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l}iffwffitiel &nd lrt*grol ts4r*tiom trolu*a $S. Ntr**,ss l-t {Xffif}, f .*?

ON THE 7?.BOUNDSDNESS Or $OI,UTION
OPS,S,ATOR PAMIf,IEg FOR T\trO"FHASE B?OKES

RESSI-EN? EQUATIONS
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fia*:ultv of li{ntlr***fi*r ond Natersl $ci*nm. ,}epertment of h{atl*nratir:r

Jsnderal Soslirur*n Uuiver*it3., in*rxr*sk

Hrftoxezu S*r'ro
Ihnrtnrert of lrure and Appliel h{athem*tirs

..,.._. , 
C.r,t"u*: ftkl:{ Ftnrlanxmr*I Scienee enrJ S.rrgiue,eriu$

\luie<ts Unir*mit+'. ffiffiI fuhrbo, M
(fltrnritrxl lry: 1irhru (]zawn]

Lbotrucr. The siil ffiffi*m{fr k} sho&. ffi R.h(xrx&rt
ffi6 ofxrrator familiers fa,r trrc-phrur $tok*s reffdrfl},fit eq.ueti{Xls ir}
! *_dI+tlll,, rrb**r lrla sm uaiftrrur ***tr" .f*",rir* li.of*liaru.r**r*l
Euclkloan spacn R" (.ng > l, .{ < r < cc). Strre pr**i*t_*: ;;;;;
ft)rm H,.'-'r'd'nrain O with [r,roh*+rntiar.iq$ I* $ritb&iryI+nf* :S.
y qpry iii*t mm* kX1rcr*rcface I dir:irtm e ints im ruhdfi$aifls,
ttrat is, there exist dornnirxi t)* C O suclr that fl+ fi {!- - & a,ridO\f * 0* Ufl*, nh*rrr f fiI.* * g. Ir-rf_ :6; *Jti*ukir
nrien qrf 

{t1 coa*irt of t*u gnrt* I- *nrl fs, rrwpe<*irel3,, Th+ t}or:r*irrx
Q+ ars filltxl rvith si*,$liir. i**orapnra*ihrc. *i iruurl*it u $rritrx *,ithd(rrffiiy *a.flfid visetrrity g.1, rer,gxx{itr{y. H*, pn rug pffiifive ffin-
"st&il$" whilpto* o ,r1(ri ar+,figrctiqx]s * * g X.;". br. tu,, bo*:nl*rieil. I r. an(l I-*. *re curuider arr irrturfugt: cr*xlitkrtr. a btx: boutxlatr.

s!!d tb* Dirffilot tqrudary contliti+rq r*pecth.*ly. B.; ;i,,tho*, by 
'*irq rlp R-hr:nu&rd s.rlutiur op*,*#-ioiJtu. fure nla.xi_r*al Lr-L, rqularity s$ ft€ll *.$ geocra.tiori of anal-l,ti* renrigrtu;l fin a

I,inrndepeudetr lxotr.ltnr n.*xxixetlith the t*m-pllsne Stu**u rsolr+:rrrtrluotiuu, This kifiI af prolilt:tru
ffi rnntion ffi
ffSt r*lrfmes. I?te

€ 14.j,{$} *itlr
P*Pn(+e[)4),

,{$Ui $rrbjai.r, Cl&*irifkf,ti{rr}* :}ieS0i f6fX}S,
Areq*rxt {cr puhlier*kni: e,lty AftO.

srld immi{cibb fluith ffi
ffiurrique*oit
n_ fer f € Ir(fI)^. rhsr k, if
m"q*-€-t"{{o} ffi "*l



liru lllm,lxr ,rxp l{mox,tatr $;rrrcr

p : F- lx € Q- ) zurd Wj ff t) i* a ruidabi$ Banactr qrace endored rrith
nrxrn ll' Il*; rat ,* ii$' lia.rrrt. Our a**rumptir:ul curft'rt el.S. the follntrirq

:ltxn*i:x u; ft R'v, }Lf . perturbed-Ilf , h"trrx. prilturlled l*rerrg. .aad
lxNrndcl dou.r*ir*, rvhme. R.{- rmd RI arc tLr+ u1x,ri upper unrl tor+nr lurll
rp*ces, r*sper4ile$.

I. INTM}DUCIIT}N

[.1. Problsm. Let $] be * domain of BN, lf ] ?, with r*-"ro tuund*rim fs
s*tls*i.,g f+nr* = 6. $uppcse th*t some hypercurfn*e I dlvid+c e int* trr<r
uul>tloruails, that is, rhere exhrt elourain"r {}* c {} *ur*r rh*t f}+ n []* = 0

"".f 
O\I = X)+ Uf)-. nrherr f nf+ = S, f fiI-- e S, arrd th* hound*rien

flse, the unknowrrs u * (tr1(r)....,us(s))Tl and d = g{r) *re an:V-
y{x:tor firn(tion and a sralnr funrtinu. respmtivefu'. while thc right rne,m-

F*i * (fi{aJ,"..,Jx{r})". e = 9{r), h = (&1(n},...,}l,t.{r)}r, ancl
k * {k1{r), " . . : 

&n{s}}?' are giterr fuaetions. t*t p* 
"tie 

;xxitite *o*t*nt*
yd p* o lr*(;c) scals.r fiurctia,rx elesrrsd on Rso u,id let Xr, k tlrc i$dirstor
fnnctionofOcRv.
T(u, d) * pD(u) * dI,

:t"r$$ deform*rirx ffiffi. lsr il, ;d tffiH#ryti;ruiffffiTi,,*,
bv o*i{u} = dilj * i)yu; for *.{$t;trM :'i+/b**" tn a*tuiri*u,
n rleir<rte* a unit ns.nml v*ctor orr f , pointinfi irom []1 to fi*, while n6
tJre u*it: outwr*,r.l nr*rr**l vert$r ou ra. Frlr furmrinns f d*6uetl o" $, y1
tleuotdx a jnmp crf f mmx tlre irrt*rf*ce I m fr*l*w*n

[.f] - [/](c) = r*j}[n. /{y} - u*}Sk_ r(r} {* e r}.

--,[{'d-** 
tt}e trilwp}ffid M.



o-Puis*r sTi)t(r:s Rt,!(}Lr,l:t!T rBi{r{}'r{}};r :}

Herr, *utl sulxrqrrentll,, lse use tlre f*lluwing uylntxrlt firr diff*renti*tions:
Let I * _f(,r,), g * {g1(.i:}..,.,"S.v(jr})7', o,r,i n* * (,1{;r(;:)) he ri rr.aiar..
*u i\:*r,ector- arrd an # x N-r,ntrix frrutti'rr ri*lirled rrn"rr rio*raiu nf Rs.
respect.irrriv. antl tlrt"rr

ff
Y/ : {tl/. . -.,ilw1}7'. e/ = I4.f, as * {s..qr,"..,a.ea,}r,

div g

j*,

Vtg * { a,;i,* : i,.j,A, * 1,....n, },

vs*
l).v.rlr \

"l
r,rt, * )

rri'M* 1f a:,1r,;. . ,*u,*Or)''

Pmblern ( l. I ) arisrs fnrm a lir*arizul *vste*r ,,f sonre tr*-crpha,te probr*ur
0f ljre l\-'rvirr-stckx extrrr*ltions for ,*ltiaous, inrrxnprexiille. arqt iuuuiscibie
flrrid* without tnking surfar..e teru;iou into accoruli" Th*rre are a lrrt of *t"rxlier
nf tll'o-plra,se problcrrri lbr thc ll,rlr.ier*stokes e4u*l.ium- ,rb 

see the history of
x[ucly brierfly. 11'e H'Jilrict ourx*{r,rss to tlre c*se wir*r* tlre tw,o f}rri*= *u.e trroth
ti*t:otts. inccxltpr't*itit)leo a,nti irnmisrible in tire fnilowirrg. liucli a sitgntirtg
wt*.r tre*ted itr sereral ftr rcticxr $pflce$ {r$ foliqrus:

r';-iu-tinre and j,g-in-spaee *tting, n,udsrnn i2. {] tr*fl[."l rlre ruotirrrr
of a drop (I+r, whir'h is the regi'n ot.r:upi*d by tire'droir nt tirrre f > $. i*
i*rol.lrel lkluid {}-1 * Rtt \ffi. }lol.: pr.r:t:isr:lv, [!] strowgti riuslr **rirg4t.*i or
*xrh.ltk$,.* for linear:i*rxl problernr urid fai *un rrr,iqorn existr:nee tlxoreur lor:alin titntl frlr tlnr {:tr;"plu,*se i:mhltrn rlmrrihirrg th*, aftrr+'nrentirulod sitt:rtirl*
rriah or without srrfa<r reri.siorr. Iu addition. ileuixn* [r] pr*ved t]re n*iqu*
existexre flf glolxrl-ifi-tittre soltrtiors [rrr snriill initial tlrta nir,l its rrxllorry.rrtial
st*trilit.v iu the c*qe wh+r'e {}-1 *i trounded a*rl surfnce temiorr d*es uol *,errk.
c*nr:rrrnhrs nrxr-hr:nlog*n<rrrrs inr:rulpre*ibttr flrrirls. Talraka [s0.l xlxiwrxl the
*lri;1tre $xist+ttce of glol:al-it'tirue sotu*iout firr *arall i*itial elai+r g.lre, e_'
ig bourxletl. but surfaere t,ension is taken iuta m*)rrut"

S$dto function *pyy. A irerieu+ of pnpers Deuier_rv*_S+lurriikov {$, 10}
aurJ lloorixrx-a [s] trentert the sarre rnotioir a"r in [?,4i ,rentio*erl *t,i". r,,
part'icular, [t]i nntt [l]l e.x*bliolrcxl entinlat*.r c]f ${:luti.ons firr: sorrre linearize.d
prr'rl>leltts. alr<{ [lt]l pror'+'.*I an rrniqre e.xister*e tlrslr,rt L;c*ri i,, tim* for the
tw>.pir:r*e 3rxlbiem *.ith surface l.nuion, On thr .,ther h;urd" tir* urri,1.ro
rrxi*ttl*re of glglral-in-tirne solutio*r* fnr small inltia! dtrta was proved lry



"1 $Rr ll{RV.\Nt ANt} I.li&{lfirul, !i*r"r,(}

Deui**r'n [ti] wit]muf. *urfrr:r mrr$ioi] nl<i ]:r5 Beni,rora-$r:lo$rtiko\: flli qitl
su:'famr t,rrrsiorr in rhe case rvhere ll--1 is lxxmdr.rJ. liurtlren:roro, ilru* *o
r:thtr topir.:,r lleili"anr.a tsj a,rrd Derriux,a-Nei:anoyri [g], which cqrrqi6er tlrerurtp
erpillary" corrvtr:tiolr iuxi {)l;'er}x*k-sousxileaq appl'oxiuratiolr, 1L,$l}erriivel}r.

-.ir*i*-time and Lr,*in-space setting. Friirs ancl Si'ror-reti [Z$, ?1,
2?-!. t.er*.lxi * sit*atirit tlnrt t,wo ltruiris eir:r:ugr.r fi1; = {{;/.a:,v} 

'l .r, €
R&'*r. t(,r:,x * t1{:/"i}} } {}}, *.sp*etir.el1,. wirerc}-1"f.ri'i* o,r',rrlno*u
scalnr fuuctiorr rlcx:ril;iug tlm inlerflm: Ii ,* {i.rl,r5} : r, { 6r--.1.t.^, r
tr{r'.t)} nf tl,u. {luids. [2r] and lr*] pnnetl r],.r l*,cal s*!r'*r]:i]ity of tlr$ rqs]-
ltlti.r.str ;lrtttletn r.itir srlrf:rr:c t*rrrsiol a;rd q.it,h lrptlr srlrf*l:e tgpsi{)l t}nrl g:"lrt_
itv' rvsl:*cti*'el-v. frrr *rnall initiul data. on the orlN:r h;rncl, [t0] pi:rtcrl our
that t,lre R*.vlei6h-'rayl*r: inxi.:tbilitr, rx:r:irrs if g*rvity *,grks"ari<l-if ttre fiuid
r:rrupying {}11 i* lr*.an'i*r th:tl tlxr ottrer ont . Rrthmnrore, Hi<lbpr a*d $t*to
{1$i extendert tlre rniutts *f t}w iriewtouia* ca!i* *f [tt, ?$ to a genu,,r*.ii*.**
Nentord** orirr. Iiiih',r:. prii*, *nd wilke [l$] shtrooqd the tocnl xotrtrl*iit1
arxl t,lre glol:al r*ohu,bllir.y in the car*e a.hrle {}*l *re hrxurrletl anrl srtrfnur
leusiorr i.,r t**en intn *r..*>rrrrt.

r1*i'';tjrng and I u-i*-xpace s*tting. rilril*le-$hi]*izu [2Bj *h*:vrxr a
rna-xirral iu-r, rogulariry the*renr {'<s a line*riz*l sy$tt.rrr of ilr*two-phnse
;:robk',cr cunriidr:rsl ill [?t]. ?21 rxcntioncsl *lh{}1,e.

rhlr p*p*r is *r u,u.irruati*ri uf $ihib*ta-lilriuliz*r [tg]. (]ur airrr ix i* the
pre'rsnt pltp*r td, pr$r.e the erci;:tsrrce *f t-hr:urxle*l sslutinrr $p*ftrtor fzurrilie*
ol {1.1) &ri j} = ,}+ U {}* wir.h uirifulu l,l.;i -t"" qlumnil* f }a (:V { r. *{ ;x,i,
wtric:h ir* iutr<;duce.r1 in Dr*irrltkrn l.l belorv. In rxhiitiau, t,he R-lxurldt*l
srdtrtiuu o;x*'alor far:rilir*r c:ii*bier r-rs io drow gene"ratinn of arralyl;ic segrig,ruul;
rrnd s*rne"nraxirrurl ru-lo reguiarriq, thecrrern for * tinre-rlep*nule.*t pJbknr
as*ociatcrl lf ith il.l). r'liich are prrir"ided itr Sutx+rtir.rlr ?."1 *nct Suixesti,r:r
1.5, rrxrptrctivel.tr 1$e &'ar.t tc) ernlrirariae thal tlre *xr.x.imsl ro-r, regularitr
tllr:or.erl r-xrcrrln p8] to urdfr*'rrr lt'j*t/' tiulurjus ald Li: i.ariahler vigr:tx;ltics.

The strateg.v r:f tlris paper folkm.s shilut*r l?ti]. \{.b exteutl his nr*thod {or
tittt'phnle prr.rblerrt t* tnle fix' tqt-ph;rsr pr*}:le,rn. Fr:r *x;rttrpk" * lx,o-plrttse
r''srsi*n o{ rtre weah Dirichlet*}*ielrnnnu pr*blem (it is caller-l a weak eiiiptic
trnrrmrui*;irxr 1:robitr;r i* the trrreiienr Jmper) i* intnxlli*eql i6 llt{ixiti6r: 1.4
l"relow. whieir phrS's tur iu4:+rt*urt r.ok: in tlri; p*ir+r, *rlrd er..rg*ially in cl*riva_
tirln,f rr*hrcrNl srnkrx ns.l'tnr e<luatkrrx (cf. Iiu?r*e*.ion 2.1 i*k:w) anrl
irt Lerurrra 5.6 lreltxr'. Onlof tlx, rrrairr arh.rurtage o[ thr. rctlut.r,rl ccluarions
is tlrnr *'r'r:arr .lirnirrare tlre di.eergwcc qrratieau divu = g in f}. u.lrich
is di#i*ult to [re*t irr lor:aliztxl prohl*nrr" fi,r, tire pr*,ble*r it.t;. o, tlr



T$o-p$$$!I .qTfitr;s R]xorn]tNT Eer.ra.l,r{}gs [l

otlrer ha;uct" Lemms, $,s eanbte B$ to fi,Dtrsl ttlcaliaal pressure term. Thgrr,
hourcver, L.l e rernark on lihitratl*'s poper p{i]. It *c*,s to b+ eli{licult to
nht*in pS. ?he*r'em $.1] fronr [16', Thax.ein ].aJ a*<l ro ohrain 1fti, fhur
rer* ii.&] hur* [2$, rhrureru B.i0i, ln*au*e tho E-h*nueledrrex of ig$1*),
l$,ry{A} qra$ not prove.d iu hl* paper (cf. F6, pr*of of Theorern .:.f ,-F*of*f rheorern S.4:i. \'lis crse*eially rreed the dbou*derJrier*x *f r*u*h *p,er*turu
ninr-.e *n: righr rnerhus / for{S,?}, {3.20) crf itfli ctx*air: Alt(g}, Afb{g},
r-mpcrl,ildp Natural-e1mw* for raagrx cf rlr* uprr***" .lOrt.il, ,fOit,l)
are gi,'** lry nrg*rive sprrrrer' &a*s, whi<*r is rcnia ctiffifldtJ ti ,i*airy Liipr*of. To av*e$x)$re thio ttiffieultS', ne i$troduee ir: this p*i:er proporirion
3.$' wld*h allows *-c r* av<ri$ sucrr ueg*tile sp$ce*. Falrowing the itr*tegy
of Preiprnttitur 3.5, w+ *tlu al,i{r tnnrplett hi* nuu}ts.

l'?" Not*tion and maln rmulta. we fir$t $t&ts rioisriff! *ne"rl ihr+ugh*rtt
thi* p*per.

L+t N be the set of *ll ratrual lurnber* *utl N6 s N U {0}. Fnr nny
rnulti-ilderc * = (cr": ..,a*) € N#. we set DnJ * fi', ... Atj|f. 1qt (;
he an ofren set of R^'- Theu L,,(Gi nnd llfl{Gj with nr e N MW
$easl^K-tal*e,t l;*lW;#ire,. #lr; II= R;K :9, vhilc |f .lltur1;1 and ll.il,#riiir'fieii'ncrms, reapee.tir.et3,. Here, we

::, t'f{tl^ : L,iGt. Iu arrriition. ir';qCt w.irtr s € {0,no) \ N etenotar the
K-valrre<l Sobolev-slobodtzki spaet, en.lowrl with nourr ll . 11,r,,r.,l. ancl alx:qf (6) the functiou space of ell c"a funrtitxu I : G -+x u,,oi, itur srrpp/
i* eompact aud suppf C G.

