~ and €. where we have set

1 = § i . - ”
ltpu.r)], = o )l o con + fulle, o w20 + a0y, 000 {4.3)
and the constant C in (1.2} depends on py and P

To prove Theorem 1.1, first of all we transform problem (1,10} to the zero initial data case. To this end.
we take a domain 2y such that 902 = I'y and 2 © 2. The £ is a uniform H'f"l'”' (N <r< o) dzmmiu
Let uy € B"H !"fm(‘f{:?'} be an itial velocity field for problem (110} and let fig = (4. .... gy} be an
extension of ug to 2y such that ug = 9y on 2 and éjﬁi,gﬁ;;: Ungy S {"“ngiéym Vel gy We consider the

time-shifted heat equations:

vy + Mgvy ~ pAv; =0 in £y % (0. o0) vitry =0, Ujlp=n = ily; (4.4)
(j = L.....N). Since figy satisfies the compatibility condition: ojlr, = ugilp, = 0 as follows from (4.1,
m.pim ing thc similar argimentation to that in Shibata [21.22], we see that there exist ol = 1,..., N}

such that

v € Lp((0.5¢). W) W (0. 00). Ly (1)), 5]
(o)

?Ef?f‘f’,; 5!“_,:((1. s}, La{e )y -+ Ef"‘v;gl‘ ({0, . WE () <l g

i«,n'x : _{;(ifgﬂ(‘;égﬁzn-i

;7:!‘.!13.

Set v = (uy,....ex). In problem {1.10), we set p=po+b,u=v+wand 7 =7 +w, and then 8, w and w
satisty the following equations:

00 + pdivw = in £2x(0,7),
Y2thw — DiVT(wW.338) = §|Divw + g in @ x (0.7 IR
Opw + Baw — g0 (Vw, 1) = &D(w)+h'  in 2 x (5.1, o
(T(w,v30) + win = kK on Iy % (0,71, e
w = {} on Ly » (0,7,
(0, w,wileen = (0.0.0) in £2,

Wlf ) [ = f—mdivy, g’ = g—adv+ Div T(v.vam)+6;Divrg, ' = h —
= k {Tiv vapg) + 617g)n. By 14.5) and Lemina 2.2(1) with s = {2.14

270+ o (Vv 71} + 8:D{v). and
Vand {1

Lowe have

5 ? f 48 it 3 oA 1 P A L
1CF 8 L 0. wrogey + Ik 00w IO, o0 wiiey £ CDy (4.7)

with
Dy = | oo To )l wigm + flaal B2V + {i(f. g i””?tw([u‘e}‘uzj P

4o el Cod wws s b T i "
t %?kézi.pmm;.ﬂq‘uf}f 1 u(—)l,k:;;w{gg;‘”,wv‘{33”-
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Thus, from now on we consider problem (1.6, We wodily the right wembers to consider the problem on
R for time. Given any function f(-,¢) defined on (0.7, let fo denote the zero extension of f to (—x,0),
namely fo(-.t) = f(-.¢) for t € (0.7) and fy(-.t) = 0 for t € (—.0). Let E, be an operator defined by
fol-. s} for s < ¢,

i.l: ff% o= R ) 3?5’
o 6{ . }(}{2? H:ﬁ for 8 > ¢. { }

Obviously, [E; fl(-, s} = 0 for s ¢ (0, 2). Moreover, if Sli=o = 0. then we have
0 for = & (0, 2¢),

DAE 1 8) = {AD M- 8) for & € (0. 1), (4.9
{0 f)(-.2t —5) for s € (£.2¢).

For £ € (0.7, let
= Elf’l, G = Elg'l, H = Eh], K= K.
By the compatibility condition (1,11, k'l;q = 0. so that by (4.9}, we have

K = (3K}, 8} for s € (0.4}, K = ~(0,k')(-. 2t —~ 5} for s € (¢, 2¢),

s s {4.10}
K =10 forsé#(0,2).

First, we consider the whole time problem:

-+ ydivew = F in2xk
Yabhw — DivT{w.30) = §;Dive + G in xR
O + Sgw — go{Vw. 1) = DWW+ H i 0xR (4.11)
(T{w. 4} + dwin = K on I} x B,
wo= {) on fy x H.

