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Abstract. The aim of this paperis to show the existence of R-bounded
solution operator families for two-phase Stokes resolvent equations in

» . S kE .
domains of N-dimensional
given a uni-

= 2, U0 where Q4 are uniform W,
Euclidean space RY (N 22 N « » « 20 More precisely.
form W2V domain Q with two boundaries I's satisfving . 01 = (.
we suppose that some hypersurface I divides Q into two sub-~domains,
that is, there exist domains O © Q sueh that Q. A Q. = @ and
QAT = Q, U, where I'1 =@ I'nI. = 9, and the bound-
aries of Q. consist of two parts I and Ty, respectively. The domains
24 are filled with viscous. incompressible, and immiseible fuids with
density py and viscosity e, respectively. Here, py are positive con-
stants, while pe = g () are functions of 2 RN, Ou the boundaries
I, Iy, and T, we consider an interface condition, a free boundary
condition, and the Dirichlet boundary condition, respectively. We also
show, by using the R-bounded solntion operator families, some maxi-

mal Ly-Lg regularity as well as generation of analytic semigroup for a
time-dependent problem associated®vith the two-phase Stokes resolvent
cquations. This kind of problems wvises iy (he mathematical study of
the motion of twadliscons, incompressible, and inumiscible finids with
free surfaces. The essential asstiiption of this paper is the unigue solfl
ability of 4 weak ¢ liic transmission problem for f < LN that is, it
is asstumed that the npidi o e of solutions 4 ¢ WHQ to the vari-

ational pm;\fm: (r V0, Vel = A8 N ela for any ¢ ¢ W (81 with
1<y <ocand ¢ = ¢/(qg— 1), where pis defined by p = p, (e Q.5
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2 SiE MARYANT AND HIRORAZU SArTo

p=p. {x€Q.)and W} ; (§2) is a suitable Banach space endowed with
fhw e o= BV fie, - Our assumption covers e, the following

nori

domains as !2‘ RY, RY. perturbed RY. layers, perturbed Lavers, and
bounded domains, where RY and RY are the open upper and lower half
spaces, respectively.

1. INTRODUCTION

. Problem. Let © be a domain of RY 2. with two boundaries I
smmiymg Il = #. Suppose that some in;wmufmwi divides Q into txw
stub-domains, that is, there exist domains Q. C Qsuch that Q. 0O =@
and QAT = Q. UO_. where 'NT. =@ I'NT_ = @, and the boundaries
of & u‘ consist of two pdzts ' and Ty, respectively, Set O = = {1, U2 umi
L=l AeC: lagM &n -, ‘A' >Aptfor<e<a/2and \y>0. In
%hh papu we show the existence of R-bounded solution operator ﬁnmlxm for
the following two-phase Stokes resolvent equations with resolvent parameter

A varying in X 5,

A=p 'DivT(ud)=f divu=g gz
[T om] = Ehi ful=0 ourT. @
T(u.jn, - on Ty o
u=1 onl .

Here, the unknowns u = (uy(a). ..., un{e))7! and 6 = = 8{x) are an N-
vector function and a sealar f!mminn, wxpwnwh sz}v the right mem-
bers £ = (fi(x),... .,/i‘yf-f’})l, g = glx). h = {(hy(x).....hnle))?, and
k=dkls)... kx ()T are given functions. Let pi be pmitiw constants
and oo = gy (x) s alar functions defined on RY, and let yp be the indicator
funetion of D« RY CBenp=poyo, Fp oo p=p cxo, 4 poyo_ . and

Ti{u. ) = pD(u) ~ Ell. whete 1,1;-, the N x N identity matrix aud D{'u} is the
doubled deformation tensor, @at is, the (4,7 )-entry D;;(u) of D{u) is given
by Dyj{u) = duy + dyu; for B el Noand o = d/de;. In addition,
n denotes a unit noxma] vector on I' | pointing from Q. to Q.. while n..
the unit outward normal vector on ', For functions f defined ou Q, [f]

denotes a jump of f across the interface I as follows:

7l =[lfl(z) = m:‘) fwy—  lim fly) (rel).

Y 2, y~dr, yeld.