For tlr,o Banarh Er*+res X and y, f{X, :*) is the sct of all houneled Iircar
ope?ators fi.orn X to 1., a.ud d{X) t;he a}rtrevisti{rn of {(X,{), Let # tm
a cltxn*rin of c. *nd rhe* flor {&, {{x. ts}} sr,a*d* f*r the s{ir $f *rl itC tl
rr*lued hoklru.mphic fiurctiorr.s defirred on U'.

$'eir d e N with ,l Z ?,.!" t'ercro* tlre d-proclt*r apaae of X. ter |l . |f-stre a.nonrff X;.1;1.*JE ll .llx a.tso tlenrr*-orr r.h*norm of iho prcxluct ,*pu* Ea
Ibr.shorr. !fuqotfuffi = I1=l il/irlmffi = ("fr.. .. .luie xr.

I,et a - (g,,....e,',,)r rud b = (6r,....6.rir, and then we write a. b :<
l:b == f,rlrr1b, arxl a6b = ({i,6;) that isarr -{ x.& nratrix u.ith ifre
[:l*:|n'-ti6;. Qrr 

the thl l.rryd. for auy _verror funetions u, v oa C,

ffi-.,T ;J"#;.tffi;fu.ffir*' wtrere dc is the

.Eire*i"*i4.g < *, *: ser Sqhyffi$ns*i. Ler L,.bc(E) be rtre vertor
sBscs *f *ll mcnsurabrc r,,r,ctirii#"il-#]ilfi *ua, *ilii . r-lCn sr) fr-,



llnr M*m'trl ,rxn ilr*n**er li,rrro

an]" ba[l s of fi,s. ]te rlefing a horungarcor$ $pere etCt try ffor1#; *
U € I{,},*(6) r ?"f e &ts)tr} n'inh narm tr.flO;on ,* 1iV.}}u_r*ii *r**
X.1,":: m 

-id1n1ifv 
r$,o e-lerqenr,n rlifferiug bl. a ,i.rirrrtaur. Is erklitiou. Ist

l.I;1$(c) a*d l*'oto(G) rxr Ba*sh rp*ces tr*fureer tv xis{c} * {f e .xj(f):
/ * $ an OCi {X € {F, fir}} *'ith uonna Jf . Jl*;.,,*, :* lly.. ll;_1e1.*rA
ll' l{rnJ..tct r= ll . lhlr51. rwpectively.

I

th* ql**tltir*
Pgw #ffi,trqffi$ C1.r,***,ilffi
Dec.ondlv^ rlltt ffittffi sorne definitiorui.

Definltton 1.1 (Unifon* tr#*t/'do*rxius). L*tl < r < c+ wd D tu a
d,rmain rrf, &tr trrt't& borcrutary &il, W* my fha'" fi *s * a4iferm W}*r1*
d*main, il the* e*irt p**dtir.* c,er*,r*rr*,t"s i, it, axd r*" ;rr"rj# i*. "*,$'o = (ror,,,.,,r.*,1) g #f) t&err *rx a rrnrdinat* rtllw.forj anrf rtid-tf;
luu*ti.o* Ir{;r') {*r * (.,,...:....ij,...,*N)) ,te.fuxd or f4ic6y" un*A *6 *
{rrxo"..,$,*j.,..,;r'tr,v} e,,el lf/t}fru.;-.,r.{r1,,1ri1i i K, *acft tti;;'

O n A6i;r6) * {x € R,s : ai > &(r,}, *, e Bi{rir}} f,r Br{.*c),
8"Dfi As(*s) - {r € Rtr : e7 = A(,rr}, r, e .{i*i}} n Bs{*s}.

Ile're' (t1.'.',i;,....rrui.:^iTr,:..rnJ-rlr.j+r,...,;f,"ao],4iaii] * {i::r 6B-n-t : li * lnl < a|, a*dJ7,a(*o) = {; €'Bid: [c * arl < i3]-

le{Sitign r'2 {ft.boo*nd*ek,eux). L*t x wd y be two ga,.a*}r rBr*c*r. dft*n*t *f oyx,rwtnr* f c tt$,yi i* axll*d F-bou.rd& en t(X,}i), ;tt}r_*er*l ca**tenr* c > 0 rm"*r B F [],*] xrck th*t the !*nawhg'*iiri;i, anw,
I'clr r.{rd} n**r*nr, nurR&errr, {e}i.*., c T, {lil!*r i X auiyu";ii;*;***
{t(")}tr of indepnd*'d, slpnineh"ic, (-rjii-iolu d ruriw* ooriobt , on
f0. tj. f&ere hokls the inequality:

( J' ll E 
.,t*)a* 

lf i, 
*o) "o , - tl fl I .,r.rr,] Y*uu)"' ,

Tha *mallest .+uch C i,* callw!.R*bound of T *n.-C{X,y}" ufuirh i* denated[y*ctx.r,). -\--'- /"

&'emark r,s, Th€ co*sr*,rt # in Defirritirn l,? tr*prud,r orr p on tlre otJrcrh*NI, it is well-kson's th*t f is R-trounded for auy p € tl,ac), p*oiA*t



T$,#-r'&As& Sr$ttrs m*olyrxl FxIt aftrrss-* T

thrt T is R*lrcurdetl fer sorne p € [I,o*i. T]ris fact follows &ogr Ka,h*ae'r
hmqunliry {cf. ft8, T'heeu.nri 2..*}).

F{rtherurore, ,tr iRtrtx}ttce a $'sak elli;r*ic trnrmr*ir*ritnr pra}rlern. Iu the

l1yqerrt 
paFer,It * 0 ar f'_ * S ar* admissihle, bu* perte itu*r f * $. tet

l[;'r. (fi] aod t4rj,,.* (O] b" B*narh *prx.t* rlesn*t by

.,ri,r*({}} * 1t/ € x;t$}:f *fl*, f1} fff+#s'
I xjtru if ra = g;

f$r x e i t{,, F}, nrr<I their nonn$ arq grvet hy I{ " ll111,.* 611 
* l{ 

. 
if lqpa arxt

ll ' llil=r'," qat = llV' lir.oir4, r'e*p*ctively. The unique .*"i*Uility af tL+ neak
elliptk tr*rr*mirsiou protrlcur is delined *s frrltows:

fleffnition 1,4- kt t. <q< ec*rrd { *Sl{q"-1). f,ef }4,;g4 bcacloeed
-*ufr,rpnrx *y Fl.a*1ft;, rr,tld *ugryase fll*t I,Itl-*t rhrtrfl{r *J $'f.1o(ll}, rurd. su;prxtse thal l,trtol,p*(f,}} de rlerae* ln $f (*}. .gei
P q P+.ttl* + p*X$:-. !*rl'ptailitte ornwkutt* lr*. ?,irer*, wa tlizy *,i ft.Greo*F, + p*.tfij 1- p*.t$:-. Jor]Xrsrrarre c{rra$furr}r* Sts" ?'heru, we *d!! tfuit tht}mk
$'jlfj3f *il1y*rl+sion*pm,&lern-r*_*raarquely*glp&F_3" I{{oi/r"p*MWW;*$*ffi;@r,,ffiI
ur[.r.*il pa*.*e*se* {Ir*
***t* e i.ndepet*d,e.nt

a ffi con"

Beusrk 1.5. (l] L*s t < rJ { sc, q' * ql{q * 1), ur$ ler rhr weok elliptic
tn*r,rurission pmbkra be rmiquely *oltrrahle tn W,f (t)) frx pa _ p_ = Lt*" o:1:.'/'(a) Y{.,f) H--,*. I4(r)): {f effi,{fiffi:o e w*fffi)1.

#{{t?}* {f e Luif{#:f * V0 furmmed€}4rit0)i.
?lron,.!ry thr: *farul*nl prr:trf, the *rx.*lkd l{clmh.ulta dwaml,,xiliorx
rn(o)tr * J{{r}) * G,r(t}i }wlds. f(?i In *pplicatiax. s,e r{rmxe },,1{({}} in srrch * ,*ny ffiffiryffiffi eliprie
trnusluissir:n problern is.uniqu'el.1,rmlr,*hle for pa. t-ffii'ltffirrleu *rt:
a"s follo$is: w,llT-*) : ii?rr(R.vl., ),{,'j(R;\:l : i?rr{n,}i wiru I". = [f nnrtf- = Ri,* =-{(r',*.v) : *'€ ItN-r.:r,-,v = 0}. apa Wj(O; ir analogously
o:t'y k trJllrl wtreu o i* a pertmtr*.d *f; w*iiili * q..inft
t'ith f-'- * R# s.nd I- - {1, ansl Wi{nl ix *t*lagou-dy aen ieo trr



E ;;&l l{AftyAxt nxp Hraox*2r.. $*t:ro

4r_ {ft) .when 
f} is a perrurb.*d It{; }ryJ,(f}} * #["*{*i whe.r fi is

a btxru*led <lornai*, a ra.yer, or * perturbei rayer. r,vl,'irer e.g" {.o {t$.
.-. *"o*"di: |f J ror rhs rr€ri*ure"r* of rreak ellipric rraosrnisisn [r*br*nx.
i3) \Ve se1 H'/(rI) + W;([)) : {01 * 0z ,0t € r+,J(f)), p: e rryJ(ri)}. surr

pos+ tb*t the u**k-elliptic tmnrxrixsion p*[t* i, *niq,i*iv'*r-urrr*
on H{1$) frr pa- Then. firr nnr' tr e f,u(fi}#, ,# e X1t*ti,r(1.i, {*rd
? € li,;*tl{(f.1}, there *xixrri * uniqrre S € }frJ(t'} + wiint xa.tiefoiqg
the woak pmblem: far all ip € l,y;(O),

(p*1{fA. V,p;r, = (*. Vp}r?, p} * 13 ou I, f : ? on Ie, (l.Z}

which pou*ersos ths estirrixte:

ilFdll i,*rrir S r {ikrll r-ui, + lf ;il{ *y -,.,.,rrr + ili,llr+.; -, ru1r.o }),
wifh *r:nre positive ronxtsnt C id+purdent of o, .r$. 1., g, *ntl ,p. Thun,it ir p*r*il:le to dejirre a liruar oper&t$r

fi: ro{f)}tr x Wj-rtuqr1 x u./*ur1r*1 _+ rf lriy + }ry;{fi),

P: fl:,,,],:? 
*,, Yi$l,ls {1:J.}" Ij f, * S, rhes rrr.e cle,n*r.e f,(rl,7?, j}

by fkr,,{l,S) ll,}E* f- # S arxt by fi{*,Ii) ,r,lwn r_ - S.

bltr$due* a d*t&_*.m]"*_'..:;i', 1,"_L*L,Y":H,.#mlffiffi{ffiqh# urtroducf; a d*to upa<e forryhffi ildft*f *-irht-rorrudar.ycruxlitious: fffi :O

ffi lt,Ii tf *1flJT,!,.ffid ffiruT lffi
ffiIffiiffi; l$t'; #'ff;

€ rt*
s c"an lib uxtfiiilffifTffiffiffitv to afil4f'{fr}. $uc}r an *xr*qdn, g i* ag*iu <lenoted }:y g for *r*rt. lffe c&r} sse

g ns * firn*tional on {vf : # c w},{{})} c ["/(f]]twhi*]r, e*nrhi,e{r nithrffi,@ffi; r:
y,ll.r',,1*::. y_yj,*r* to ir* n,ii*ii*#ffi;l$Aryt-H wj,1ir1ii r*t
r,{if}) *_r0(a)n'i.lu(sr), srxt ler [G] = {C + f : f e Ju(e)} * iltiti.'rrr*,
s * [G] is welt-ctefined, uo r]at ** i*ooiu lC] ty gtgl]'U,;p*,iulL1 i* [*o*.



f*.*-r"+l*s* Sxx*s nrryr<l,r'r*-r 6etrA?ro!*s

for g € ,q([]) n yirttr) arxl ton any repr€snrerive g { iq{$)ir o{ 6(s},

ffi'W€i*ri,r*({u. {H"3)
lVe htr* *et

w;rfiU = xu($) rrw;t{$}.

ll-ilrr;.rr)r + il'll6i"',ffiffi the
*pace for the dir,ercpnrxr *,sirrrf i^t

t-]__ 
,, ,, il*n*urlr ll'{ltt.*rtn)nffi) :=

kt ckarect*rierd *s th* d*rta

Ttrcil, i{,'t'{fi; n W;r{f}} i* a S*nxch spaee rvirL n*rm ff 
.{frr,1

rylac1s di*'ergerxx equatinn airor*+" pmentsffiffi ""*'-*,"-*,;" iffiffiffi.s. ffij < *, $ < s < ffi,# < -q, 0i*d$.ffiffi
$_ud6r, q' = q/{.,* t). Let pa b* porituue 

"r#i""rr.-S"p 
p*a th*t"ril'iffi**rg

{lwrys w*dil,iorrw h*lds:
(a) Q* orc anilotm [tr;a*t;' dornoi*a:
{b) frm wer,k eltiptie {rrnsrrri"+nion p,r,br,,n is urrrflr*{y;roh,c}Ju o,, n;(fi}

cnd ![lt0) lor p*;
{ci rt atr twil *ot*d u*i,fo***y rn,otir*ta*.* Jialr:tdo*.* deJir*t an Rs **rl

lhere e*,8*{ psrlfu'e cc}ristrrrte p&,1, }t$, .srrr* f.lr*t

,,,.+r S jr.r.(rr) S p*r, lr-r { f*{r) S p*r fur e*y r € AN.
ln addi?ian, ri* e lvlft,,,{R}c} nnd llVp*ilr"t& $ }frr flE$lh sorne gr*i-
tixe sttw*tnl Ka, f*r ar4r &aII B C Rs adt& mdiu* r.

(l) Exlatence. .$tr

& - {(f,s,h_k} : f G rq({i}s, r € I,4({i} n w;1{$),
h € r4,?(alx. * * rrj{{}+}ni,

& * {ifi , . . ., &r ) i fr, Fr, .&, Fr e J,{{{i}tr, fi * rnqril,
re € r+f ($i), & e lo1nlc', f,8 e t+.'J{$i}ir.

f* e f,utrc*;.v*, Jtn € io(e*]tr, rrr e t&lr($+)s).
Th**,. there wL*ls a crr&*f.cnf ,h ) 1 a*d opemtar f*milie*:

a(r) € Hot ixu.ro, {{,rr. Ef;(o}tr }),
P(A) € Hot (E".6.f,(#q, rr;(n) + 

I?;(Q))).
!ryffi$-e -E.M far arry tf,v,[, k) e .tu arut s e g\!il,
r(f,g,g,h.k) arul 0 : P(A)Fr(f,g,g,h,k) arc solutiols to



iin, Il.{ tiy,r:;l 
"1}: 

r} }l,rori Azt, $!,{ i.ro

( 1.1 ). nrrl f*rtlzr..rvt*tn,

ftc{.r;.r,1p1,tr({ (^#)' (ri.rA(A)) : } € f,u,.tr }) * *,
Bc1*,.r.n1r:i,1({ (^*}'"*(A) :.\ € r** }) s ro,

"fort:0. 1 se{& so:.rllr qw$tit;e co,r.;ittlrr*tj6. IJe,mr" ttr,t lwtx aet

,t : ,\;t + ,\ 2 + i\ . lfuu : 1V?u" ,\lJl$u" ,\u1,
*nd

fi(f,g, g, h, k) * (f. V9, At !2$. Ag, $,Vh".\rt2h.h.Vk,.\r/?k.k).
{2} Uniqueuess. th{$? er,r.grrl r }$ } 1 t*ch thal r/ u e lfr,jlli;$ fr .lr4t}1

a*d 6 6 l.I.?{fi) + }{({}} rca{i.rrr# tht: horrtq4ene*ua eqrratians:

,\u * p*t Dii.T(u.d) * fl ln f]. [T(u. S)n] = O. Iu$ * ti rnr I,
?(u.8)rr* - {} on I'*, u = {J rin f -.

utith. k * I..1,,. iierr u : 0 rr: fi.
Flern*rk l.?. Yhe sy*rlxrls fi, .F:. &: Sr, *.,.3. flr,, fi, JL. &, fi3, and.&i1
ar*-ruriable*i r:urrtx;rr.rllrlirrg to f. V.r;, All?.f.iS, g, Vtr" f il':tr. tr, it, ,trilt.
arui k. rr+iper:f ively. Tire uorni af spar:e ..lin i* lioeu tx

lli&' .' .' fr r ) ll.l'- = il(Fr, f ?- 4i, fr, &, & )ifqrrrl + ll q5, f,r) l]u;1*1
I lli4,, riullL,orr:,r + [|}iirilx,,trr*t.