Let £and £71 denote the Laplace Fourier transform and the inverse Laplace Fourier transform with respect
to f defined by

; P i I P ins
&m“*fﬁ/ eIT(ydt (A= 4ir), LTVl = | OHG(r)dr,
o -0 L L PO T

Let F, and F7' be the Fourier transform with respect 1o { and the inverse Fourier transforn with respect
to 7 defined by

e . i e
Flfir) = / e E(E FHgl(t) = g e Tgl(r) dr.
F e K et of N

We see that

LIy = Fle f(t),  L7Mgl(t) = e F g(r)](1). (4.12)

{

Applving the Laplace Fourier transform to (111, we have

M+ ydivw = [ in {2
VAW — DivT(#, 0} = 6 Dive + G in 0
AL+ f):g»:’ !}n’[v'ﬁf T;} = ligD{Y;v’} 4 I:i in £ {1}3}
(T(W,v38) + 8;@)n = K on Iy,
w=1{ on Iy,

Let R(A) be the solution operator to problem (1.12) given in Theorem 3.2, and then we have

(0. w.w) = LTRONE, G V2K, VK. H). {4.14)
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Let ;Ii’ﬁf be the operator defined by
..;,, 1)\&‘ ”,ﬁ(\)j

Note that AV2K = = L] tl'”K" To estimate (0. w.w), we quote the Weis operator valued Fourier multiplier
theorem. Let D(R. X) and S(R, X) be the set of all X valued O functions having mmpzut support and
the Sehwartz space of rapidly deereasing X valued funetion. zwpﬁtiwh while §'(R, X} = L{S(R,C), X).

Given M € Ly (R "\ {0}, X}, we define the operator Ty : F7ID(R, X) — S'(R.Y) by
Tuo = F M MFle)] (Fld] € DR, X)). (4.15)

The following theorem is obtained by Weis [33].

Theorem 4.2. Let X and Y be two UMD Banach spaces and 1 < p < oo, Let M be a function in
CHRA O}, L(X.Y)) such that

N
R‘{_’QA’,}’; (T;}:) }[(7‘} § TE RN

7

ShE<x {{=0.1)
with some constant k. Then, the operator Tyy defined in (1.15) is extended to a bounde i linear operator from
Ly(R.X) into L,(R,Y). Moreover, de noting this extension by Thy, we have
feps 4 N
IMatlleit, @500,y € Ca
Jor some positive constant C' depending on p. X and Y.
Remark 4.3. For the definition of UMD space, we refer to a book due to Amann | [1]. For 1 < ¢ < x,
Lebesgue space L,(02) and Sobolev space W JH(82} are both UMD spaces.
Applying the Weis theorem stated above to {#.w.w) defined in {4141, we have
Y/
; {(3,(9 ()‘m,)”g {B.W2 ((;;; ! {f?W i 2?‘%’ w2 W)fi AR L (07

S Clle™(F, G )l zuroigy + e (4K, VK) i1, z.L. o) (4.16)

2 Ap + 1 with some constants C' independent of 7, where Ay is the const ant given in Theorem 3.2,
il
By using the fact dne to Shibata [23, Appendix]. Lemmuas 2.2 and 3.4, we ean prove easily that

le™ ™A fli, .oy < Cflled, flty,

SR .

aw; oy el e con
fle™ ™ vl Laon < Clle™ 0, fliL, . L (82)} (4.17)
fle™™Oflle,mL,c0mn + lle Lz £ Clle™ (. f, A2V, vz_f}ff[,,)(j‘.{,g‘q;_(g)‘;(

which, combined with {1.16), furnishes that

G " £ (4, TS +y 3 P P { I | T
R U A URPRIS TP S (T8 ) P vy gy b e T ewlln oo + e

€353
L8]
g1+ v M

5,,,,{t~,w,, ‘{.n;;;) ”1‘53

-3 ("fif*‘”wﬁf"«G-I'imz,,.t«;\u;;‘ "oyt fle”

for any v > Ag + 1. By (4.8 and (4,10}, we have
e (F.G ),z w0y + lle VK Lm0 + e 0Kl 2 woi ey < CDe (1.19)

with some constant C' independent of £. By (1.18} and (1,191, we see that

(0, w,w)(-.5) =0 for s < 0. (4.20)
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&