M” denotes the transposed M.
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Here, and subsequently, we use the following symbols for differentiations:
ot f o= flr). = {gulx)....gnle))’, and M = (M,;;(2)) be a scalar,
Let f = f(z). g = (qi(x).....gn(2))7. and M = (M;;(2)) t faax
an N-vector, and an N x N-amatrix function defined on a domain of RV,

respectively, and then

N
VI=@if.onn’. Af =39 Ag=(Ag,....Ag)",
i=1
N
(1?\‘% - Z(‘}é."}p rzg B {f)jr’?_,g,\. v ,/ b= ... N }
j=1
H!,‘?i sie f‘}_\':(“ i N I
Vg=| : . : |, DivM= (ZQJMP . "'Zf)f"‘f‘w) ‘
digxy .. dxga =1 il

Problem (1.1) arises from a linearized svstemn of some two-phase problem
of the Navier-Stokes equations for viscous. incompressible. and inmiscible
fluids without taking surface tension iuto acconnt. There are a lot of studies
of two-phase problems for the Navier-Stokes equations. To see the history of
study briefly, we restrict ourselves to the case where the two fluids are both
viseous, incompressible, and fmmiscible in the following. Such a situation
was treated in several function spaces as follows:

Lo-in-time and L,-in-space setting. Deuisova [2, 4] treated the motion
of a drop Q.. which is the region occupied by the drop at time ¢ > 0. in
another lquid O, = R 00, More precisely, [2] showed some estimates of
solutions for linearized problems and [4] an unique existence theorem local
in time for the two-phase problen deseribing the aforementioned situation
with or without surface tension. In addition. Denisova [7] proved the unique
existence of global-in-time solutions for small initial data and its exponential
stability in the case where O, is bounded and surface tension does not work.
Concerning non-homogeneons incompressible Huids, Tanaka [30] showed the
unigue existence of global-in-time solutions for small initial data when Q_,
is bounded. but swrface tension is taken into accomnt.

Hélder function spaces. A sevies of papers Denisova-Solonnikov [9, 10]
and Denisova [3] treated the same motion as in [2. 4] mentioned above, In
particular, [9] and [3] established estimates of solutions for some linearized
problems. and [10] proved an unique existence theorem local in time for the
two-phase problem with surface tension. Ou the other hand. the unigue
existence of global-in-time solutions for small initial data was proved by
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Denisova [6] without surface tension and by Denisova-Solonnikov [11] with
surface tension in the case where 0, is bounded. Furthermore. there are
other topics Denisova [5] and Denisova-Necasovi [8]. which consider thermo-
capillary convection and Oberheck-Bonssinesq approximation, respectively.
Ly-in-time and L,-in-space setting. Priiss and Simonett [20, 21,
2 treated a sitnation that two fluids occupy Q4 = K a0 5 o €
Lok {eny ~ B2 1)) > 0}, respectively, where Rl } is an unknown
sealar funetion describing the interface I = Heloxn) 1 2’ € RV oy =
B(a' )} of the fluids. [21] and [22] proved the local solvabili lity of the two-
phase 3)mh§ em with surface tension and with both surface tension and grav-
ity, respectively, for small initial data. On the other hand, [20] pointed ont
that the Rav imLh— Faylor instability occurs if gravity works and if the fuid
occupy ing €1, ix heavier than the other one Iuniwmwu» Hieber and Saito
[15] (\wudrd tim results of the Newtonian case of [21, 221 to a generalized
\M\Etmsem one. Kolme, Pritss, and Wilke [16] showed the local solval sility
and the global solvability in the case where {144 are bounded and surface
tension is taken into account.

Ly-in-time and L,in-space setting. Shibata-Shimizu [28] showed a
maximal Ly,-L, regularity theorem for a linearized system of the two-phase
problem considered in {20. 22] mentioned ahove.

This paper is a continuation of Shibata-Shimizn | 28], Qur aim is in the

present paper to prove the existence of R- mmmm] mhltum operator families

ol (1.1} for 0 = =82, U Q. with uniform W7 L domains 24 (N < r < x),
which is introduc Hi in Definition 1.1 below. In addition. Haf‘ R-bounded
solution operator Funilies enable us to show generation of analytic semigroup
and some maximal ],1, Ly regularity theorem for a time-dependent problem
associated with (1.1}, which are provided in Subsection 2.4 and Subsection
2.5, respectively, We want to emphasize that the maximal Ly-Ly, regularity