TLie paper ir r:r'garrized a*s firllows: 'rhe next strtion firsl tslls $$ so&te
e'ltiivalkln(e of (1.1) *ud in'<rpha.te r*.rlu*eti lirokes re**trh'eiet exlurrf.iorr*, wlrit.ha'*.olfiai**l by eli*ri**tirxr r:f preriture terr* fnn* {l.li, i,'g,rt"*ei,tion r.rnrxl $uixEetion 'J,2. *e.tn*dr1,, rr:r ritiltc our urs.i* rrxiuri firr tJre tw+pb*r.e
redrrc.xi stokes rtxolvs:*f equa,tions ia sut.x,.ectinrr 3,8. wfuirfi. c*s:irirreti rvith
w*lrad p.rin{e<l uut iu $u}r**r{iori 2.2. alfu*r..i uri r.r.r corrr:ln<Je tllat T,hs:l.em t.6holcls. lhinil.v. rve $tflte ge.rrenrtiun of analytic seurigroup alcl sqrue ura-tiur*liv,*rn re.guku:ity tireereru for ttrr;:h:r^te pnlbl*,nr* ol ririre-depel,Jrn r $igkt-
erlrratior'lr* itr sulrriecti+r: r.d an<i $r.rr.xnation ?.rr. respextive,ln nith he$ ofTlworern L$ arrd the rrrai* resrrlt sf.aitxl i, liqb$rxtir$ ?.iJ. $*ctit;n ;l p.irr*
ot.r mrin r'<xult f'rr the tltn-phase re..rlur:ed srokns r.**r,lve*t eqrrntiorrsiu tJre*use 1r'het'e

{i = B,v = R.I UR:.Y, R{- = {{*,,;r.,y};.r, € Rft*I, &r,1, > {)},



Tw$.p$$sg strxris nnrnrsF.tiT E{.IIJ:1TI{}IS I I

with corrsta$t viisfiiiiy c$*{ficieM$, section 4 proves our ft&in }eudt ftx. the
twepharc rdu*..l $tokes rc*oh$nr equ*tiolrs wi*h variarrr* viscu,iry-amr-
fcieSts whgn !? is a pert,rl, ed R* t y using re"ntrltr oht&i*err in sectku B.sc{tioa s nherws trre mnkr resuri *tated in Hub*x*iun 2"r lry *sing ilur*
oht*ir*.d in Stxtion 4 topther wirh mme l*calizalica ttchniq{e.

2- ssN*r+ArIoN sF ,t:{;tt,yrrc $E*rcrrt}up AND }rAxril{Al rts{}ur..Alitry
In this $eetion, nft*r i*trorrueing tke stokes oper&+$r in (?.rs) boi<rw, we

cnu*ider tbe ftrllowiag initial-hound*uy rrr*,lue pr*blem:

lh, * p*l Div?(v,n) * f, {ivv *g
[T{v,r}n} - gg [v] - *
T{v.r}n4 - k

in fl x {0.m)-
on I x {S,oel,
+u I.' x {$,cc}, (2.r)
oa f* x (0. oo

vfr in *,

:l1l : Y5*k:Ylp,1,5:"Wthis paper Wgerreration f*@ (z.ffiffid uorr* ***1r,*ltro'tr, regularirv propnrr.v for (t.r). "It *u*idc. tt* #**r*tin r of aJytic
nernigroup, we bave r* ftrrmulafe (Z.l) io tlre semigroup *etting, ;h;i*, *_h*ve bc eliminate Lhe pre*ure rerm frrorrr qa). firl*grr""t tr,fr'*ti*, rr
:::: j.I .1 -<_ff*f;;,#,ffi,*i_ffi9#mm gn, ffi *giptrctraruruisriiorr 

"" w;ini ffi;;." rd";ffiu,p,ioo
plflys an e*sr:rrrial role ro elilnirrate tlie fr.seure tenrr"fn*n {2,1}.

t.1, Twephrae reduced $toke resolveut equationr. tst I < 0 {,sG,
d * ql{,r * t}. *nd u * }r,f{$}s. sor r{u} = fif;. ;, ;);;i, fiij i rl,J-inf,
deflned in &ernark t.F (S);wirh

(lqp

'!.*<
pDiu)) - Vclivu, ,t *< fipD(ulr},n > -$aivu$, {t.?)

IIIIlr,ffi,ffi ffi rfr ffi i'H'-Tfll%1,,1*d1};



firu Me*texr ilEil l{}fio$Azri .$nFo

of u. \*'e c.tx*id(lr the rquatiom @fffi-.p-'mr(#t,W,
lT(s /.{"Ue*ffi,jffiF.

I leil$*i$ on f.
T(u.ffiffi*:k ffiffi

(?"*1

t:n I*.
&-hi*h ie eallxl the txwplrm*: rtdueetl $tokcn rmolreent equ*tiarxi" rn thi*

Ise c$nstnrct a solutir:n p !p:tt) ou the &sniunptisr ehrrt {1.1) is
eolveble. ryffi rrcar ffiM *uxiliary p*h*.o,

fffi onf, u=/r ssl+,
k th{* ws*,k ellipie tra;rsmiwior:

xtffie ir,"},m, (?.4)

(2.$)

prnlil*m with retwlv*nt parerfisttr
ffif aur maiq result iu i"he

afl ffi e l?01.r. #.ur

{}"7}
ou f, g =d t,n1 ) on I;.

, t..r,y e llr2(f))N ln{i 6 € I!'J (d) + Wj ({ti he uohrrions to (l. t) r*ith f . g,

l#:"1i,ff H:"ff il;u":;T,'i:il'$.,{,f Iffi '*iio,s,','ce

(tr'vW'v(p*ffi
W * %..{ffi). "lri* ffi {t.6) aad rhs derr.tenes of
ll.;1.,." ({?) in W,i,(t}) turnixhes tffi*'-**"*

(p*rv(* -.1{(u}),v,p},i * g for *Il s € }4p}(Q}.

l.
prerie,at pep€r, we can uho$ the



Tw:o-r"ursr. $ro*rr,$ trl$l,1lr;s.r FeuAfialx$ Ig

In mklitian, it hrrkl$ rha* f,triu) - f] = 0 on I *nd tr(n] ,* f * $ s I*,xince g B*lt,i,.rfi$s (?.7) **d
< [h],o7* ff((u)-Al+[.q[ r.rn Il. < k.u+ >*It'(g] *a *s on,1.+.
Thur' th*r unique sol*alrility eif trre weak elliptie tranrmixi<xr pmblenr irnplieqr/tl(n) * d, whirh *anr.rhar tho strturion i, e r+.;f*l*; i;.it.;i;;_ ir.nfor f € tq(e)tr, h € lq{Il}r, k e e($}+1s, *ni} s of (?.6}{2.?J.

lenf € - 1).
k € HiJ{f}+}tr. rer e € rr;int+N{trU

lo:'offi : {r,vffi ror rn ffi € r#itm},
[*] * * < [ktr,n > on In , * *.< k,rel-i 61 Ia.

Then, the ry$tem {l.t) i* reduced trr

[ ^" 
* p-i Div T1u. g * n) = f * p-rft, twtg,

{ f,r(ii,e r)S$Hffij_ 
" lSm;*_m, [u] : o FrS.

I T(it,d-n)n.u=r._<t.*fi [ ffiI w* ;]:
Ii thmi mni*,ffi 

:-; 
-'ffi:-xr:6itir:* 

*rat

< fh$, n >* g or.: l, ( k,qa ;: g on Ia.
(2.8)

.-.ry- q * t0rilr| t fltri;" x r{!l(a). u,tr **r tr{G} * r,{C1,cil :K(Gr - VGr, -flCrl, -Gr) t-v ,[ of Reilark l.b (S]. Ttren G ** Vt{G) is aborrn<lerl linear operaror fuom f,,,(fl)N x I{,j(0) ,. frfglr* 
' r gre/

. 
Civ"err g € $rJ($) nW;t1s);, o* ch,r,:Ja repreaent{rti$e s of g(g}. F$r

tl*rre s. g iurd for f, h. k rarin&.ite it.S), kr u e S.f{CI}# AJ u uitu,i*, *tlre twrrphas* red{ced Stokrr r*o"i:*ot *iouiirn*

ffi
trn I,
,ffi.iffiffi[

sn I*.

?.?. ffcdumd Stokes tmplha



l4 Iixr i{.lnYlxr *tn l{ttn**et: gargo

Th*n, try (t"Si, (2"S) and try rhe clefinirion of t{{u}, it,\g, g}, M
+ ('r.c'ffi + {vs'vffi,

ffi ^r, U e lt;m?). u,hich, conrhirrsvl ffi Caus*'s dirergeuce
toge-tfrcr with flul = 0 on I and u = O tin't_. furnishes that {j

ii ffi i "1i' 
;[: f, -xl;m ; .xffiiitfi :?ffi :#':ffi]1

*X*Lffi,.fl, = <,:}.(SiL, o r, *frff I *,il;'ii.ft#, . " 
r,i,ii*i;'pr*

ffikeFI :.0.W.#. krffiqF = o etffi* 'rhuh'ffi propurition'z.ffi
flf+*€'r,!"il ii*:[t. whieh me*rut rhat fi auri rri = fC(u] * a(AS.gi solrt* (l.l].
2.s. T&bouaded solution oporaior famfies nf redu*ad stokoe. Ae-
*,,rtTg t* whet wa* poi*terl our in $ptrseetion 2.1 *rxt $rrktxtio'2.?, nry
gnsirlcr t},n, t*'o-pha*e rerlrrced $t"cke* resolv*nt ep*tirxx (l.si ira*te*el cf
{1.t} fxtri S tlrough S<rtiun E. r\ftrre precis*ly, *.u 1r**
Theorom 2.2. <r<Wd{cc,a*lffi
$ ilufr1q'] * ql({ * L}. Lct p* Sr pos*srr€'&rro"gi*nl*. .Suppr.re *rr*"Gi:ib},
and {c) stated in Theorem 1.6 hotd. For a,zy otxn retC ,iprr, f", ii,_iCj
*td ff7s.u{#} be d.e.th*A as

.tas(#) -{{f. h, k} : f e .CIu{G}s, rr c ${G}tr, k € H/ql{t; n {l*}#},
#n*{C} *{(ffr,. . -, &} r ff1, ffs e Xr(G}s,.[J2 € rqi#]/v', ;1r e t+t(G]tr,

#n € trs(Gn$lo)su, fl6 e io(6n{h}s. mh e t*j{cnoo)#}.
?lwr* tk*rn r:r*sf o prc#rre acrnror.#ruk ltf) e

€ E".m'ffi'*i elft* (xs&, t{.tR.{((i}, rs?{f}iff})
xr*i 

1)' y : B(l)r,t.*tr, a,t) ;"no';;fiil;r; ; tu iffiffid*lr**rnow- fw I * 0, l,

Rc(an*{*},r.ni,i}-)({(a*}'qc*r1r;; ;,r e n,,a}) s "rt. {?.s}

t*il.it. scnrs- fo*#rye rrorutant. -y. llera, we havt; *e!.,& = &.r + if3 + i\,,.
I?;u = (Vtu".\t/2Vu, lu], and

Fn r{f, h,k} * {f, Vh, AII*b, h VI{,lrtrk. k).
fr,enrark 2-S, (1) The*1tr:lbols Ht, $2,,Iy'e. iI*, li,. Ift, &rr{t lf? *revlri_

thkx cglcenoncling ro f, vh. Arlch. h, Vk, .\r/rk. a.nd ic, r*spt*!
tivelS'. Tho norm of space .yp.o([?] is giveu by ll(f/r, . . . , J*r)il*; _riit *
ll {Jlr' ffe, }I;r} ilatar + ll #+ [l $i i,B + fi ( ]rr, rls )ih.,{$* 1 * ll & i il il ):



T$'tl.pt rs&: $T(xr,* *ffsrlt,!,1iil? BetiATr{l*$ I$

{il) If u xarhlitt (?.t} wirh f € Jr(f}), < [hl,,r ]* $ on f, { krn+ }= (}

lI f*, and ,\ € X";u: t!e"r1 div u = 0 i, i. This f*ct ca, be otrtaiqerl irthe .same m&n$ar *s in Sub*eetitm ?.2 witlr .g:0- It than holrls th:rr u
be,iryXa to Jo{f}J lry Gau*s,s t}iverg*uw t}rcirr+,u r"Surh* ;;ti. l"l * Oon I. u : 0 on I_. .Here. :urd suhr:tqrrontly, we"can *u Jolif'o *
eiased r*bmp'*rc.e of /"u(ti;N, tlr*t is, 4({)) is rr.gerdsd *u * I}anach"qr*crn
*n*owed q'ith [l . fl E,oi.

At thi$ p*i,rt' 
'oe 

intrrxltrce *ew,rar pralxxition* rrred throwhqrt trri* pa-p*r' file foll*wins t*<r pr*pcwitious are fufframont*r p*p{i* *r tir a-boundedu*u* (ei [t2, Fropcr*ition g.d], IlZ, Remerk $.S. {4}}}
Propwiticr 2.4- {r) t*.t x, y k, Bsn@clr -epfir!}"e, antr r*t r, ,s fo ??-fu*.wdedf*rn*i.*"sinE{J(,I/). ?iien,.jf+i$* {";t;f ;,, ',ie }t i*
_-" T-\*A*d rin f(X, yI:EithEa1s,11iI*.$) 

S Rgxr l(fl*Ar{;tSl"
12) Let X . Y , Z be. Barwch,spa(rs, 

'*ra'trtf 
ond S #fi-t, ,ra*diiri*L, i*

{({.I) er}d l{}', it}-, rxspw*i*ety. ?hsn, *ST : {,ff , S e J, f:i ft{s R-&*crnd*d in f{X, Z) w.rh A4{.x.n}{Sf} S Aaa",r.rr1flO*i",r,fSl.

Propoaltion fr.$. Ls;t I S -q < ?. bt r{,\) ne e ier*aded Juacf i<m defuiedrrn * ,t*[ml .{ r* fJre r.*w1rlx:r pl.rmc *, qni t*t ffi*}{A} l_ _ *ulfrpfr"i*f*ooryy!!. 
!!frned by 11,,,(Ilf = ln(tr)-f lor atry / e i,ic) r,lrth o,n*n rlet Gort.' rhen.Ra17r1c11({t/,"(t): ) e A}) S lf}llnrlle*r.11. ufrern K,, is u

w**aat constant in Khirfichine,s ittqwility (c!. rttso IfSlThe"re,n 2.+f).

Tlre n*xt proporitkm fu mcd to estirnate s#ve{d teruru ari*ing fronl loceJ-izstian pnxxrlure iu $ections 4, S (cf- [?b, tem*ra, i.4]].
Prqr.eitiau ,,U,.M
ar* u*ifollrra \l,:l*tt*- *o*,

e r"(o,1. andb€ }t;r(f)), z,

= -.--.W*ur + G$'c,# ("-*rurm,r + iloll*"r*r) [[llr,"rr',.
Hre de*ote ttre luit part of tlris cut)*ectk n to trre pr<rof *f rht*re,m 1.6.

Pr*,cf, of ?h*orem 1.6. ltr/o pro+.e ?hrurern 1.6 u,.l+r the nssunrption tlmtTlrcsre* 2.2 horde. The exirite$ff of ,{(}}, F(.r} fefiox* rro* firlir** r.:and hopmitiorr B.{ a# ws$ riiseussed tn Suixl*ti*n t"C.



$nr !l,ratarr nli.& IllnoliAeri llAl"o

l{ex&, we slrs$, the uniquerrem rf c$lution$ t$ {i.U.
Ju(O) and A : 0t *A e llrurttil + l,?d(fu s*rirf3

[ .\u * p*i Div t{u, oi = g ia {i,

I tT(u,#)n| + o su r,
{ l*l-o onr'
I

I T(u,#)na * 0 *a f-r,
t u*0 onf*.

[*tneH"o3{n}Nn

{?.r0}

}fe prov+ that u * 0 in fl, which leads hl the uuiquenem. To rhis e'<t, it
srrlticetr trr xhow that

(fu,+,)fi:0 tur *uy _rl e #fi{*ttr. {2.rU
The assurnption (b). srat{ iu Tlrerrrcm r.6, all,ows ur+ t'choase a r c
)((I) satistuins (p*rVx.Vffi#,,&*ffi&ffitrfl. rn riel- * ..r-,i)ry; (()) sarisf-ving (p*r V t }4il(,ffi. ln arlrli-

ticlir, $nce the trvo-pha.*e r*d,r.HffiS equ*tion* {l.B} ix solvatrle
far ( * qlts * llr+rr have a *oluritrn v e Wf {{i}s i" tlr* uqmri"r**, 

- --'

I i" - p- r Div T{v, K(v)) = +. - p- tVx in f),

I f*(v,.&[v)in] = n on f,
{ $.r} * rt on f.
I r(v, A{v}}n* = s s$ f+,
( v*0 onl-.

Tlxqn. l! *- p*lVn € Jq.(fl) iru$lie* tlr*.* rr € ,Is,{f}) {ur \r,.a$ disr.ussed i*
Renrark e3 {?}. $ettirq *t".) :",1 + r,a € r,I?({?i+ }t+{f}}, ne h*re; try
CtLuss's eliverge.rrcre $reorerrr, (u. yr;)g = 0, ug.l'(u Vurg)n : il,

{pu, *}r} * (pu. }v * p*l Diu ?1vi ?r: + ur.s * x))a {2.t?r.* A{pu,v)r., + (D(u)"p,D{"}hi * {u, [s${v}n}}1 * {u,pD(v)n*}r** itliv u, r,rrlri *. {u, {ur1nl}1 * {un rclna}1*.