In fact, we observe that

fj(fﬁ‘ ’W‘.w’”;

A ‘ i
Wll—e. 01, Py S e {ﬁ‘w'w);u (Ewhion S7 Dy

for any v 2 Ag + 1, so that we have (1.20) as v~ 2¢, Combining (4.18) -(4.20), we have

(6. w,w)], < Ce'Dy {4.21)
for any 7 = Ag + 1 with some constant € independent of ~, Moreover, since [Eifl(s) = f(-.5) for s € (0.¢),

by (4.11) and (1.20), the (#.w.w) is a solution to the eqmammw

9.0 + vidivw = [’ in £ = (0.1)
Yalhow - Div T(w, 430) = S Divw 4+ g in £2 (0. 8)
Oew + fﬁm_ - Jr,{v“’ T t) == (E;D(W) 3 h’ in {2 x {ilf}

s , {4.22)
(T(w.#) + dwin = k on Iy o« (0.1),
w = [} on Iy » (0. 1),
(0w, wilewy = (0.0.0) in £2.
ForO <ty <t < 7T, let 8. wi' and ot he solutions of Eqs. (1.22) with = f,. By the uniquenecss

of »olutmm w huh follows from the solvability of the dual problem (cf. [25]), we have (0%, wh W) =
(0, wi* wh2) for s € (0, 1) s0 that if we set (0, w, ) = (87, w7, then we have (0. w.w) = (6, wt, )
for any { € {0.7]. Hns completes the proof of Theorem 41,

5. A proof of the local wellposedness

In this section, we pmw Theoren 1.2 by using the B.ma( h ﬁ*{mi point theoren. In the sequel, we assume
that 2 < p < o0, N < ¢ < o0, and that 2 is a uniform H Y domain in RY (N > 2). Let T and L be any
positive munbers and let .Z,};,, be the space defined by

Lyp = {{f!,\r.r} {de H' (0.7, ﬂ 2)), veW 1(f(i T) L)) n Ly((0.7) H",f{ﬁ}}.
p‘(ﬂ T3 W xf'?}) (ﬁ.v,r;;,:_m = (0.uy.0) in 2, {(8,v.7)]; < L}. (5.1)
Since we choose T° > (0 small enough and L > 0 large enough eve ntually, we may assume that 0 < 7" < 1 and

L > 1. Moreover, we choose p; in (1.11) in sueh a way that f’f;;%;u < R < py. Given {k,w, ) € Ty o,
let #.v and ¢ be solutions to problem:

Gy + (py + B idive = Fir, w) in {2 % (0,7,
(ps + By)ve = DivS(v) + V(P (p. + 65)8) = 3Dive + g+ Glw,k,¢) in 2 x(0,T),
| th + Y — go(Vu, m) —8D(v) = —v7p + L{w, ) in £2x (0,7, (5.9)
(S(v) — P'{p. + 001 + 3)n = h + Hiw. k. o) on Iy x (0.7, bl
v o= {) on Iy = (0.7,
(8, v, T)i=0 = (0,0,0) in £2.

In the sequel, €' denotes generic constants independent of R and L, and Cp denotes generic constants
independent of L. M, denotes some special constants. The values of € and C r ay change fmm line to
line. First, we estimate the right-hand side of 11.8) - By the Sobolev inequality (cf. Lo 2211, Holder
inequality and the identities: x(-.f) = ju desl- s)ds and (-, 1) = fa Jee(-. 81 ds, we have

¢ i i i i
i . xl el P’ }‘I H = -
sup L Vwi-. s)ds < MTYP L, sup | Y"w( s)n’s;; < MTVP R
ey o Voo te(0, 73 HJo hwigm
sup |iw(, sl o) € MTVP' L, sup sl s)fwigo < fo"’”" L
140,79 fe (i) ’
sup (- )L, oy € MTVP L, SHp ;:;;;{,.s)gww} < MTHY |, (5.3}

e () TSN
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with p" = p/{p ~ 1). To deternine functions with respect o f, o aid j Vwi, s)ds, in view of the range
condition: & < ;: + 80 < 2p. in Theorem 1.2 and (1.5}, we choose T' small enough in such a way that
M1V ey < P f2 .U; TP L < o and MTYP [ < |, and then we have