theorem extends [28] to uniform WY domains and to variable viscosities,
The strategy of this paper follows Shibata | [26]. We extend his method for
one-phase problem to one for two-phase ;nuhh m. For example, a two-phase
version of the weak Dirichlet-Neumann problem (it is called a weak elliptic
transmission problem in the present paper} is introduced in Definition 1.4
below, which plays an important role in this paper, and especially in deriva-
tiou of reduced Stokes resolvent equations (cf. Subsection 2.1 helow’ j and
in Lemma 5.6 below. Onlof the main advantage of the reduced equations
is that we can eliminate the divergence equation: divu = g in Q. which
is difficult to treat in localized problems. from the problem (1.1). On the

It
¥
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other hand. Lemma 5.6 enable us to control localized pressure term. There,
however, is a remark on Shibata's paper [26]. Tt seems to be difficult 1o
obtain [26. Theorem 3.1] from [26. Theorem 3.4] and to obtain [26, Theo-
vem 3.8] from [26, Theoren 3,100, because the R-boundedness of Agp(A).

Agn(A) was not proved in his paper (cf. [26. Proof of Theorem 3.1, Proof

of Theorem 3.4]). We essentially need the R-boundedness of such operators
since the right members f for (3.7). (3.20) of [26] contain AVj(g). AVl
respectively.  Natural spaces for ranges of the operators Agp{A), Aga{A)
are given by negative Sobolev spaces, which is main difficulty to modify his
proof. To overcome this difficulty, we introdnce in this paper Proposition
3.5, which allows us to avoid such negative spaces. Following the strategy
of Proposition 3.5, we can also complete his results,

L.2. Notation and main results. We first state notation used throughout
this paper.

Let N be the set of all natural mnnbers and Ny = N u{0}. For any
multi-index o = (a,..., ay) € Nf}. we set DOf = g f}‘:‘f Let G
be an open set of RY. Then L {G) and W"G) with m € N denote the
usual K-valued Lebesgue space and Sobolev space on @ for K = R or
K = C, while || - e,y and | - T their norms, respectively. Here, we
set iif'(y{(';’} = Ly(G). In addition. WJ(G) with s € (0.20) \ N denotes the
K-valued Sobolev-Slobodezki space endowed with norm e fhwseny. and also
CE(G) the function space of all (™ hmetions f: G - K such that supp f
is compact and supp f < .

For two Banach spaces X and V. LIX.Y) is the set of all bounded linear
operators from X to Y, and £{X) the abbreviation of L{X.X). Let U he
a domain of C. and then Hol (I, £(X, Y1) stands for the set of all L{X. Y-
valued holomorphic functions defined on 7.

For d ¢ N with d > 2. X9 denotes the d-product space of X. Let -y
be a nom!}f X. while [| - || ¥ also denotes the norm of the product space X7
for short. That is, [ffly = Z‘»I_, | fa) € x4,

Leta= (uy,....,ax)T and b = (bro....ba)7. and then we write a- b =

a.b >= }:j\_:lc(,i{, and a® b = {(a;:b;) that is an N x N matrix with the
. ))-entry a;b;. On the ot L@ hand. for any vector functions u, v oon @,
we set (Wvle = [,u-vde and (wv)og = a0 W ¥ do, where OG is the
bofindary of ¢ and do the surface element of 9y,

Given 1 < ¢ < oc, we set ¢ = gilg = 1). Let Lyioc(G) be the vector
space of all measurable functions f: ¢ — K such that fe LG nB) for
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any ball B of RV, We define a homogeneous space iiq (G) by Hqg(z ==

{f€Le(G):Vfe L (G} with norm |f - Mg = IV - ¢y where
G

we have to idmmh two elements differing by a constant. In addition, let
Hw G)and | by V1,(G) be Banach spaces defined by \”,{(: ={f€ .3\} G}

f=00ndG} (X & {“ W} with norms | - M‘i;‘ = AV e and

;,(i“’("‘) : * qlla}
fi - 5”;&},’& @ =" f%!ﬁ\m« respectively.

Throughout this paper, the letier ¢ denotes senerie constants and ¢ ~y
means that the constant depends on the gquantities a. b & .. The values
of vonstants Cand C,p0 gy cliange fron line (o line.

Secondly, we introduce some definitions.