Il*:y,f* $:fl:0 o1 r *gri ,,1 =j).oT r r,. r*e i:*,e rhei furD{v}n _rqn} =
[rD!v)n 

* Iriv)nl = * on I auJ pD(v)u - r,rr ; rd]i"'i :;i;]": o';f*. In adqlition. it rlr*t ditu :0 in t'I, rinm

0** T
E cb*(m),



fwo-I,$*iii !l-ttx*s rr$olt,rxr r.q{:n?Ki$€* lT

n.lwre r*'e hare used u € Jq{{D ancr trre dnriorr cff'(n} c ru;"{*i. H{*c*,
{?.1*) irnplio* tbat

{pu, *r)ii = Aip*, v}i, + (D(u}. pD(v)}ri. {?.13}

?-t,i.h* other hand, ,trpu - DivT(u.d) = 0 in fi ly the firut 1yluxriou of

'11 iJ:- llffi :l;ffi : ffiffi,:"i;ffffi u#.H* {d1.divv}ri + ([d1n],v)r,* {#1na,v)p*,
hernusr'{V02. v),i = 0 hy v € .4.({}). Thrus. ,\(pnr"v)ri+(;rD(u). D(v}}7, : 6r* ,re sarrle ria,,ter ar rre heve.obt"inod (r.13) aom ii.tz). The la:;i iaihtity
combinerl vrirh {Z.tB} imp}ies {?.ll}. m
2'4. Goserutian of analytic semigroup. rrfbis ancr trre nsxt eurxectiirn.
yru discus+_!,p1e-dnperreirut protricrrs. fa,e no".fuffiry frff-*"S M-bourrd*ry* ffi pmblerrr: I

ffi]r.llr,.,r,6; g;e641 & * 1o.cc),
gr(ffiffiikffiffifi E*m " (o.x:),

ffiffi on f x {& ce),
T{ffiffi}}n* * {} *n fl1 x {o,ac), {3'1d}

u = 0 on f* x (f),ac),

tt[6os : 110 in *.

- ?a discmn th$ Sns*uie* af annl.r,tic *ernigrcxrp r*g*ori*te.d with {?"tr,{}. nefarmul*tr (2.1d) in tbe s*adguup sittrrs. p'*r this purp(tr*, ** iol*a*r*
tho $tc*rc $Jlerator ,4 ald itr eloruain poia) * follrrws: 

'

f}q("4) * 1u e wf{n}N n 4($} : ffi{pD(u}n}} = 0 on r, (}.tr}
fl"I-l txrl';"?ir+{rD{u}n+)*0 ouI'4, ue0 orr1,-},

t ,{u = p-,Di"T(&#$ffi.ffF.iil 
"o(ifr).ffiffi qS ,r =-f-l < f.S a fi aud ?'o*f * f- < f. n1 ) n* that

are ttre tan;Eential ptrts of .l'_rftq f nith rt+p+ct fo n and n+ . re$pectivt ly.
Tfuerr it iu po*rible t* rewrite {?.14} as fullows;

dru --."4u * 0 ir > 0), u[r=o * uo.
B.n Theomnr 2.2, rhs rworver,, rer p(".1) of c crxrtainrs xg,&,. In addinio$.

irH:#:,ffiffi ?' f"&ffit -ml 
;it:-#ft



lfi ,$fir l{4ftyn,x, nsB Htrox,Ezr: fi*n$

B{.li(f,0,0,$,.0} € 4{$}. $i:rce rhe R-bourxledrx,rrs of B{,\}
urual borrndslna*s. it halds that

implies tlu

li{A--4i-tilc1.r,iurr s ff (Ae E-.i,),

wilh rxrnr* prr*itiw f,$n'r*lrt ,{f63u. By ttri* re*ir:lvsat mtirnrrtr a,*d ih*. stnn-
rlard se-nrigroup th€or!.

;l:lltj r:ltl'lilii,lrriillCrrilAriii:1:rgiriiUf trri:rr,i--rirlr4:i

< oc,. ord $rtx{if,q} * # u,r&
({ .= gllq * t}. Iet p* fu. WsrtetLe arruierrf;s, .Srppu** th.rd ike *uniitio*
{*}' (h}' *a&' lc) *taied in Thun..'t* i.ti ri,Jd. r"hii, th* {itor;** aper:*,ietr A
generc*e* a C6-*ernigvup {I{t}}126 an Jo{{}J, wh$*k is *ttulytit.
2-5. Maldmal lu-{,o regularity, Siree th* *1*teur (!.1} h }ifiear. we qorl-
$,ider *hs follrm,iug twr pnrblems:

{ Arr*p-1 DivTqu.f; =$, riivu o{} ia * x (0,cc,),

I lT(u.dln!=0" {u}*o t}nf x({},*}.

{ T(u,0}n* = g ou fa x (0,m}, (g.t6}, u:l ou f_ x (U.cc),I -A
( ul, =u * t& in fi,

{ 
o,u - p*r Div Tqu, o) = & ffi $lffi x {0, cc},

I lTte.d)ffiffiWffiI*o onlx(g,ca),

I T(u.flnr_ * k cn I+ x (o.mi, {?.rT}

I u=t) onf*x($,co),
t xI**B = g Lr li

To ylte rnaxim*l re,qlarit.v r.Ireorems for (Z!6J *rxl {t,IT), me inrxxta*e
_ryyplfun*tion$pase$. |'oretsrrnachspaceX,- ftffiM
W of x-vralu*d functionr *Jrx*a """ii,*-i*iili"r r
l:it ,!*{r.X) aud [iltf,X; wir]r ae € N, aud r]reir us,.ueiar*d norr*s hy
ll' llrntr.xt aud ll'llu;{t,x;, r"erpectivetry. We lei fory } 0

l"p,1tl,X) * {/ : ,t *+ X ; e-"t_f € ,p(/, X}},
ipo,.yiR,X) = {/ € Ir,.1(R,ff) : /{r) : $ {*r r < 0}.
!1,?;(J,,r)- {J€ f,}*n{r,Jf) :e,*"b1iy1t1e [*pll,x] ff- 1""...m]],
I4'Xb""{&, Jr) = }ry1{&, ir} n .{lp.n;,y(R, "{}.



T\+'t -p$t$ti ST()x$4 Rs;{ot.rrp_!lr t($i,trr{}ss t*

Lct c. f,"I, f, arul f-I rlenote tho Laplure tr'*nsfrirrn, th* Lrpl*,r iur.r'*e
tr*rxfaru, the Fourier trnrulbuu, atrl ihe sburier inwme trafisfourr" which
are elent**d by

{t.rl{-u = fl**A'y1t1&, {-'is}{r} = */_exs(.\)dr (.\ =.y +rr},

fi/ii,) = l.:e*i'i;1r;dr, r*'{*}{r} - */:e'\1r1ar.
I':otc tha& C{fltf} * .r[e*t{/{f)i{r) an*t C-rls]tr} = rrt.F-rleh+rr)l{r). f,nr
a1r rcal ftursber o ) 0, trer (+I,,/Xf) * fi-Lltutt.fJl(t) ntct set Ili,riR,,t) *s
ihe Btusel p*terrtfurl spaee of orler e delined bf

n6*{R,#} * {"f e ip.1(R,x): e-t'(Ai.f}{r) € "tr{&x}}.
11'e ah, set I$,,,*(IL,X) = {/ € }/;,.r{R,,,t} : /{*} = 0f*rf <fi}. Sbt
*olutians of probten:s {2.1S} and iX,t?}, t{i;,f"1$ x 10, oo)} and 4il,o.r{f} ,Iti arc d*finerl by

I+'#,fe (* x (0, oc) ) * u$,, ( (0, eo), ;,0( f?)$ ) r-r fu* ({0, ca }, tf;(fi i 
r} 

},
l.t,q1,f$*{f} x R} = Ilrf;11{rt, iotf})rr) n ips.,y(rt, wf;til:s}.

First. rye rtrisr.u*n a maxir**l Lrri,, r*gnl*riiy ther:mrn fcr (at$). Se*ing
u(t) = f{r}qr axd f{t} * ff(u(r}}, wo ses th*r clivu{t} = 0 in Sl for r > 0
hr y(t) € .Jh{Q), aud rhrrs r*(r} arxl S{f) sari*fy {?.rS}. Sinr.e {?{r)}rac i,i
nnalyti*, *e lrar,€. fnr ssrrre )qj ) t 6nA f*r *n1. tr ;, 6,

ll?(f)qr||_,"tni S Ce;oe,rurlluoll,rutrll fnr u6 e .{n(il},

il&T{t.}rkr ll.r*rr4 S d,n,4 f - t*to, 
fi ug llr*trr) for r& e ./q{fl),

l}&"(rluti11r"Eq S #o.4el,,ll*rlfroixt *rr q; € t).i{,q},
wit'lr *ome p<xlf,ivc coni$tarrt cn,Lu. 11,'e tlreir erbt*hr, iq thr sarnr rnilr$rer $a
in {27, Tlretrem i}.91,

11r*!i*'{ftu, u- Vu. V?u}lirp{{0,{,s},r,q{*)t S (,oq,.ro llu0ll4,}_rrn,1;lr,
for xrme ;roritive *"rn*t*urt fro,,i,Iii r+ith I < p,g < oc. urlrere upe hnve set

#i" l' * t:lrl * U{{il}, D{ i/)} r -r{r,irh reat iuterpolar ian functor (., . }4."
{0 { 19 < 1, I < p < nc}. lfireil, ttx,ffigryggffiryg n.rlrtn.

ryW-8. ffi < p,ffi d oc, aad m,ur{ff,s/} S $ w*e
t/ = q/k - Ll. I*t p7 fu ytsitit:c utnst{trtts. Suppse that ilte wnchfiaris (n},
(b), (e) elot*d i* Theervm L.6 hold. Then, arc hau* the fortawirrg us**rfion*.-



lixr id,rnye r nrp l{moKA?r: Snrr4}

{1) llleru em.rrs a anwtantio } I sucft t1.a4]r an:u."r.h E;t!;lrfuFry-; (p rof @.F,r . riq1.,_in I'tn,*ir ,,Ir,..o ( ( 0, :c ) . t+ j 1fi t + wf, t n t i. Jii.7" ""l,rrlti"
lle*t**{ffuu, u, vu, vtu}fl.p((0. q),r*(i})} + lle-r*rvfll&*{{r.;rq}.&F$}
s G'*.r ll .t, ilaf,.i,l - rrzrrri'

**!W ysit*n mr"rikrrrzt Cr.o.ro.(?)@roll .loratry
$ c lp,n..,n(It I*{0)$),

B e rjiil* 1n, r{{{i}tr) rr Jrp.r,,-*{}1, wJtr4 n w;l(r4}),
h € Fr;,/{fu{& ro{{4tri n trup,-,o(&. gt{f}irr},
k € }rjli;(n, d,o(o+in) n 1'.p10..,n(R,r.{{d}+}Ar},

a*'d f+r *ruxi repru*enrat{ae g e r,t'j,$.*{8,^64(Ql,}'} af *tcl, the prvbr**
(t.17) &ac .r unrfur. *!"y iu,al e ff,;i,u,*{ii on; *rrn,;&, Fijtni *W,i (n)t. ll,hieh rmixse.a,,es the eil,irm

ff e*to'{86u, no aff}vu, v**)llruqsruror + llr*r.vr{lsa&r,*{&}i {g. lg}
5 C'p,,r.rofi{,",r,6(f, B- g, h- k},

/nr sornr po,l.tlt*e mn*tar* #r*.-,r, rrit/r

i6*,-,0 (f,.{, $" h. k} = ll,'*?o.{f. Vs,,tljrr, &g, Vh, &lj*b}flrr(a,r,r{a}l
+ fi e 

* r*t{s, 5 } Ile*tn_!r.J (sD + il* -?ut ( vk, a#k) l1,,tn.rotj}+ il
* [f+r 

-t*kff 
4in,nl(u+)t.

ln wklil"ittn, i! g * l), h o $, 6*d k = 0, #ror

r-ifrr-'t'nllr"(a,ir(ati s c1,-n.r,,lle"*1ot{llr,,,1n,r,r1s}11 ftr a*yt } t*. {z,ts}
Proof, The osser.tion (t) was *lrea<Iy provrrl alxrie, The estinrater {I.lg!.{2'19) follow:r froru \{'el*'s op$r&t$r *ir.*a-r""**r-nrultiplier theorern {ef.
'F_r, 

ThSr-em- 3.4]) rogerher"r+ith fhs$r; f-i *a proporirio.s 2.4, 2.5.T''en. sir,ilarl.!' to [2-{, ST,rp." ?i. tte *e trru, 
"it) = 0 *ri ril) ;; il, , 

" 
,,and thas the unig*en*s lrolcl*. ' -1-' * 

"'n-" " o



fi*'fi_rrt *sn $,r<xr. trsolyr,:xl ffqtr)rflotis ?t

3. Trvs-psa$s anllr;cnn Stoxs.t ftasfiLven,T EguATt$N$ Ifi At,
In thb secti*no \ee din*r,u$ ?l-bourrleri rolution cp€r&tor h,,rilie tc) thetw*phflsp rprrrrqed srokm reroryeni fitr'ortion$ with an ir,*erfacr;;fflitiirr in' ".= RI u R{. tr*rt i*. xe ccrx$irte.x the do&owiag rerorwnt probre,ru witrrr*rmlve.nt tmr$irrerer.I wrying in E* = {.[ e C\ #ii ,6;]#';:;L '

[ ^" 
- p-t Din T(u, K;(u)) = f in R,\,

{ tt(u.Ar(u)}ral = [h! <,n R;v,

I futr : o uu Rf'.
{3.r}

wh*re q1 = (0,....0,-t)" nntl t(u,Jrl(u)) * pD[u] _.t{r{u)I. Herr;
e ] f+tnf + p*XeI for pmitire (sn$rant^-, p1, aml ouppo* rir*t'

{d} vi*-oeity crxfficient p irr giverr by p : ir+Xsf +rr_Xe{ f*r f:oeitivecorstuIttts 34 satirfying f*r E f* S fr*p, rtxpecti*ly, wter*lrs a,xt plsare the $*lr$e coriJit{*rL*; n* in the*r.rnrr i,$.
Furthennom, for I < q < cc,antl y' *. q/\q*1), let ff1{u) b+rta*ined lryff1(u) =,f,{tr,lt} wir.h

a = p*rDir'{p${u}) * Vdiyu" g-< fuD(u)r$X,n$ > _ftlivu}.

f"^,' L:,1i,;@.:)$. yhei'eo trirr, #) is giwn in lt+*xirk l.s i:I) wirtr fi : n.ry,r.e., fir(uJ r* ilre unique *clution to
(p*lVi(r(u), Vp)tr, * {p-'r Di:r(pD{uJ} _ Vdivu,Vp)61v,
fiririu]$ =< {pD{u}&r},no > -[dtuu! trrr Rfl.

{3.2}

ffi
$X.p+,

Y,*1, *-tri(R.r'1 and mtisfirx ilVrtr(u)fl1u16.r1 5 pflvull*;,6*1.
ry.ksw#ryrrJ' m a 6ffi ""roru',iffiffirim -rur5:'ffi1
p-.lF+ffi, p+*ffi#*r, nn i 1r*1.

in this section.

PryW $.ry'ffi < cq, t) < * <rfz. *nrip+ fu5roxftrire r*rni*nr*.r*ppo$c uutt U& rouditrtln id) iro&Js. For *ny qp+r *et G "ylts, Ier }ft*(G)*rd )fo,a(G) k definrd. a*
ya,q{G) * t{f,h} : f e rn(G}s" h 6 r{,.?(G}lt},

.Ire.c(#) * 7(I{t,l{z,Ii,l3); ly'r,J{r e .Lr{6}r_ jtrs e tru{S}sr},

#,*:::- :':'",f 'Y' f": :n y s r i ) ) e llol ( ru. c(yreo( R'" ), Ir f ( n v 
) 
t 

) )ffi& € [, ,ffi, h) € ]hn(Rr ), u = S,(A]G*.rif. rr) ;, o



.qst IlAntA{r ilEo Hrn$li{zt: Sr{rro

rirri{ue xalatian ta the pwblmr {B.l), ar.d furt}tmtr*orc,

Rrryo 
n(R*).r.n(n*).*) ({ (^*)'(,rrsr{.r)) r ,l e &}) s tr (r : 0, r}"

ffere, antlxttb*egxrutlp, r*seetrt - JSil+itr2+nr, JIAg = (Vru,,\l/rgs,trs;,
#n.r(f.h] * (f,Vh,|11*h) CInrJ 11 d,txwtar c ornr,ct**l fuaxudiflgsaldy cnS,{, 5, F+t P*, p+1"J,4g, p*t. and#-g,

|' view of $*lxectirnr t.l, it i$ cr#i*ieue to consider the *ru.pho-se $rokx
rerrolvsrt slusrtigffi in lt-ry:

[ ^0" 
- Div(pD(u)) + V0 = pf in Rs.

J ,[ivu=g irrRN,

I t,ro(u) - or)noi = [hg ff, ni,\'.

l. Iutr = 0 on lt4v.

(s.4)

llere, tlm ter-*rier traadorr* Jr and it* inve*e krnrul* F*r are derined by

rrl(e I = f**,..(.f(*),r.. -r-r[s]1",,): #f,.., u,,.on,*,d{, (3.0)

rcspet,tiwll.. \lb firsr **.
Lemma t.2" .Let t cqccc. pprg€r+?{R.s}ntrlF;r{Rtr}. ar*er

ln(,{) : {yrfu),. .., l&{r)}?'. b,i{st *=-'lffirfr){e}Jt*), (s.6}

for i * 1., " ., rY. Tke.*. V {g y € }ry (R*' }Ar nW;{Rtr) s an/ u * }"{g) **lsc*.
the diaeryrwx eg.uation: divu: g in Rtr. In ad.dilion, tlwrv *tu $**toru

1,'1 e f,(xq{It*}"n',"Ln(It.*}r*}. t'? e f,(tr,r{Bri, trn{Rm)s*},
I/i) € d{ff;t (R,u1. .[01*tr3#;,

.*r..h 4!t tb,v?t) = (Vr(vg), r/2t^uzsl,t,r(,rdi. u,ken:, the duol qrum ofilltRs), q'= q/{q - l). rc *',uet, ry iT;,1[ij *iJ1,r#g.'ii;;;",
Proo{. It i-,i elear th*t u = V{$ *o}1,q* t]rc {ir,+rgonceequatinr: 4iyu =I in Btr a*rt rh*r hv. rhe rou*ier nrurtipriei il;;;#iffi; q*i-"'1nu.
Appenrtix" Thtxrren: 2J)

ll VI/(s) ll r, &s r < 1$ii,fl lL,, qp* 1, ll&vr{s} [6,qa.r i { *, fldrsll;,1p* 1.