i o . il i e
= < pe g+ <dp, (£ 0, 1)), sup i/ Vwi- fjﬁzf < 0. {(H.4)
4 tE{0.7) i HL (@)
Recall that [[olly o) + luell w1, + fi7oll wiiey S R (cef. Theoress 1.2 (1.14)). By (5.3} and (5.4) we
) 1 B,, 7@

have
i H ,
sup iy, Vi ( Vwi-. s}(fs) ” < ("”‘i-‘f”)L, < OTHE L
i L rl-\x“}

(0T 1 12

s

T

,.t
=3
i
=

i
Y‘/ P (pa + 0y + €r)(1 — €) d{%’ g

“Ql;,i Lol$2

where ¢ = D div, W, and W = W(K) is any matrix of functions with respect to K. By Lemna 2.2(1),
I

vand (5,71, we have

0. g. =70}l sts!ﬂ Ty,Wwie oy + %@hffg,p{;;n_'r';i;.y; (oyy + ], LT W ey S CRIY?P,
HF (k. w), G{w, 1. 9), L{w, ~"})”‘,m,, Wiy S C(L + RY(T'V¥ 4 V), {5.6)
H{w, &, vf}35L,jz:u.’t'";.ﬂ;;z:sz;) SO+ RY(TYY TPy,
where we have used the fact that ¢4h =

To obtain the following estimates,

sup {w(-. Ol groi-1im ) S CUHRW L 0.10.L,00)) + IWlle, 0.7).w2 2oy + ol gao-oin ) (5.7)
te{0. 1) g o
we use the embedding relation:
Lp((0.5¢). X,) N (0, 50), Xo) € BUC((0, 5¢). [Xo X1]1-1/pp) (5.8)

for any two Banach spaces ‘m and Xy such that X dense in Xy and 1 < p < oc (ef. [1]). In fact, as was seen

Y
in Seetion 1. let @, & i,{z,f ‘"f{f»‘ I be an extension of ng such that @y, = ug on 0 ﬂm} Hnuﬂé 201w g <
i
(’i{nmiﬁm Vwi gy and then there exists a Z € ii’;{{{}. Y, E(,&’!.»’)\*\ ¥ Lp ({0, oc), H Ny wimh satisfies
the equations:
KL A ML~ pAZ =0 in £} x (0, =<}, Zir, =10, Zliwg = Ty in 12y,
and possesses the estimate:
NOBl L, (0.001. 0,00 + NZllL, (0.00w2ia s < CYf Mofl 2o sim gy, {5.9)
with some constant O, Let 2 = w — Z. Since Zl=n = 0. by {L.8) and {497 we have
B . fhe i i L izl
Erzliw; co.x).L,02 + IET2]L, 100 w2000 < C{]2 zlwiorye,com + el o mween}
< ClIOwll e, 0.1y, + WL, o.mw 2 + N2l L, (0.0, (20 + 1202, 0,000 w2can ) (5.10)

Thus, noting that w = Z + Jipz for £ ¢ {0.T) and using (5.5}, we have

sup w8l 0 Vriegy =

j (- ] 2t gyt sup ] - fH e
1eq0.7) e '8, (4 )

te{t,00)

S CUwllL, qo.1).1,029) + Wl Lotorywziey + 1Bl a, ray + 12, u;;'gs?;ﬁw {(5.11)
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. . ; T I HA=1/0)y gy . ;
which, combined with (5.9}, furnishes (3.7, Since Ben M) ¢ Wl , (£2) as follows from the assumption:

2 < p< o by {57 and the fact: Py 7y ju Vw(, s)dsll,_ (o) < I,. we have

sup W Ollwriy < sup [Iwi-
tE10,7) ! te(o, 1)