Definition 1.1 (Uniform |8 s L domains). Let | < » < ~c and DD be o
Afr

demain af RY with boundary 0D, We sey fr'm! D ds a uniform U“'
domain. if there crist positive constants «. 3. and K such that for any

- re1
2o = (Toyr.. s ron) € O there are a coordinate number Jjoand o W27
Junction h{a’) (2" = oo ®N)) defined on B (a}), with x}, =
(®o1,....: Bl i e g ron ) and [fu 2ette g oo S K, such that
; (Bl {xh)

Do g{ (“) = {I‘ &~ R\ .” - 15{*1"1} B:)(I:})} 0 B_;ij.l'(;}.

ID N By(rg) = {w e vitg = o), & € Bl (z)}n Bg(xy).
.,;}".). TIIT. B e tiy vin), Bo(xg) = {2 €
- 15;, < o}, and By(ry) = {z e gal < B}.

Definition 1.2 (R- boundedness). Let X and Y be two Banach spaces. A
Jamily of opevators T © LIX.Y } 15 called R-bounded on C(X.Y}, if there
exist constants C' > () a/:d p € 1,5} such that the Jfollowing assertion holds:
For each natural number n. {T; }1 cT.{f; }!", C X and for all sequences
{rj(u) }7"i of independent. symmetrice, {~L L}-valued vandom variables on

[0.1]. there holds the inequality:
5 Hp firg
!Z if{(u) T} f” du) <C (/ Z }{“}szfxdll}

(L1

The smallest such C' is called R -bound of T on L{X.Y). which is denoted
by Reoxyy-

i

Remark 1.3. The constant €' in Definition 1.2 depends on p. On the other
hand, it is well-known that 7 is R-bounded for any p € [1,2¢}, provided
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that 7 is R-bounded for some p € [1.x). This fact follows from Kalane's
inequality (cf. [18, Theorem 2.4]).

Furthermore, we introdnce a weak elliptic transmission problen. Tn the
present paper, I' . = @ or I'_ = §} are admissible, but note that T # 0. Let
H'j»,: (€2} and H',’f;.; (€2} he Banach spaces defined by

. ~1 - . N T &
1 o :J’(fg.\vgﬂz;.fw(mn1,.} iU, #0,
Nrlp X if Iy =0,

for X & {1}, and their norms are given by || - {in-;x @ = || - hwany and
.y q A
[l ey = IV -l L0y, respectively. The unique solvability of the weak
LN i) | i Lg(82) ; i ;
' o

elliptic transinission problem is defined as follows:

Definition 1.4. Let 1 < g < ~x and ¢ = g/lg - 1). Let H’lj (82} be a closed
subspace of “iig»*{ﬁ?. and suppose that ‘H‘;;Ai‘,. (£2) 15 dense in )\réi ). Set
= paXxa, ot peXa. for positive constants po. Then, we say that thegueak:
elliptic transmission problem is uniquely solvable on M‘,}( Q) for py if the
following @scrtion holds: For any £ € L,(Q)Y, there is a wnique 0 & H,‘qf 19
satisfying the variational equation: =

(p lv& Velg = (. Vola  forallp e W),

which possesses the estimate: V8 Lo < ClfF) 1.t with o positive con-
stant Cindependent of 0, 2., and f.

Remark 1.5. (1) Let 1 < ¢ < x, ¢ = g/(q ~ 1), and let the weak elliptic
transmission problem be uniquely solvable on VV,;{Q} for p,. = p. = 1.
We define T4} agd G (0) by @

JdQ) = {f € LY - (£.Vgla =0 forallpc Wi},

Gy Q) = {f € L(D)™ : £ =V for some § € W)}
Then, by the standard proof. the so-called Helmbolts decomposition:
Ly ()N = J,(92) & G,($2) holds.

3 In applieations, we choose MJ}}{Q} in such a way that the weak elliptic
transmission problem is uniquely solvable for p+. Typical examples are
as follows: W (RY) = WHRY): WHRY) = WHRY) with T'. = @ and
I'. =Ry = {(z/.an) ; 2’ € R¥" ' en = 0}, and Mij (€2} is analogously
defined by n;}ggz; when s a perturbed RY: WHRY) = 1)  (RY)
with I'c = R} and I'. = §. and H»’é((?_) is analogonsly defined by

-
(3]
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w,f_r_, (€} when € is a perturbed RY; Wi = H’,;I_L{SZ) when € is
a bounded domain, a layver, or a perturbed layer. We refer e.g. to [16.
Appendix A1} for the treatment of wenk elliptic transmission problems.