I"u,n-s*r*sg $T.rxrl:tt Rtiqxt.F,JtT xljrrr*$_$ aT

finr &. = 1,. . .,I{ * t. Sinco. {1, 
yk: = g in s,s, it holrh thnt Sfl.}.1g) *

f,vr. - 
rl* ));n;tghrrk) i* fi.tr. *tii*U, .,Jrnulned xdrh the ta,er irctluelirie*,

furnislre; thar ll8+ t/(s)ll ;o11., I < rollvs llr.,(R. ).
Ne.xr.. we etirnnre !,(s),. Lct ,p e C;1iir,i;*', a.rrd theu (t/(g),gi*.x :

;jy;{lfL-'14.r-r[e]{{i])p,v. Tlre Foirrier mrrltiptier tr,*"}oi.ui"i.ilirr*t
1(vL0)'fln,vlS rnllrli6-,1n^1lltrlLr,6a.*), which firrriistus ily{gill&1p*; S
th]!*ti1q,,11",. \fft thus. xee ttrat r{#} e l,t,';{Arf}rr n Wfinrels **f .fr*
exirtenee of op*ratorx Hi 1i = L 2, I). This compleie* the pro*f. n

^ 
N.o* th*rt {}-fu}g * I:: ff,fl uinee lr{s} e I+?(ts)s by Leurma $.?.Settiug u * tr("S)+v in {8..{ anrinoriug Oir,(lr,(v}i = *ii* Uy ,t * *ooai*ioo(tl) antt h1' div v = 0 iu R#. we hevp

{ pA" *;rAv * Vr9 = f iu Rtr.

J ,livv = 0 il R,s,

I ltrof"l - Br1n,! = [fr] on Rf ,

( IvI = o un Rdo,

(3.7)

"1,:1 1T. pf .- p\Vtsl + DivipDilr{.q)}} 
"rr.l 

i * h * pD{yfur))n6.
The folltx,ving 

''nrnra 
rvrc *r,r*cutiar[r'proretr ir, [zt, frun'r*r,ii-'i.i, ,.2r.

Lernrna S.S, ret 1 < q < cc., fi < r < rf,i, *nd pyie prrsff.xe *onxlarrl:tt.
'9trppo'+c thalt the. rwxlitirmfr)-n{**...ra*r{ft*,*umur* ax *pxrrtw farrr{ry*t) * I{+r (f,u,r{}n*{R*), H,?{R#}t)

$,fi ; i;:Ei, ;'J: fi 
r 
;_ 

'lt 
il, ffi{3-7) uith re?nc prcssute ternt 0. h+ aitdi,{iii, }rr t = tt, t.

Rr{.va.oq*.*1,1,i6*}r) ({ (-*)'(nr$r{.r}) , .l e r"}) x .rr.

" ,|_t11 1ryfu) 
: 1tr'(Vs). V2(It/20).y3(fs)) by. Lemma i1.2. we hnve therolrcwrng re,l,,I* bl"conrbining Lemma 3.3 witrr Le.rnrna 3.2 and try set.ting

1''.l : {{f, s, h) ; f e lr(R*)tr, # € Lt,t'{A},r} fi w; I {a;l }, n e r.r.1r{ns}# },
F, = {{.pt,...,&}; Fr,fi,F} e to1gs;s,& e tru111$itr,,,

fr:, & e iu(R*),'), fl(f,g,h) * (f, Jtly{g). vh, Ar/2h).

IfT*-" 3.4. Let I <qcao,0<ecnf}, *wlconatantap* )$, {nldtstv ln the scrne o,xrar,or $c in L*r$tl, s,i.' sropeaur tk,o th{m*d)ru* t*t



?4 $rr lllryaxr _.11,o l{lR{)ftazr, Srrrro

hslrls" Tfu:*, {lrem .is an olxrwlw. !*rndJy [{I} 6 H*l (}r*. Ci}r{, I,i,,.i(Rtr}r})
:i.,& tJ*lu * y*(S) * I{,t)#A(f.g.h) re a *niEtesotnfro,n ra t/L'p.ru&lern
{i}.4} ruift rrflr prd.r$.ri?? 0 for A € Xs *nd (f,.s,ir) e }..r. In a,J*;ltri 

"

rc{}.,,.r,u(ir,}", (i(^*)'(n.,,rr^t) : .i e u,}) s rr ri : 0. r).

Froof of Theorem 3,1. Let. I < 11 < cc rnrl q,* Elttt -*I). "dcearrliirgtrr r.r*int rvar pnintrl rxrt in $rrlxff:ti{xr 2"1^ nc r.onxiiti"r. as +r* auxiti*ry
prtrblenr. tlr,e f*lhu.ing rvcak lrr<rbltrn: frx ail ,p € I{+{R.\'},

I(g' p)** + (Vr, VvrlA" = *(f. Vrri6". {.ti *< {h}, Ro > on &I. f:f.rt
flrxrr:eming thi* u,erk pr*trkl*. ll.r h*r,e

Propoeition 8.8. {,et 0 < e < rl} *,*dl < q < oa. Sqtyts*tltt*
,,_:-,U-,:.*:y,1,_petytar as "irt Lerxn* il.i. ,fh.*z', 

for.,rry ,t f I, orr.a
tf.hl € l'h.r(R,* j. lhcprcblctn (l.rl) arlrnils auniErcs;alu1;,rr'n e lt;l(i.t)n
W;.t13'')- ln,ad,rtition. f/ret r.g V{.U € }tcl{I*.Cq}a.r(R.ri,ti;i(Hv}r))
such thul. /<ir.l :0" 1"

nc{r,,a."(a.},r,rn,r*r{{(.rS)'(r-vtr)} ,.r * &}) s -^.,, (r.$}

a*.d V(17) = Y(}){f,Vh,,\t/2hJ lor **y (f,h} e }-11,s{RN}, uthe*: g ia ftte.
:tohilion fo {3.8}.

Frsof. \trre *rrly' sh+w the e."xirit*,nce r:f r,he R-bourxlql slrl*tio* olxrr&tor
iaruily v(,\), rriute rhe *rrique *.rrr,al-rllir"l' o{ rhe rae*ii pr*br*,r {;lii *,*
nlrearly nrentinrred in Fr<4xnition p.1"

It. *uffic*s tr: r:r*mirler tlie ciusr.'f € c,f(Rrt;-t i* what f*lkru.x. si*r:e(lln'"t i-s rlcr*e irr L,,(h"v;. Ther,. tt,,, , -*afrl,,* ii*i'r-'":^.,.' n,.,,I=f+&,wirlr
( (tr * A)'c'= o

{f * A.;*c = dir,f in R.v. t j),,
[ fl.'l = U,tr. [ffi] = o

in R#.

t,lr! Ri]t",

rvhsle lr :< h. no > arrd il&'/fln{r * go . Vr, : *i},y.a,,.
st*p l: solu*iorr fcrnrulas, 11'e give the ex*t.t riolution fo*uulac tlf ,,r, 4,.By usixg (*.li), u'e havt:

r:.F.1tffilr*r :r-'la$ffi1t*1. (r.rn)



Two_r,uA$I{ gr*u$q ar^EoLyHtt" Frltur!<lsis ?Ii

On the other hartcl, **r rrr+rlte the s.yrltrm for g m f*llsw*:

[ ,^ * a)e,a = 6 in R]'.

{ +:+ - qr- : [i[ orr R1]',

Ian 1r'* - l],*v,- = o on $'.
{3.} t}

where r*r have ret #,* * v,xn#" L*t .ii{r, n*} errcl }f rff(d,,*p)}{rr} 
be rbepartj*l fuurier &ran*forxn witri re*pect irr.r'a,ntr ite irnrerm defined by

i({,, *.nr} * 
/*_, e*it,.{, J{r!,,,tt} d*r,

.F; 1 [a{{, r.,rl t*'} = p;ll- t** _, uo''*' s{{,. s.v } d{,.

",tpplying the pa*ial Fburier traxr.Bfoixr to (S.1I) furnishes tbat

I i4 - (,\ + i€,i?]] fi*{{,,crq) = r}, *ry } o,

J Ar({,.$) - #_(fl"o} * [fi${f,o},
t (arfr*X{,,0} * {f}.,,r&}({,,{i) = *.

$oh'i'g this syrlorr *e c*triuar!. differentiar equatio:x with re*p*ct t, x,1,aud rietrirrs # = fi;;E for A € & and,{ :'l{,1, il"ffi;Hi;i**i *
*{t/?}tfi$({,,f})e+a*.'r (*sr,, > 01, uiri*r inrplien rtmt

.ryi* = .{,a{*,.,r,u} - rira, 
[lfrlte,,o)c+#,NJ {s,} (*sru > 0}, (l.tg}

xolvs the prublem (it"ll). Harce, t,= {,+XR# + SlL.XBy.step 2: construction of R-bounaea'ttution operator farnilim.$ince 1,'(rr+rl:)_* t;{9}+ lr{ra), we ccxrsiJ-, Ui;}, }4{?} one hy *ne. Fiw}, necru*;inrcr a fi-rrourirltxr s.lurion oi)er*k)t. ra"iiri.'r* vr;r: tr, (s ;i li.lni,
I/(s) * r-' 1ffiffiff]i*) *' Yt (.r)r.

Ify [14. Lemnm i.I. ?h*orv,ur A.B], we have, fix I x 0, l,
Vl{A) € Ho} (X,, f{I.n{Rtr )r'r, Wnf(R#)#)},

&r1ru1u,*;o.r-rs,.,,0., ({ (,1fi )' {,tr,r, r^t1, .l e & }) s tr "



2{i lift, llrr*Axl ,lrD lltno$A,tt. S,rry$

Next. we cotsicler yirf). By (J"6). we hare, f11r j = l,...or\._ l,

[G = -/*,e,*re'.u'r(]/. {i#5,r{.u),ry^,. (3.1r)

{,Li) = -/] t*,.u.')(*/_ sq;:::,rer,)apl
wlrem ffi : flIi({.,r,, }. Iiirxre it lrolds. lry r.lur xsitluer theriyeru, that

* /*_#ur, - # * f:ffi ,(r - _sisn(")+,
for a € R\ {0}. rv* i**crt thesrr lbr*ruras i*to (r.Iit} i, *rder to o}.rtaiu

ffi gq,. a: 5 ) * * i{i. / | _ 
r -o 

" 
- r* t,n${{,.,vu. 

} .,yr*,

ffiJ16',. ro I : i /: sigil (.r,,\. - r/.v )r 
* i** *p,{*fi{{, 

#r ) rr.?,\..

Thi*. cornhiur:.d rr ith {;}.1?). funrixhtx t,hnt

vi{**) * *"1;, iffilft tC,.{r, L (r*l".nr*r.n.l.* * 
"*tcr,i+y3c}4) 

.-** n 
J.

liy(a,,) * J.Er 
[iIL}.lgJl j[* (,,*,,t*o, * es)c -i*"--n.,1.+

* xign(.r:,1. * yg)s-h'.r+rrol.a)r-rvo ,lA,"J {*,).
BJ1' rlire"r:t. caletdntiorx. r+r lmr,e

Lernrna 8,6. ier 0 < s < w/I awt{, e Rrr-, \ {t}}. iff* "set

..r : i('i. r = v,T;lFF. .Mtu): ffi^" (.\ € 86, o > rl).
T'lwn it l&ldx thel,./nr t;r1,1. > 0,

f-' 1**,."*n1'f.,t 
* **lrx+v,r,l.,r) r.*Brr dyo

rtIztt* s3;7"&1(**,v),

/" (*t*,{** - u.,i,)*-l*.+-vxl'a - sipr(*1, + v,\,}(*l{,v+y.\i}d) e*6r* dg,*

* -*jr-.M(*r:.y) - ulr,or.,*



Tlt,{}-trHlsl ,qT1)Nr:S 
'tEc{)1,\.a:it1. 

Eqt:_4rtr}ss :i

Thi* lernrnn yicltl* tltn,t. fcr *:r.1, ) 0 anrl .j : 1,,. ., rV _ l.

{1-/i ( u,)l {a/, r:1, ) * *}e I 
t 
(il#;1 ) x,ta t **ru ) ffi] iC,. u)J f *, ),

iL',\. { qi )l ie', ;r* I * * 
}.4;, [{ fh ) 

r. ( *;rs Xf,}t{,, ot] tri
L r':PIlr-1 ^* itr' [jfrrr,lte '.0)](,'r 

" iq,' [n,#r r.*i,*' gf]({,.*;J1,,1.

rvherc rve l*,r.e u.se.cl the *mr, th*t 1/{B + A} : {U#) _ A/{IltG+,{)}" 83.-
{!8" Lt alrruui .t.(i, .I.8, 8,1. 5.!. I.il],"fir*rc r:xist

v.r{.U e fiot (}Ju, c{t,I{B,v ir''**. }.iii{no))} {.t * 1. . . . ,.,1r}

srrch tirirt l*tr,,') * V;{.f ){Vh, ll/zh) arxi r.hat. hrr l : O, l,

Rclr,ia * i.,,*r,tr,1p r i rr.,,,, ({ 1,1fi )' (n.-v.r(,\)) : .l e r,}) s rr.
Rec*lling Rr:nrark t.3 {l}. rrrrict. lor (f/2,f/:r) e f,q(Rtr1,\'x i,r1g,y)N,

vx {.U it r, /{.1} * (vl (,\X ffe, ffir}, . . ., vx (,\Xrrz, f{,)) r.

Tlten. Yi,\iH: VriA)lIr +v?fAXfJ2,tfii), H - {jlr.ff:,ff;) e &q.*(R.s;,
ri*tlsfies {3.$}" ilIernxrwr:. j:. (f.h) e },p.u(Rri, t-(rr} : V{.lXf,Vh,}rr?h}
wit.h the $rirrriocr g l:f {3.{i). n

!\c htn,e err S;{A}*t.* V(,UH + fr(,\)Ulr, fi.iy{}}H,If:,.I{r} fgr. H ={{l.,*,If,rl1 }t,u{H,tr3. T}rea, L*:mnr*.3,.{ anrt proprsirkrx 3.$. t*gerher
u'it'h PrriSrtxiition 2.4, ehowu that $r{i} i* th* reqtixxi op$r&tor iri ,r}rivrenr
:t,I " T"hi* r:rlrn;rir{+ni the prorlf r:f Thurrerrr 3.I . Ij

'tr. [i.nnrq-:en Sroxes R[L\oL\.Esr ]rer#Jrloxs .}N A t]FtN,r. iip&cfr

._ 
t., t : R;\ -+ $ lre n hilu.crirrrr uf Cl Eam erd lei &*t bs irs inyersq*

tnitp. tthrrrt srllucripts:r. 3 rlenr111, thcir rrri;r[kx- ht,re 5nr! strhsg1ptentl,r..
}l'riting (V**)(.r) = A *B{.n} and (Vv$*r}i*(ir:)} * A"_r +B_,irl. *
r$xj![${r tlrat A lrn*} A*1 are crth*r*xnr*irnrr*,rir:r:n wit,h ronstru:i caelhqiq}ry.$
nrld cl*tA - rieiA_r : l. arrd &lm &B$rjrrle tlurt B(*) uua A_,i;i un*
ura,trir:t t t;f fiu:ctiou* in l+*{RN) rviih ** < r < i}q sueh t}xrt

il{S.B*r}llr*1j.v1 { ilf1, llvr(B,B-_r)i[."6.+1 {,,tr,Js" {+.1}
1{t+ rvill cllqxrsc :}rI1 s*ail e**irgh elertuall}', so tlrai. !,$e *l&ri *r*surue th*rt
t) < Jui < I < rl& in tl* ftrllowing.



tB $nt M*$y,cxl *lro lhro$A*r ,{.i}Tr}

Renr*rk 4.1" $inrc r * S*t(i$(r)), rve hav* I = (VyiS*tXV*iF). T.hin
irnplieu th*t (Vui$*.r)*r * (Vx,rF), i.e. {a*, +S*11*i1*i =.i'*iit'.i.

S{:t {}a : e(R.f) and f * AtHdr}, *nd t*t fr * fr{s) be ihe unit ryrrural
rqeetor o& f, which point* fi.om e+ to fl*. ln a;*diiio*, **ttirrg *1, *(i$-r,r, . . . , i[- r,rsif, $.tr $ee ths.t il i,l r*.prmentel by &_- 1,;y{cr) 

j $] Tlron,

fr(+(r)) = *Jr?=:,+ = (4:r + Fr(r))rrrrr
ivve-r...,.1 l(A_r +B_11*.;;r'*1, {d.?}

with tr6 = (0,...,(1,*11r, wh*r* we have,rrt A*l : (d;;) arnd B*r(r) ={Ari(r)}: It particular, fi is tl*Iin*d on Rtr by (a.z). Si"* Eflrt.irr, +
f:'l!:)l'_:, l_ lIfl,tza,t,.a.*,i",:{ + 8,1;ir)r1 b-v rhe r*t ,rI't },^,'t" oorf,nouqflnat mftrrix. we sce by ( .l) antt (-f.2) rhar llV"fill61s.v1 S C,vlfr.l*t fi* * ii*{y) be r,i*cesity cqeffieisut,r dcfined un nr.uJ [*** 

- "

tiu*, *rtxtil s$t *t {y e R#), (4.3)

lfr*ftr) * p*ul S ^4/r {s e Bn}. llVrfr*llr,tao) S C.,
wlrore Jr*a &re frsrne con$*fl,nt$ ylth lr*, s pto 5 ,r*?? r?.$pectiwly, for the**une mn"rtant$ rl*1. fr*? *r* iu Thexxern tr.6. ln xtcliilan, nle ntrt "'

J, * p{s} * S+t.py (.r) + p*tnI {*i,
tqt = lq)(r) = /dtR.I (r) + g-oys.v(r),
p(c) = 6a {.r}.rysy {,r} * p-{r}rya,"(e},

ilr(s) * #$l S ,t 1 (r: e Rtr), llv*rllLa6,u1 S c',.