L (0T L, (2 F worweyy + fuol Lgzo-tim ) )
By (5.1 we have

sup |fwi-. )l oy < C(L+ R). {5.12)
1E(0.TY o

Writing V/(K) = 9V;/IK for j = D and = div, we have

1 .
GH{w, &, @) = f;d}; (/ Vw (§:~) Vihw + (i';} (/ ’C’w«in) 7\’f‘W’) Vw
I iR i
+ (v — p} (Km (/ Tw rix) Vw4 (L:;W (/ Vwrr’s‘) Vw) Vw) f} n
2 e Ll ¥+ 0
£3 nf LY X / i
o {p{ﬂ(ﬁ#w) + Vo (/ Vw 153) Vihw -+ (iﬁ» (/ Tw r)‘&) "\”W) Vw}} Vo (/ Ty (iﬁ) n
wof 3 F \ \of £ \ i3
v N i
'{1! { (!}1‘&'} + ‘x}} (/ Tw dﬁ) ‘?w) } i;, (/ ?Wd.ﬂn) \Tw} n
N {3 y o<
4 £ L 2 R
—{t — 2} {;jdiv (W) + Vi (/ Vwrin) Tihw + (V(;W (/ ‘de&) ‘Cw) ‘f"w’il} Vo (/ Vwﬁs) n
Nl 3 O] \of 13 /
;r}{ divw b Vg (/ \'wda) ) (/ Y'wuf's v }
7 &3
AY

/ P pe+ 0+ )1 ~ O df ki + / P {pu 4+ 8y + £x3(1 — O df ?»"%?yee) n

6

¢ ’ ¢ A
{‘l";x + 8y + 6} — Plp W (/ Twu‘\-) Vw4 Plip, + 0y + 63 sl (/ &"w:!x) } n
s ¢ "
{ 3ch eV \T\vrim’) 3 4 'r‘n'.!i’;} (/ Twrl.»f) TVV} .
(4] i o

Applying Lemma 2.2 and using (5.12). (5.3} and (5.4}, we have

IoB(w. &, 2l oyt S CL + RYATMY 4 TVp), (5.13)

Thus, applying Theorem 1.1 to probler (5.2} and using (5.6} and {5,125, we have
[0, v.¥) ], < Cr(L + R(TVP 4 TPy, (5.14)

Choosing 7 > 0 so small that Cr(l + {s’}z(}f"”'" + 'f’if:l’) < Lin {5

. we have

6. v, v ]y < L. (5.15)
Let us define a map & by &(x, w. 2) = (6. v.¢*), and then by (515} @ is a map from Ty 1 into itself, For

(HivW ) E T (6= 1,2) let (&, v,v) = f!){z;;.w;‘;l) — P{ry. Wa, o), and let
F = Flry,wy) ~ Flra, wy), G = Glwy.5y.01) — G{wa, £, 22),

L= L{wy, 1) ~ Liwa, 22). H= H{wi. ki21) ~ H{ws, 52, 2a),

7
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I we have

O+ (ps + Op)divy = F in £ (0.7},
(e + 00)ve = Div S(v) + V(P'(p. + 60)6) = BDivy+G  in 2 x (0.7).
Uy vt — g (V) — dD(v) = £ in 2% (0,7),
(S{v) =~ Plip. + 00)01 + 3vin = H on Iy = (0.7,
L on Iy = (0,71,
(0, v. 7)=g = (0.0.0) in £2.

]

(5.16)

Since
, S“l’;} vy = val{-, mgﬂﬁ ey S OO = vallecory.n,00n + i —~ vail, (o.r.weey)
Ge{n, 1 A

as follows from (5.7). employing the same argumentation as in proving {5.6] and (5,13} we have
5 BECH, oo v e 4 DAL
gg(}- § C}HL;‘HQJ‘;‘M’,; “(gg” + \ikihﬁphj}.f W RS + ?gd’rk"ﬁI.»pév(_ﬂ.f‘i\)qu 5;!!)}
< C(R+ LYTYY + TVP) (k) Wy, 1) = (s W 22) Ty
Thus, applying Theorem 4.1 to Egs. (5.16). we have
3 ) " —_— el hipves .. = & -
§¢f>{e\-1‘wt,§§) - Pra, Wg.yg)g»l- % C'{{{R + LUTHYP 47 ’y)g{h;( Wi, 91) ~ {h‘gin.}»z} ET

with some constant C'p depending on K. Choosing 7 > 0 so small that Cr{BR+ LYTY? + TPy <172, we
see that $ is a contraction map on I, . and therefore by the Banach figerd point theorens we have a unique
fixed point (6. v. 7} of the map &, which solves Eqgs. (1.5) uniquely. This complete e proof o
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