We set W) + WHQ) = {6, + 05 : 6, € W), 6, € WHL Sup-

e

pose that the weak elliptic transmission problem is uniquely solvable
a1 Mx’;{ii} for pe. Then. for any o € Ly, A e H‘}; ""(r}. and
v E H',; "7!"““(1"..: 1 there exists o unique § = H',;(f?} + ‘i‘\e"_,}{S?) satisfving
the weak problem: for all ¢ € W),

(p~'V8. V) = (a, Velg, [0l=58 onl. 8=~ onl,. (1.2)

which possesses the estimate:

+ ‘!‘( ,!“i; :"'f“,\z'%‘;) b

with some positive constant (' independent of a, 3. ~. 4, and . Thus,
it is possible to define a linear operator

U7 a4 s < O el R
’i‘v{"i?l,.,.,u; <C (W%?Aqas’u ‘ !i'ﬂfuz,‘ My

K Lo()™ x Wi er) « Wi,y o W) + whay,

by Ko, 3.v) = 8 satisfving (1.2). If T, = 0. then we denote K, 3,%)
by K{a. 5.0) when I'_ # ¢ and by K{a, 3) when ' = 0,
]

B We now state our maiffiresults. To this end, we introduce a data space for
the divergence equation: & u = g in Q with boundary conditions: [uln=0
onlandun. =0onl_, wheren _ is the unit ontward normafivectoron I
Lt W) be the dual space of WL OY fo g Sl e

Let W) be the dxgl;pau of W, () for 1 < ¢ Wooand ¢ =g/(g - 1),

5 =

and let |- 1, ands
7 &y

- g beits norm and the duality pairing between
qu H82) and WL(Q), respectively. Then. we set L) nw, Q) = {g e
Lo(2): 3M > 0 s.t. |{g. ¢)a] < fif§]'€’;;§[[‘q,m}. for any ¢ € ﬂ;}'m (SE)} Let
g€ L) ‘V\:/:"[”E_SQ}. and thus ¢ can be extended uniquely to an element of

1/*#![”‘{{1). Such an extended g is again denoted by g for short. We can see
g as a finctional on {V6 . 6 = V%{;,(SZ}} C i(j:(!i)'\g which, combined with
Halin-Biach's theorem., furnish@ that there is a G € Loy sucl that
f§g§§wq LG §iG]§f‘qi‘_gi and < g 5 Sae (G. Vel for all = ¢ }f%’(ﬁ,{f?). In
what follows, G is restricted to the functional on {Ve:6¢c M/‘:,,( Q)}. Let

Z{,(SE} = Ly(Q)"/.7,(Q). and let [Gl={G+Ff:fe¢ J ()} € .liqgi?). Then
g+ [G] is well-defined, so that we denote [G] by Glg).

Especially, we have,
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for g€ L(Hn %;»'* (€2) and for any representative g € L, (SZ_‘}"“ of Gig).
(‘? v}ﬁ =-(a.Vplg foral pe ¥-1“;tl\+(32'}. (1.3)
We here set
i

W) = Ly(2) n W, (). a

Then, W ’g NN \V““iSN is a Banach space with norm E 5”(;{(-) Wl

. m sy + 7. 'm% e and the functiossspace is characterized as thv data

space Tor the diverg gence equation above. ?he’ following theorem presents the
tain result of this paper. %

Fheorem 1.6. Letl s g< oo, l<e<#/2 N ¥ < no, and max{g. ¢’} <

rwith g = q/(q—1). Let pi be positive constanis. Suppose that the following

three conditions holds:

m' Q. are uniform W2 domains;

(b} The weak elliptic transmission problem is uniquely solvable on }/\f {0

and W, ,!S?) for pu:

(¢} jie are real valued uniformly coniinuous functions defined on RY and
there erist positive constants jey, poy such that

Moy S prax) S prga, poy < () < pea for any v e RrRY.

In addition, jis e W LARY yoand [Vl oy < Ky with some posi-

Joe

tawe constant K, ; jo; any fm{f B¢ RA uu’h radins 7.