({.$i

, In_this srlctit*, &'e *mcide* tlre twu-,hu,xr rerlme.rl Stotr*st} s fI+ U il* {drh an iaterf&{* *,rrlr<tition:
tquatio* ht

({.6}



Tra'c-ps*sr $fixn* *F,-grt !.8!rr, tsiiin,?lrt;!.s

$y, !fu, &Ifr)) : frD(fri * fr',(rlr s-d &{fr} Mfcrllowiug gffi,gffi:
.t(i-'vri(ffi)B: (i-,ffi ({.?)

{4 8}(I{i(fr}} *< ffB(fi]fr],ff > *frtivfr] .m r,

fur *ll fr e Q,tAflf. t,1'e rlien haw rlre futtowi*g rh*xern.

Theorem 4,?. f,e*0<e < rf?,, l<{ ( rc, jf <r < cc. e*irdmxx{q,/} (
t_with d = $lh - Ll. ,guppo** ,Aat ({.1), ({.8}, and t*.lt hoii.' l,a*
?oiC.) onn ZvrlG), with un aptn set G o/giv. tu dertnin u* Zp'r{G) *
to(fJ,:-,;Ir e [fit{G}$l, rcspr*,tiat:lg, wl$le $o *I-rr,irr{p*1.1ra2}. ?}lerir

mdr 0 < &{ < mhr(l,#-i$$ 2 L. and *n, aper*iar mnly Sr(}i e
,.ru,f,(z1q.o(o).!t;lr?j,o)) M e u. .'fr) u
L u : Sr (,\)l{a-r(f . h) is a lsn,j{ue solution to {4.6}. and furth.enr,f/r1-,

ftci.us.n1*;,r.,**b-,{{(r*)'{n*sr1.111 r.r c 8,.:*,}) s iz, {{.s}

lor I * 0, 1 urefi samc potitiue conslanj 12. Ilere ad cfibseo,rer$lu. fr =y;ru,m, n4ffiu, .\,/?vd. AuH *a r"*if. ni; E +ililf , r,t,-'. U " 
-f:l', rtt&fiF&*' -u, ,t'/' vrtr Auli arrd ifu 

"1{f . h) = [ Vh.,\r/zh. h ),ir, ffi, f, p*. p*$, pt{: lofu6 aop-{r:w ffi Y-r, m, n, p*n ;,affn lr*fi; y, r* c serile *rilffiiffiilik-r
oru rxlf2. i*, ,\, {, rr E, fr*t $*lt l$*,t,

rn"Maaiurv*
orern 4.2. ls* re*rrite *ffirffi ru+-

ffi*r-'rffiD{ffi-'v&*F*rntrivF*i k
I(/,D(H)-Alffi*k (.{.ro}

f$ffi,.ffi,ffi nn r.

with.S: fr{t). [raru;[u*u ffiprnlrlau (d.10) ro soure problern on RN for u(*) : fr(yi *ia eO * dtii.



ji{l jitl llanyaxl .{iia} I{taoriA?r: S.l,rln

81' din*t calculatiorr;. we sft) thr* v : A.*1il a*il g s*tisf3

[ ^" 
* I oi' t(". 0] * tt :-.tLtt Di.D(v) + lr,(r) + lprvs = r)t'p"Pt)

I IT(v.8)q1$ + $fu, * 6tl)D{v)x}6} + F"}1vl&,! * gr.g

t rvx =tl
rvith T(v. #) = psD{v) - fI. rurrJ ni, o

, t-, 
-(t, 'Yo, vf]ns + tp tpzva.VpJh.,

in B$.

,ru Ilfl.
,:n R;|''.

{4.1 1i

t4.1tJ
: {r-' piv(psD(v)} * Vdiv v + p*l*t*t{r)Dir.D{v)

* ;r*iJ"r1v) + F.r1vi + Ji{{v}" V*}u* for r,y ,; €
[8] *< [p6D(v]ns!,rtr > "-[riivv[

iF;{n}},

{,r.13}
+ < [(1, * l+]D{v)n6}, *n , +{rr1v)g o* 8<}'.

l{ere, w*: }u*'* xrt f * .A,-.ri.r$, h * }{,A.*+B*{.r})rr$J(A-+S*{.r}) -rfro{r.

rr 6v1 : ;i(RlV!v + $1yv; *- {Iryv}yp.
.}*1v; : gR*Vv, F3(v1: r{:JV?r, +,SlVv,
l1v; : Ea(p- tpDivtr{v} * Vrtivv - p-rrr{v} +,F;{v)}"
.Fi'6v; * pfr5Vv.+ Rnyv.

and thpe*effir:ieuts p,-W. Si. fr {l * l.Z,J a 1.....6} ilatisf.v

ii(p'.Rilllr,_iR)) S c*"tfr, ll{v,p,, v??r.,s,)ilr- (p.v1 { (r,1 J12. i4.I4}
ii{ft, Vf1}li,La (RN}r r.,.(Rr} < #,vi&.

F1'tll norv o*. ilie xrl1.{4,11}"-{J.l?). and (.t.13}. Let #1 = ,lis{vJ givon
i.ry_t_lm i!u1l*n rqr {it.?)-(it.J} with /, = /.{{}. d*tti,S 6 = A.r{v} * *rfi'l ,n
{4.12}-{4.1S}. se irar..e the ner*k porlulurr,'fttr 62 *f}x1v; ru f,illo*"l ''

(p-'vdr, vr:)ao * lp-tF?]iil2,v.,:)*,,. : {p*r{r * 6ro}I)ivD(v)* p-Lrt{u! + _F:i6v; -r rd1v1 * p-rq2v}.s{v}, vr:}ir_-
[#;$ =< {(p - s11i}(v}no}, n6 > +p.s(r,)} c,u Rf ,



1:11rl-t'tIA.rl] !{rr!*r*x arsrl-rex'r' Fx}'^}l{'e-s :lt

for **ry f € ff;,t&I'i' Subr*t'itutirg S = hr(v) + s2{vi in {4't1}' rqe heve

( .r,r.* p-r[lir:Tiv.hr{v}) +Ur(v; * 1 ir: hs'

{ [t,r.1r'1(v)ins$ + fi,{:(v)rrrr} * {h} o" rtd\"

I fvi * {} nn Hf"
{;l.l$}

wh+:re n'e lt*l'e set

ll11v1 * * p*| ltr* I,iq) Di,* D{v) + p--r.Fr1v)

"r /r- 
tFtY/ri(o) + P-'(I + Pl;vr2iv;,

l,/:(v; * .r3(r) * t< (15* riolD(vlno'n* > +P{v)iI'

At this p{rint? $? irrtro<iu<'e o **it ghui t*$.ltl Milv&l}iity 6sld&lti

fq*-+*-#. all ,p r i?}inNl.

1p* 
tVo. Vpi6.' + (p- IPrVCI. Vp)fr,' : (f ' V'i:)*'- ' (d'1$)

$0I : fi.s} .rn ltfl. {4"r?}

Leurrra 4.&, Let I < rJ 4 cc,. Tlren thc:rY eri*l a *urt*forut t-rt € (0. L) and

*tt *y:cttttur. E e Ctilnf*r-;N x n,t(*,N).ltt{*s} + ff;tn"}} ,tnr":ir iJr.ul.

lor *npsf € r,liR$)$ *rr! g € I'l',i(Ar )' d : .l,{f' g! i* o *n{que ss-/'l''ti*tt l*

il.io1-14.rf}.:u,hir:h. posrer," es tluiestimntt'; llV6i|6,,111x1 S C.v,1{||fil1,,{A'}*

ll.uilil;1s"1) witlr' a po*ititLe a'an*trrrrt Cv,u ind*'pertierut a! itl2'

Proof. $irrce tlre weak 1:rtrbl*rI {3.2}*{lt.l1J i"t u}Iiqrrely Scivable. $t{) (:;ntr prove

Lelnrrlrr ,{-;} t-ry the srnall pertr.rrbatiOn rse[troel, so t'haf 11'f iBsriN' oruit tlrt:

rlct*llrrl pruoi. tr

I].1, I-et*ura d.3. w'e llote fu{v} * S(f, q) with

f : p"-i{/; * p6) DivD{v) - p-'f'{o) + -r3{v} + F{(v) - p*'Ptvff11*1.

lJ =< ltt - p6)D(v)rtr.&) > +P(v).

Next. ll,e nih.r.r thc lrr}irle*t (-1.15) Irr- ltsitrg ?h*rrenl ii.l. Sulxrit*tiug
v = Sl{A}{Ja..l{f'h) tu {a'ls} viekls thaf

I lr, - p-rDivT(v,I{s{v)} * f *r{r{sr(.I)#n.r{f,h}) irr It},

{ fltt", /ir(v]]nu] = Ih * il2{sI{.l}{"JR"}(f'h))n{}3 'ur 
R;i"'' {d'18}

I [v]*o ,u,R.f.
l.



Y2 '$Rl tr{'lnv'lxt A:'r$ Ihtlo(ael: $At'l'$

l,st }r(.IXf,h) * U'(S.r($€nr(f'h)) for d : f'2' {tnrt ret V{i}tf'h} =

tvi{.r}tf, h). vt{.\xf . h}} anrt

]ii.q0tr) * {{t.?h,,\r1th): {f,h) € }',&u{R"}} (} d 0}'

Then, feir eac,h I * 0. 'i'l{f,h) := Glt.l{f'h} in a }rijer:tion -Y lt,"(tr}
"ro. f*^(Rr\). lf thse is the inverre oPer&tor of (i - *ry(A)rit)'.then
;;lfij;^*r;'ti - rrv{A)Efr}*rrr{f,h) sr**tn (a'Is} r*lne* 'p;t(/ -
irtri*; tf t:ip*L '(r * Utr,rp- t 

" l" rutrat, tulkr'*s, *e t*horr the trrv*rliSilirv

abcnre *nr] the 7i-lxrun*rxin x*t "f ths inverxe $Bff,e't{'Ir': Tt: tlry *u*' *e

#;r.*;i; ;",nin,**rrurm* on rhe righr-hnml nidec of (a.18). lte.c'ornbil}e

p*fr."i*i"" 2.S fnr G = It'$ with (4'1'1) itr tlrdtrr to r>lrtain

llJn(v)i|s,1pr1 ( r*(i{r + a)ilV?v}lr,inxt * 1.61*[lVvlll*$x}' (4'1s}

[F {v}lf s.1g"'1 { t*i}fi ll$v llr,,p.* 1'

llv.Fj(v)llr{(g,v1 $ txtilr * n}l[\Fsv$r,*{*N} + 1*6s}f Vv$6uilirv1'

i|p*vffrtv)l{ l,ia'} 5 Siir }lFvllry, 6r$3,

1,3,4, j * 2,5,
P+. P-, P+*, Ir+s,ffi*2. and rr-.el

rrrcxt. ffi II?, ffiffi, l*;.P:.,
Ii"rIr lr+?. Ir+2' Ar)u ,{""2 by Lerru"ria +.s, ii.tgt' urxl (-l'i)'

togetlrer with ProPosition ?'6'

g1(I*Flivs2[v)lL,tnror 5'v*{'[fr +rr]lfVtv[lro{Err)+T""rr'llvvllr*t61;,

l#bde'fineopernt'osv*(A), i * 1,2, as vd('U$ = lf,(Sr(IlH) fq Il =

;;r;;";i-. r'".(R"1' Tle*. *1.h""n-v'{r'h} * vi{A}#8."r'(f'hi extd

t;*;, # pttpo*itLii, t.$, (d.19), ('l'?0)' erxt The*reru S'l'

Br(),*u{ rr* l,r,.u',-, t{ (r* )''t r',' ^ 
n a'* })

X rr (ttlUr + c) +'v,,',tr.lo'/') '

Ecr,,n*(n* ),r.*.*" 1*' ** l ( t (^ *i' (wrqrl "ru'v't})) 
I I e r''u 

) )

5 t (",,r(,vlr +r) + r".,urd'12) ,



Tn'rrpttss}], $Toxrli Er:ii{}1'YfitiT HQrr A1l$lil

firr I = 0, I **nl ftrr nnp' io > 0 {cf. 126, pp' ;3it5-S4S} for.nxrre det'alls}' ilhrx'

**;r.g 
"iitn = 1vi1,r1i'l"vL(,UH) ftrr H e l*e*{s,*i furnirhes that'

y(lxf,h) = V(,\){-}'6..r{f.h)e v'r{.qtB#) fix {f'h) e r-&,r{R'N}' {4'?1)

11613,o,1a.o))({ (^*)"*t.rvt}ii r'I e E"'r*}}

{ rrh*{ifr + o} + ',n.rrr&itl') (I * $' l}'

If we choo$€. o *.ur! .&{1 so srrtrll ihat 11'yxrr 5 U* anqt ?ral'rlfr 5 lls *nd il
n,e ciroo$e i6 ) 1 -qo largr: th*rt 1'r.lllr'\f,1/? $ l/4" the'n u'e have' by (a'?i)'

rl,rry**{Rs}}({{i$)'rc'".\v{,r}) ,.1e u,,r,}) s } (J * 0.l)' (4'22)

liince it hclcls, l:y {a.21) and (4'2?)' that

il*^y(r)pr 'tf" ?h. At/'h)ilr,'.ut*.x) * l[#4v(]i(f' h]llxo*16r*1

* ll#p.1viA)G7s;{f, }r) llr*.,,(h*} 5 ittr' vn"\rith)llr*,,6'n,'

there exi*H rhs inverse nrapping {,f * ,f :,V(f }y;' ) 
- 
' e Ciyd.qt}ts')} f+r orty

.l € IJs&. tn atlditi*n. (f * #n,rt,\)V{'\)i"1 - f,p*(Cx.rV(}})} t:xist* lrv

i.f.fZ1 arid s&tisifics tlre estiurate: iior I = {l' 1.

R41;u,o.,1n-rr)({('r$}'tr -- 6i.}v('\)i '1 : '} € +'^-}) s z' {1'23}

If we s+t v -, $r(,\)(In,.\,n;l(r * rrv(r1p1ti-rfr{f'h)' th*n v i* a *oltr-

tion t$ (.1.I5) ns no**iori*t *lxrse. Noting that 1r;V(.f)'p1lGrur(f'h) :
G.s..1V(I)fi6..r(f.h) lrv ('t'zll' trr *t,tt that

Gn..rpii (I * *"rX risi t i*t p.r(f , h)

= f (r^v{r}pit)r Gn.rtf' h) = (I - G2;V('\}}*lGt'rtf' h}'

j*$

Ser; ,Sr{A} = Sr(tr{J * #.E.A1;(Ai}*r. arxl their v * $r{}}Gc.r{f'h} tr n

;;i;;;, r,, ({. r;; & *m i & #iffil , ] € vp${nr\ )' Futiherm*re' bv

(,1.?:]) and Ttrepre'rn li.l. we have

.5r{.}) e Hot([".a,ct.]n,rtBs),n?tftN)si)- {'l'z'i}

fr 4q3o'*,.,1n.o;,r-,o,,*,({ (^*}' {$;"5r ('\}} :'r c r"'r*' }) { t {'l = 0' I )'



*l liRl l"l'lnvext '$lu l{tncx*a: S}R'{}

The uniquene* of soluriow to t{'t$i *xr b* pr*vtd in the *anre m&r}Iwr

as in 126, thction 4]. - , r , -^:--- e r*drit*;;'Jt,*.*-' * lAIrEr(AlG"e,r(f-h)Io**r arxl nntir'g Al' =
te*, ) 

*'l ** ** thet fi i* a *lqt'u' u*'*it'n to {d'S)' Boenll thnt 1 * 5* ; f o i}

autl h = l(A-r + r ,i*))r"ult$-' + B-r(r))-I'fr o e' 11d 
*: E1T) =

ffi ;;r':;i'jl"*rl"c';'st'ii' in view of Remark-l'l' oh*n'i*s th*t

**.^,*, n, * (*-',f **, {vs{r}}[+a + s{x)l{vfr }* &}v&' &('r:}{'rr/r$} oifr }'

l*e *efi*e, f,ar H * (.lfr, Hs' Hr, Ht) € gfl.E(fl)' ax! opa's'tor Sr('f) by

Sr(rln = [nlr,sr{})(l*'r' "t'
tvE(* ))ff* o s + E(r)( ll3 o !S)VQ' s{'r}Ha " o)l o **t'

Th**, 5l
rrlso t *
Tlreoreru

$\) s*tieties (a-S) h1- (d.2d) aud Pror

6trl }I*.r(i. [i *1,** (d'6) uuitlrrel]"

&2.

$.ffiLs
Aswa*dixcrx*s*din$t&section2'3'ourrnainre*uliThe*rcm1"Sfr:lloqffi

fr"* ff*or*u 2.?, r* thai *e prr:ve Ttie*r*xr 2'2 h this sectian'

lir.l. Sorne pr*paratlon* fcr th+proof of Thsr&rn 2'2" Firsi' F€rii'ate

neveral pfi)peities of rnif$rm lir!-11; dr,,o*in ict {14, Frqripsitiun 6'11' {1fi}'

Fropooltion $'1- itrJ # < r < oc arrd tel Qa t* 
'ffiilst'nt 

*i1' a*1o*tw

rirr ItN. L*t &{t the n*rn}er gtuta ia $r'ct'inn 4' I}T, tt+ere eri*t :gY
ii"-" tr. ti i-* < I (r: l:""5)' at most countablg trumy N'lwta's ol
';i;r,;ol . tr;itnt- U € N, ;: 1"2'3)' rj e r''i:.t*' rJ e t*'
*1*n., "ia*';€a-fuffipoo*fi11.m',.. .. ... 1

, ir .rc1g, ht , #;;li;[ 11* U e N. i - 1' 2, 3] an hiiertit* xueh
1'lr *r-:q:{:'= 

o1;*;r.i and v(*}I-' I Ai.',,n n;,;{IJ:,,*5T |i;
A"|.-, oi, ,V x'lr "kiunt 

#r*Irar#mql *"t*** anael{;r}' B},-"r(r}

*rrlfx,lfm&tricr..s,f}4(Ri/)lunctionarrt+i*tr,acti4futlreco*dif.{*n*:
jiiij.n;-,fffr.*{Rs, I 'ti1 an,r llv(B} Bi.-r)lL'1n"# *'. ,.,

(2) ii J t t3;;;;t*,1o;tr't n Bd(rii)),u { U,*u.,LE, B'r'('}).} .ooft'-'H' =';f.'?f;-nf, uu,r #ri -"ItY, ro*erc 6!iH'{,1r:ff6(*}} *
et* n r*14; ({ * l.ri, q&5)n Bai(ri) : f}^ n B6'{e}} {{ : L's}'



T!vo'!'H*ss,lTilfi r.5 flrsrrlYE$'r H{liAil{

na-(*]) c $l+, s*(*1) c Q*. *rd. e!(R#).1f4'(*;t
ti= i,z,:l;. Ii*rt erid *u&*oryrenily, u* rst fr = I'
fl, = I* l*'ilrc x*t*ti'rmal co*u*rrience-

i.$

= Ii n 6p(rj)
$ * Ia, ond

(3) fftenr sm+t 6'* Ju*ctfono q yd i; (l * 1'""'5'-i €,N tk$t

ll(fi.i1)[|r*r rn'r 5 r'o'0 S <i.ij S 1' supp(rt' supPC 5 B+t

;;';',;r;q:i,*,....*EE,<r-i = r o, iT.' nnd.f,E,(j.= 
.1.

1" 2. f;), rtur*., *01"t n 3rn'""1i," r:pns{nnJ dr'qtndin11 o* Jlf1" }f '

{4} i 2 W# i+# ddstinc' set*ffi
Ircsre ff! wttpty iat*swtiott'

$iuce p*{.;r:) iu uuiftrnrdy et}ritirru*t{t iu Rtr fl* *1&{t **'utn*d il t'he at*

*uurption f*i- it *rming # i o saattm, if uee***ry" *llo$nr u$ to *xnrn* that

ilri:;:;i+r;X' f<x'auv r I s6,(*!) witii i * l*"''s *'**1j e N'

bln xxerr.r*ftcr choofffurg .&It arrl r*i tccor'ding to iHl iu Pro'p*xitin:r '!"1' we

drexxe r:lit ils$irqo lr*rfr tunt ll$tr*tllL,frrcirr S'l*' Ilere' orrd iu th* fcrl'

Irnring, f,d)$s*ffrts dennt.etl lry' # r*re irelepindent of j e N' hl.view of (4'l)'

w( rlr&y s.s$uulo tturt uuii iirrro,*t v*{or6 
"5 !* 

ri : +}(R*') (;'1t'*'e'
j t Nj nre definerl ern B.s tossihff wittr [ln]lle**tl) * 1, **t.f*.tt'-t
riatktp', lry Prr:pmiti<rn 5.1 tI). the co*ditionu; 11Vnlllr.,'6'*'1 5 {}ifz.' }ier*

tf.*t ,. = tt; ou Oa 1*1;nf autl poirrtu from {}a to O- 
' 

arrd betidee' the urit

oxtrrs,rd norrnal 3a ta Ia setinf]' n+ : s? un Ea {rf } n fa arrd n-- : nj on

B,r(.r:l) 11 F-, resP+rtivel.v.-TrJr*rt,c 
,ip ttio nlxn'e p*operties' $'t sul)ps6e irl tlris sect'io$ th&t

,r*r 5 prh,i) S tt*:2, il'*('ri -'l*(z])l '< 
ntrr (r € Bd'(r']))' (5 t)

llVp*lle.le*("1tt ( i&'

t$t Sj * fu{r}} wi[h i = 1,..',5 and j € N fqr *ht'rt" Then' by the

fiuite iut+rxecti*rr property rt*tecl iu Propmition 5't' ('l)' u"e see th*t' fo3 a'rtf

* e [l,oc;, therc k o p,oitiu* er*rmtant Ce,1 sueh th&t' ftx a'rry .f e I-(G]
rx,itlr'an ope* r*et G *f Rs ancl for i : l, " ' , '5'

{ fl urn}..u,r*u,,)"* s c"alljilr-i*i' ts.?)

Nsxt. rve pr$psrs trs'r: lemnr*s rs*<l tqr co:rat'ruct pqrarnetrixn& The tiernnd

one followa inrm L*rnrna $.2 helow anqt (S'?)'



:t{i !i*I f,{,tsl'A}'l ANn Hr$oKi*?fi liilrQ

Lomma S"t'M;W:;:fff
$;iii"c c, wtd tet. {/j}Fr
sefir**{e,, of Yw*iti,ue rl*rr&eru

fi}. '*c'i *u*l* tiol
n

i . 4.r > l s iIr.qi.&;(e) (l = 1," "n), 111.'#'*il s 'ti'r'l;t*i'
l*l

lor any p € X wiftu sorpe pttsittue crxatlll'l}'* ind'cpendcnt*of i.! T '"d
i":;: 1,'l.'riiF'tuIi;;-.-Ef,i;J i "o, 

nnd IF't'riteilv s

(ilJall*ll-r)E' *rr,l < n.* * atld { = qlt,rt * 1} }lr t} va*i$iae wnskatrt Na'

}t.*'il*';i*"ite arrry,ir ; tP, /j *i*t"* i" th* *trens towtry;i, of X* artd'

ll.f'llr. 5 rusrrr(

Hr.of. Let Fl-
ffi'. wtrich irnPlies

y Jj. Wu *rx
**i*t*r,* of Jt. 'fhen tlre eetlnrates h<ild clenrl.v'

'1 
q 4 &, ,{ * qJtq - t)r { * l,'",5' nnd ffi-€ No'

t4'71f{ and lct {r}}fr.r tn setvtnres .rf fr+ifirr
trirmd!&hatlE,kjln ( x anrl l(V'i,ffil <

e fe($) uith '+amr rr*iry**T,ant iltn 
.uul;,'

3'n,r...*,*,. tht*u ! * f,Fr$ e;ri*l* {n tlu

rtrwry tcsml4sy ,'d itf'(ii) {etld llvrJllrulsl 5 cq^r.s{stIp,tqifiti' *'i$&

slnne pa*d**:ue *anxtetl fa;,

5,?. Locsl solutlons. Iti view of (5'1)' we tlefirrc lrrcal vi"sco+ity coeffi

.t.',r- ,1rf.f lu uir(*) = (p*(r) * p*('r;))i'j('r') +75irj)' .{*o*lh'
,lr, < (il2),uirt(/r*,'.p-,.1'*r'1'*r,) es rvls *totua i" Thesrem 4'2' Tlren'

usilrg {5.1) arrcl st'ttirrg f'a, = f i-('r:i)' rvt' luwe

|r", * ti:{,) S }r*r, t'L;{*) * rLii5 'lri (r' e R#}' (s'3}

llYrii |[;.p,v 1 $ C*s,,,

*iilr pa1 5 tt\i *pa?. Tlre conditim iS.Si implim th*t rr!{c} mtisf3' (a.3i.



Tll{:}-ptisff S,I'r)}(e*i aF's{rt'\'F'sr F'xlr"l'fioF:q

set ?f| = a](ltr). Hi.:17'*.iY 11, J11,": ti,Fll;}i,: oltR') )'

Irrr: $,l(Rt \.?tI: ii = *'-u'. r.l :'+j(il{}-l.rj: o}(nf,)'u"{f}:
olitqi-l'i,, *vrrr.t foltots' Let us defirre ui(r) anrl li('lT.*'}1*:' {i(,.t'} =

,irtJjt.i,t.i i rirt"ttr',(r)' r'i('r) = ui,{r} {i = 2'a}' ui{r) = u''ttt)

{r * r}.s); pl(r} = or**friil+ p 1H,,(*}, t';(** *-r* {d.* &4)' nill} =

p- (i: *,,tj, A'* tlrcn #t1at" ftrr i =i, ""5' i € No arrrl r e xupp('l'

rj(,r) = p'(s) = ila{rixr}*{r:) * p-(r)xa- {r}' ($''1)

rr|(*) * P{r}: P+t*+(x) + P*xrl-(r)'

Ixcause ij = t ,rn suppij' llloreover' wer*r-Tl'(u'#J = uj(r)D(u) - 0I'

Let {f,L.t) e Xta{{ii' trYe c*ttsider tire folttwing protrlems

( .l*r1 - (plr:r niut](u], riJ(u;)) * flf in ?{},

I ' 
[Tj(o]'Ir](.,i)]n]] * *h 'n t]' (rr'5]

I t"]] = u *i" *"

arrcl furttret'rnore,

,ru] * (r3)*'niv{tu}, 
'ftu}}} 

= ryf ia ?I}'

'St"i,,ii(uj))ni * ffk orr rf,

,iuf -- (rli*r ui'u'{t"}, Jif (ur}} * ryf iu fi}'
uj*0 onfi'

.rui * {e}i-'nivTi{u},fi}{u}}) * +f in ?{}'

.lu| * (d)-'IlivTl(rr;./{itu}t} * Sr i* ?I}'

lr.6)

(5.7)

($.8)

{s.e)

Here, K1(u1) (r:1.....5, i e N) trre given us follosus: Ftn uj e tt'f tftj t-v'

rr"l(u.|) e d';frfjl+ ff;trif t dettr:tt+ the soltrtion to ihe weak problcm:

{fu{}*tvrj(u}),v*}n;
: {{p})-r oit"(r}D{u})} - vrtivu}'ve}s'

trjt4x =< [,,i]I}{u}}ul},"} , -Ja*ui$

($'io)

fcrtallse#|ta?t
tln rj (5'11)



i}* .*Pl llrnv*xl '1ro l{lBoli{?l: S*rro

r*ith llvft:j{u}iiL,,rru1r S [''llvu]{trqrn:)i Fnr 4 * wr'V3}'v' $}{u3) €

r+!{rcj} u-til;,t*r}t 'iolvqs the we'ak pmrbl'enr: f+r +ll * e ff}rtx}}'

f trrJ t 
*'vt?tuj 

), vvlxl * { {p} } 

*' 
Div (r}D(B;}} - F tliv u}' v'pfu a

r*ifuj):< l,jr{u}){.n} > *tlitu} on rJ

with llvff]tu])llqi.rlr E cilvullf;,i1,31i For u3 e w'ftr{)r,i ti = s'4's)'

ffi{u}} u if;tfr;l t" the rxrlutiou to the weak pr*t*em: for *l} I aff}tuil,

(ipi)-tvrr:j{ui}, vsJrr: * {(rri}*'r:iv{vis{uj)) - vdiv u;' vr)ni

with llv lrj (ui) llr*tsd.t I g f llVuiitqlx;;.
l{e kr*w tlat the-failowi*g propsr1;,s holel frrr (5.5)-(5.9)2: tlere exist a

pmitir"e con$talrt x$ > I lrrLrbi(,\i e Hqrl (8,J,-), C(E;(?{i)' l{;'?{?{}A'}) *"ith

z:r$r:jl* sB.q(fti) (i = 1'2), z';(?t\\ = I'{{?{;}}' {{ = s'4,'5)'

rsur:h that, f<rr auy,I g &.rn'

uj = slt,\)Irea{(r,Su;. uj = si{,\)}rn.rt$r,ijut, {5'1?}

u] - $i{AX*f} {d = ,3, *' $},

ar-e trnique s{rutiorr.$ to {S.5F($.$}, rn*potiirqnly' where flp.n rrnd ff6.r are

gireu irr The+re,tn "1.3. hr atltlitiuu' for I * ff, l,

Rqal1w;l.t o{r}f }{{(^*)'(n,s;trt) ' 'r 
e tr"'a}) s 1a' {$'13)

wit.h t$me positive c$u*tetlt 1a depeuding nn .\$" lnrt i$dtpenderrt <rf i *
t-.. . , r anrl; € N. Sirrc,* the ?l-trrunrleelnes* impliw rhe u*t$l irorurdeelncxt,

w* h&ve. tly t5.I2) end (5.13) x'ith I * 0,

11ihuj[r.r{,H}) St*(il{r,vn.l'i'h)llr,*rnnrrl +llhll*t,ru-,e;r}, (s'14)

l[{iujflr,{ril}} s1a(}lf$;na*nr;r + ll{Vk, irl?k}ilru*rr,*rr31 * ilk$x';trro^l:1}i'

Ilfiluillrq(al) {t+llfllr."r.i:,1rij, {{ * *,'1, $}

*rTLn 
**ffi*t rrf E-lxxrutltxl sr{ntirxr {W$1.rt$r finrdlitt Sl(Ai. Sj(,\), S-?{.U tx}Lr$'

follfiI'E fro$r .Fhe*ronr .{-? urrd l2& 'Iherxerx {.}, ?lre&tern l.'ti, respactiut'1.y. In uldi}fun.

*ir."rrlii - stf i)' sl()), ** *# *oroatu,* *uch E-horilxtud ${'luti6!r sptr*l$t faurilic* 
"}4th

-J*rrn .'|*J,l* lu n" urd€r ttx) $fl,flrs mnelition ** {4.3} try rraing tlrmr*rn il'l si*ril*tly

ta Section il,



T\fi'{F"gA'Tfi $xrxrs rxsolr*;s'r t(${'lTI$Nn

feir an-v I e 8r.4. uoting l,\l*ll' S ,d'fi'

6-il, Constructl,qu of par*rnetrlcoa. Flrr (1, h, k) e Xxg$|' *'e. ymtider

the t**plrase rctlutccl Xt"U* *q*tlnrrs &p) Il1'Lernm* S'5' togetlrer with

ir.il, teia). we se.e ih+t the infinite srrm f,!*t EE, *i"1 e$i$ts hr ihe s$srs

top+l6r of I{'"f (*}x, xl tt}&t t*f us *#in* u hy

* * f tq": in wf,trl)tr-
i*l j*]

* [h] - filit.U{r.h,k}l o* I'

.,$,ffi,mfu'r,rii{f,mk}
nn f,
ffi
r)* l-,ffi#

nrherc uq' have rgt

Ili(AXf , h, k) =vt(IXf , h, k) + pi(r)tr, n,l) {{ * 0' 1' 2}' (5'1$)

5 x , .)
yo(.\Xr.h,k) = f ftrir*'{{ ni,tu;ului)) - Div(4D((ju}))}'

i=t i=r

v,(.rxr.h,k) *f 1"irrn;u])4 - 4"jntullni) (* * 1,21,

j-I

rr(,rlf , rr, *r = t itrl t 
-' 

{ 
vx rc;o; ) * {v,t(ui}},

t'*t j*l

,s(.\){f,h.k} :f, 1e;";t"i}4 - }rt{ui),,*} {{ : 1'?}.

.i-l

Herc, we lrsle trwtl t"he f*et ihal

vtri{u) * f io"teP;l in io(li1il,
i*l J*1



,l$ linl hl*nv*xt arB Hlnt*t*ur S*n{}

oo

ff{u} * f n1qlu}) irr It*r-tlclri) {i: l'2}
j*1

{c{. p(i, Sulxe,s:tiou 5.3i ftrr more det'aile}' Nort' it luid$ that' hy {S'lX}'

.:: 
t *-

o * f ej sj tli (ii f 
' {i (vh) + r* I rt {vi;l ) {'\urk}' * ('\' i tb}' * h}

j*l
,x

+ f ejsitr) (#r, ry{vk1 +'r-r rz{vif 11rr/*utr' S1'r'r'x}' #k)
J*l

S1!

*;;c;s;t.rr (i;r) '

is3 j*!

*n r!r*"t ws set, fr# H = (fJr. . ..,Hil e ,ta.n(ti)"

sjr(IlH = sitr)([,1n,,(ixs' ]-utiv*]n3,(]nr'{na}' (5'1{t}

sitrtn = sStrt(Srl,, ffn, + I.-ri2{vff)ff*'ff}t*r'ff$r)'

q{A)r{ * s}1,11(Snr} {i = 3'4's}'

h then ig cl*ar rhet u = I?-,f,Fr'i"iqtriFr0.rtf'h'kl' Fv {5't5} wirh

Delinitkxr 1-X, rry* h*t*

J' il f ",,-,)ri\ 
((i.si (&)H, )lil,,ur, d* s r* /' ll f "t** 6l**,,*4, d*'

(s.17)

lirr art.r' a € N. {ir}l=, C E+.,\,, antl {Hr}!!, C 'AR4(fi}' 'The irrequalit'1"

(5.17) with rt : l. "#-til 
**t' Lu"** 5J' I'ieltfs tlurt rhe itr'frrrite sum

S.T . rtsl {t]H *ri*,* i,ifr* strong tolxrltg'of [1' j(A)] 
' so tltet lt't usrlefirre

FEi#l'tlr (isj(r)N for i = 1' "' ' 
5' Iu eddit'iotr' lr-t: Leurrna 5'2'

liI,,n^,r(&)n,i[].,,,,, * " * llI*o^, (eis;tr'.tx'.) [11,-rni'

f*r r = 1,...0$ qntl fot a*\Y n' e N, {a'r}Lr c C' {A1}i'*'S E':1:Tl

[&iil,t C ,?s.,]{{l)' T}re larrt intxlualit5 **rnirinerl with (ii'2) atrd ($'17}'

* 
'L;;-ltion*xl in lle*rark !'3 (l), rhq xv11r{n }lr' ff':' 3lr' ffa' }lr'.fJtr' snd J{:

aro vruia$kx corrtxgxNxtiugt+t y1r, it:t6, h. Vk, Atl"k' *trxl k' respmiivelr'



'l'n'fl-tgl*r" ST(x(r's Rl'lsol'vd ir' tlQr:r rfflxs

funriahm t,h&t' l)f t.lre rrronst'or-re coliYerger{:ti the*r*m'

[' I f rs{ u )I?q, ?' iA, )H, l['].,,,,,
,rrr { ^rr 1[' tl E,,1,,}urlll.* ,,,,,,,r.''

nhir:h ir*pli*s th&t{ r{}} e I{,1 (x''1'' r('tn q(o)' 1&'l(l?}s}i *rxl

R61.vn.u1*l.tu,;t1'' ({ri^?-(A) : '\ e x'"r"}} { ru'

f*r i * 1.....{i. A**logorul3, q'{:-$ee t}rat {(I*Xfi},7r, ('ri) '1"€ Lj'} 
n

rt-buurxlt'cl on {1*'s.ui{t}'r{{{}}'n'}' Thus' strttirrg S{r)$ * Ili=rTi{}}H
yit{tis t.lrnt, liy Prr:ptsition ?'d'

s(,\) € Hol{ru.6, dlJr'e.,,1i}3, lr"'i{ril*lt' u * s(Alta-r(f'h'k}' (5'18}

Ec4^h.u{r,r.r*u,r,',({('*}'ic^stri) ' 'r 
e &"'""}} { rr (t : u' 1i'

5.-1, Estirnates af the remaindsr tnrme #'('\i{f'h'k)" hr rhir;ilri}$e{1-

fion. rn'e prot'e tht follawirrg lenuua'

Lernrna6.4./:llitlu{l,tr!%lN:tlx*att*rttmrl(tr',so*ln(&'lil)'k'tlt{\)'
i:*';;-;'t.ll t;: g*r.Il r", tba cvgu*or* dtfinert rir (5'15) txu'L*et'

{l{.\}tf. h.I{} - vi'\)tf'h-k} + p('\Xf'h'k)"

vilxf. h,k) * {vs{"\)(f'h'k)' vl('\)(f'h' ki' vr('\)if'h'k))'

p{.\){f,h.k) = (d{A}(f' h.k),pt(}xf' h'k)' prt}xf'b' k})'

Tlrt:vr., lhrre rr$ U(A) € i{ol {I*.1, ' {('Y€"lt*)}i sur:/l tft+i

I/(nXf'h.k) * U(i)fh.r{f'h'k} f*r' (f'h'k) € xts''i((})'

ftrt*^.-,,rri({('tff)'r*'u(A) ; A e 
""'^'})

I ^i.rl6z.i' irrrrr -[ l'o,^,or,\il/2) {l * $' 1}'

fat'arryar.rr! > A o'ttdfor rl.ay '11 ? trt' Here' c+id *uirstxJ.*evt't'l'y' ^tr-r' ^lot

'** poiitrlo r:ril.jlf'{rrrds dipewthtg t}n" 61' $2' re*7*'r:t'i*elg'

Froof. \trc c*u rx'e&t y'{;} in t}r*r $anre man'}e'r a* i* lxi' $1tm1tly 'l'{'
so tlrat n'e ltere o"ty t*'*iat' l('r)' r"t, riv{pD(pu)) * pDiv(pD(n}) =

-ffirr-ic ;:rt4rcrty r:ar llr pron<xl itr tl!{: $n*r.: trrarrrl{:r {L't i,r [!Xi" Propcxil"ion $'l]

(illj.



;tg $rr l{**ra*l f,}lo +li*Ofit?l: *41:r$

Cr{,r,,p}Vu + Cdp' pF ftn *ny ees}rl* fui&tior$ 1r' I tuttr for *rry S'v*ctcr

functirm u'
+<v ,,:)u + (A*)u) '

Axalosously, r"t nle*1,1*!(u) : D(Vf)::l**t * srlivu * S(Vrlu'

frffi:ilil ii Fi^iir, r'' kf is' rewrit'ten a"r tullow*

tp:)-' tvx tElu1l - 6vx; tull l
* tpj) 's 1r(eiu]) 

*{:ri(E}} + {p}}-t{v(i)r}iui)'

lve*t.artruitlriaeqtmli*ieesofPoinr*r6q'perrif,harr*ni,fonrrerrnrtarrt,eilric}r
*rc pxrrretl *imil'arly tt' iiJp*ur or [zr' i'emuro S'4' Lenrma l]'s]'

Lemm* $.$. lef I < q < x:' ?hanthsrr e*t'*t* a esftststl' e'l ) 0' rmdepfft-

rtsnt oli € I{, *ueir that

1l,p 
* cltr)lllr;{n?*$l} S {jtllv{pllt {c{'},\Bi1 Jor ar*y * e *}tr4}'

il$r * cj(trillhvJrrrrclt s ellvf til'r(;ri) for *,np Yt € w;{rl'

il9'$u.;ranalr < crlls$ilr"rnnei) f*r M${' € }4f;{fi}'

il+ * e1(vrlll$;1rrrrrl) g *'|Ioo'tl**u**i' ikrr *,'L 1r' e w]{Q}' i * s' 4' s'

fferx, ,:|{f} ond ((t':} ('{ '= 1'*'4'5} *lx mit*[I* **nsfnrrf* r**pending *n p

an il tf t,' rca Pr;t tiuc.l11'

Su lrqitrlle 1pi1-l1Vqlr jiu])'

ffi E.o. trffi"**w,-q 1x'' Thut

,iH'.'Fi.#ffi
rp. {ndeP*dcnl

ffi$-*:
*3 u.*, O r",*;r**] ) t *, (1v"11,,,n,, + ttv"tt hi'ii' ilv'ull lfi*t" {s.l$}

X"l#, ,flv*"ttfJ*r,,),+ ilvutt i_si[ ]llv-ull;oi?{I, }

|.-,f ,ilv"ttf-l*,,),
ll r{ j {v } ilr*rr{i.'q r s ", 

(fl v v [L,"ixi ] + di ll vv ll ;-{i*i }il 
v""v lli{lni}

/eir nrry u E r'l?tfiji* andJur 
"tlq 

v € T?{Ti:: {i 
* t' " ''$}' rc*p'a:}iu*lv'



T\ff-t'HAw.fTp&r;s wsnlw#T trlr'iATl$$-s {r

Iteserk $.?. Applyiug Yrnrngts inequt.lity to {5'19)' *e ltnue

Iritu]lt{.,{rj",rt} < nr[lV2ulL.,txii *ro'llvultrolr+;1 (i = l" ' ' 's)'
(5.20)

for any sr ) 0 nnd for trry u € !*f{fli}s'

Praof of Lemma 8.6. ltrb here $r+e'tlre cases i{i{u}' 
Jn 

t**.jo}ow13 C

ilffi;;;;;;;*,t' i"*up*"t*'r o{ i :. *' -f-f*{i}t-3$ *
;1i".; = nr, +rj :xlui'-,1r+f = ol(ni*))' "n*t 

r.i = 3i($j'-'ir,, 
,,, E C3(itln all'in *,,.i, o ,*i:'rtrni l*, rlidr = I anrl q; ) 0'l* ,i, 

" 
t:- raln 4ir" *i' n Gv rh.t Juj T, a' * i a',rl nj t n. 

1*
.r e rvjtnj)*: *lf::-tl*S.-:,.,f,,,"u T jt"l-I,:*gffi -Y 

Xffi,Tft:.$l
{s.rCI}-ts.11}

qru mtF J,{1?ir{ji#,}d,s 
:,*.

1'rt" i
fiir.en p. qffiffiHj).'"*IGn*" &rnction l'v * * a*ui fvlrld*' The*'

i;e Cffirln rjl, il.Iflr.",eir ( #l[r',tlr*,txi , !*y*oifrd'r 
= tt'

forq,*q/{q*t}.Ttreteprop*ruies'mrutrirre'dwitirl*rrrrrr*5.5,.vielclt,lra*

i(#, e]+41 * l{*, P - rJtr}}4"n; I

* llfr il r.,, iqlr,r; l il'e -'* {e} [l tu tlqnrl 1 
< f;*lltr, il *4{4 I llsell r' t4;'

fnr *ny ,p € Fq1{fi}}. thtrs. [$[i+-u;,{r.?) g cll*}lru,lx}:'wtrert #;l(ft}} iri

rhe duel *p&ees CIf ffiu'(x3).*i-t-#;frr!rt 
rru rr,r**on $Pe(mn elefirrerl ** tr;txll * [d € &.!*l'i'

vo e *f rrti*t, ,**-tt",u we c'ho*ses u w * fr'trtufi) n fii(?{l'}

Tiiru <rth$r cd€* wett :rl**a{3' prtwed in {28' r*n:tn* 5'61'

d;;? ;-fu'{4i' *; **"*"'****t" lrv tln }I*hrr-I}uu*:lr theoto&r' *' €

,.(rS;; i,*i*i-i(m,;i"? * {u'v'is}4 ri* env tr € (i{{'4} **t fi&Ia';'rxYr *

tl*$".,tryr' tet r, € *|,tlti) be de rohrtku of thc sFrak +lliFti( rstt$$ixl!ou I${*r*

t*,u, 
"((pi)-'v,,.srlrl = {a'.ep)11 ro".u'r 1.e.ftt$]:]]::: ffi:T,HXX-" 

rsnr{* tlutt u $stiEliss the frdlowirtg
llv, tlr"-,, *,:, S c'llrll r-. r xly Tlxnr t'hoo'iing ruitahle p rl

;#i"i,il;, -trRffi* d i,, +r]- s{*i**.lamm*ffiM
aleo u ffit*-r:'-t#[ffi"o4 fu.lut *n*11*b sirdler td] s€siisn
ellip*ir: tr*n**rision



{{ .$nl trl"{nyAul ,l}'tt} l{i3ol(s''l: Sa}ft}

$&t bfying the fallowing equaticxui:

-a![, : u] in ?{, tr&r:0 on r}, [p]v] = t! on rrl' t'5'?1]

ur*cl rue eat.ir'at*r llvEltr+';rnll 5 CtllJllLd(fiil + i[&[{i;;'rr?1]' Tbe*" rl*

miirnntc of 6 *lxne fur:riuitm th&t' llv*llfltrrjr 5 Cilq:'llln't4)' *rrd fBr*

therureite. lr1' C arr*i;'s rtit'trgeru'e t kltreur'

r DSt
(v!r'v0)2r * lq,{a})rj * (J'a)xl far auv r e r'r''"tn}t + Qta3t'

Thi* irlentity allon's us t'$ $*3 ih&t

(fiIj (rl)' ur)r4 = lrj(u)' #)4 = 1nj{u)' fr}x1

= tvnJ{u}.v,p)xi {r4r"rl' ffi)r,

= (rr1l-'vr*j1u1.vlpjv))*1 - {[^jtut'' #)",'
r.r,hich, caurbined r*'ith pit e lFlt*rj) u'* folkrws fronr {pi*} * 1; ffn I}'

irupliex t,hat, bv (S'1Oi-{5'f U'

qni(u)"{,}q = (tr';l-t DiY(viIXu)i * vrlivtt"v(p}sl)*-

- (" ft,lotrrlnl},nl > --[*iv*,ffi).,'

Tlxts, l:y Cattr*'s div*rg'ente ther:revtr' ne h*tte

lrltu).,r,)4 * -(,r'r1ui,v's)", * J.,{t 
riqul{'vw >} dr is'22)

-r. (ai"*,r.r,jss)rnl - f.,[" i"t"u;ni'p]v* >]*n

* ( o ["jo,"1ni],n] > *[div 
"]' ffi).1'

where rir derrotctr the *urfilce dernent of I j'

*.Il*** ,. ro'c har,:l il$'*llr.",it'i 5 crl:;ilr,'{t{:}' 1l rw tl* rD : ipj}-tu' tbrtr '}

d{rtis$€$ {S.2f } a'lrd thtr requir*l t:$t'inrettl"



T$'tl-"tl*ti''l $T rrxrx tr*qot;yttx'l grlsnTt*ril"r*

At ttritr poirrt, *'e introdtrte t'rme inequ*litits *"r folkt*'s: t'here exi*t'$ &

o*iir". LI*i*t es, i"tl*'ptntl*nt of j € N' sr&{r that
'"Uro,,"-*r,, 

x "*llf*,|l]-1tif,-,ilv/**ffirt;i 
for mv 

'r'* 
e I{'Jtfft)' (5'2*)

ilf il,""qr 5 q,li.ril l;i{{,ilv/fi 'f-!*i, ror a,*'r / e 1&i} F'i}' { = 2' 3'

which r.au be prur*d try Pzup*iitiou 5'I anrl{}3"' Ssctirxr C' Pxrp<nititx: 16'tl'

ffiI* ;r,**[;i *' ;*,:,rbi,*t with ti''?2 )''viekl that

I( ff.} (u: ), u,)xi I s c (ilv'it r-tnr1 + llvuil[fi,!, llviuilf]or,'

+ 11v"111,;&1,fiv?uft ffi 1-,,) ll*ll ",,,*3,'

wlrith inrplie* thrrt trhe required estiruate (5'l'S) lx*ds' Thi* ulmplrt+s hlre

pr*ot e,f ttre le'rlna' 
r*li*rLs n

trYe sr*nider (p:)-rtv{jixi(ui)' Bv Definitiou 1'?' t5'20}' and {r'tg)"

tnge.tlr*r r'ith tlre n"'*'r#'iijicil''* l'u.'*' for aav n € N' {&iilr c 16;1'

a.rxt {Ift}}!.t c #P'u{{}},

1' llI,i{uxv{}rtlt4(r')rft)lll-,,',, 
*" {$"?4)

.Iu Hi]i

s h,+ (rr + .r'., ri'/' i )-,{' il f ",r,,tn, ilio,-1,**j) 
d"'

ft:r auy sr ) 0 aud for arry }r 2 &r' Dtflse X01r1n as

5ls

Ki!("rlm = I ltp: l-r tv(iuri(si(^)H] rtrr H € &'{(fl }'
isl j*l

Iu ths $ams n:{Huler as we }r*r'e ntrt*inecl (5'18) frtun (S'1?}" we h*t'e' hy

{5.t4}. the fulkrvring pr<r6rerties:

Ko(,\) € IIol {}Ju,;," -c(.ryn"*(li}' J:{((}}N}}' ts'26)

K0(.ur.e.,,(r, h, k) - I tri r-' tv4)rd;{ili}'
,cl i3t

ftr(.r.r.n{ri},r.n{ft,'}({{A*)'r*trt: 'l e r"'r'}} 5 r'r{rr + "r"'}i'r'}'

{or I * 0, t nnd feir anY o1 } 0, '}r } 'tru'



.fii liRt ll'rnyaxt '1:{t} lfl8ox't?r $'1$'{}

N*xr.n n'* *nriid$r {r})-rv(h((iu}) - (jxltui)}' We dedue a furrr:tirnt

o],h] e t+';{1i) bv

{si, hl t * (< vj (P{vcj )"li'r}' "} >*'(v{i }u}' $)'

u:,r:l * 1,,, * '3tarvclt"])"?'*3 
7 -6qvqf 1u.)'

is;'li!) : t{i'(i) {i :3'4'5}'

't'hcu, g] * til{,}u}} * (i{tui} 'xr 
l'l' tr} = lt1{'ju}} * e}rjtuj) ou I'}' hr

ad.litiorr, f,rr a*-v I e W,|'tttt' we ltave

{(a} }* 
rvll* 1(i',} } * e}rt (u} })' v+)*

* {ipri)-'Divirjl}{{ju})} 
* vcliv{(rru}i'vr}'}ri .i. a.!

-- {trjt-'tvci)Kiiu}},sf}ru1 + q(pr1 tvr{itui}'{v{xf - {tr}}}rri

* (tpjl-'niv{ri{D(u}))} * vdiv"l'vt(i(e * {(r})}}ai'

wh,rrr: r'.,(t') iu'e colr$tBtlls given in l'cntttta 5 5 lirr i = 1' 3' d' rr and {(+) = u'

t$r ),q,-l{{}} be tltc u*iltlrtt -i'O,}'*!] arrd d ''' }* derrot'e tlx: d*ality

il;;;;;, *;'itiiu** w;ltgii r6u*' ir*'u tle{i,c r; e w;1ttt) tv

< I|'*>n: {tp})'c1(vi' (j}vu} + G}(vj'{}u}'vr}xi

.(v{(Yij) 
"1} 

r qvqjlai"oi,VP}ai

- 2((p) ) 
- 1 ty(j)ri{ui }, ve}ai - ((r})*1 ta{}ff; (u} }t p .- c}te})al

+ ((rii)*1 vjD(ul), v {(vq)1'p * r'}(r})} )x;

* {<liv u}, div{(v{i}{e * r}(r}}}}rl; + t4(u}}' f}'

where we lrave set {F}(u})' *i * 0 for i - I' d' 5 *nd

lsituil, r1 = ($(pj)*'rj(ulXnl'(v{iXs * "}{r'}})q
- {ttpii-''ini'}t1"} - n}['tn'u]]' iv<]tir -'itri))r1'

irj(ult' *i = {k}}-'}ii("jt"}' (v(r+Xr * cf {*}})r i
rtr,]t tojDt.'j)ni - nidivu!'tvejltr - '']t'*l))r3'

theun'e|1;11'e'fot'i=1""'l"r' E _ r..iri .: _,..r,i
{ ( r,j } 

* I v { r 1 e} ul ) * e,,1 h ( u} } }' v[.M :' 4,'d*ffii$l''4,fl1ffiil&W# 
e w] t. t'



T'w('pil-rrrt: $T(}ltr,$ Frs$l,Y!:CT Hqt:n rlfJl{F

\rr* s(s rhet v(r(Cju;) - 4Ki(u;)) i"s givel tr1

v(rrt(;u;)-q;ujtqli*vi{(r(4)"[eJi'h]lr*]" 
(s'2(,)

Topror.erheE.horrudsrttressof+per*torta*sociatedwith{xi.zs}'wedefine
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