(1) Existence. Set
X, = { f.ohk):fel, )Y ge W) nw:
e H'j{i)}' ke W, )N},

X, = {m ,,,,, Fu): F. B Fy, Fr e LN, B e L,
Fs € WJ(Q), Fs € Ly(Q)™, Fy e WH)®,
Fy € L)Y, Fuo € L(2.)", Fy e WhQ,)V}.

Then, there erists o constant Ny > > L and vperator familics:

A(\) € Hol (%, \!,.EM’Q‘H’*'Q}'\“}}
P(A) € Hol (£, 5. L(&,, WHO) + é}“m

such that, for any A € X 5, and for any (f, g.h k) e X, and g € G(g).
u =AM F(f.g.0.h k) and #§ = P(\)F) (f.9.9.h. Kk} are solutions io
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(L1, and furthermore,

JRE%-\};,],@{S})'\? ({ ("‘(%)! (RAA(A) 1 A

}:g‘,\,, }) < Yo,
RL‘,(,Y,,J,,,@”*.-'!-‘“ ‘({ (,\(_;%)f\?p(f\; FA€ e, }) =70,

for 1 = 0.1 with some positive constant ~o. Here, we have sef

M

M

N=N"t N4 N, Ruu= (V5 A 2T, Au).
and
Fi(f.g.g.h.k) = (£. V9. A%, Ag. 0. Vh. A2k, h, Vk. A}/ 2k k).
(2} Uniqueness. There exists a \g > 1 such that ifue ‘,f(&})“( M Jy(82)
and 0 & H';} () + M’,} (€2) satisfies the homogencous equations:
Au—p ' DivT(u.f) =0 in Q. [T(w0n] =0, ful=0 onT,
Tubdm, =0 onl,. u=0 oul.

. then w =0 in Q.

with A &

Remark 1.7. The symbols Fy. F). Fy, By, F5, Fg, Fr, Fy, Fy, Fip, and Fiy
are variables corresponding to f. Vg, A1/2, Ag. 9. Vh, A1 ?h. h, Vk, A2k,
and k. respectivelv. The norm of space Ay is given by

fI(Fi..... Fillx, = W(F\. Fa, Fy. Fy. Fy, Fillle, o + 11 (F5, F) )
FIFy, Fiol, o, + Hillwia,)-

This paper is organized as follows: The next section first tells us some
equivalence of (1.1) and two-phase reduced Stokes resolvent equations, which
are obtained by elimination of pressure term from (1.1}, in Subsection 2.1
and Subsection 2.2. Secondly, we state our main result for the two-phase
reduced Stokes resolvent equations in Subsection 2.3, which, combined with
what pointed ont in Subsection 2.2, allows us to conclude that Theorem 1.6
holds. Thirdly, we state generation of analytic semigroup and some maximal
Ly Ly vegularity theoren for two-phase problems of time-dependent Stokes
equations in Subsection 2.4 and Subsection 2

respectively, with help of
Theorem 1.6 and the main result stated in Subsection 2.3. Section 3 proves
our main result for the two-phase rednced Stokes resolvent equations in the
case where

=RY = RYURY, R,;\ ={(a",en): 2 e RV &

{

ot

v > 0},
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with constant viscosity coeflicients. Section 4 proves our main result for the
two-phase reduced Stokes resolvent equations with variable viscosity coef-
ficients when © is a perturbed RY by using results obtained in Section 3.
Section 5 shows the main result stated in Subsection 2.3 by using results
obtained in Section 4 together with some localization technique.

2. GENERATION OF ANALYTIC SEMIGROUP AND MAXIAMAL REGULARITY

In this section, after introducing the Stokes operator in {2,15) below, we
consider the following itial-boundary value problen:

v — p~1 Div T(v, m)=f  divv=g inQx (0.},

[T{v.7)n] on I' x (0, x),

Tv.rjn, =k on 'y x (0, ), (2.1}
vi= 0 on I'. x (0,00,
V)= = Vg in Q.

which is called®he two-phase Stokes equations in this paper. We discuss the
generation of analytic semigroup associated with (2.1) and some maximal
Ly~Ly vegularity property for (2.1). To consider the generation of analvtic
semigroup, we have to formulate (2.1) in the semigroup setting, that is, we
have to eliminate the pressure term from (288 ). Throughout this section. for
some | < ¢ < o and positive constants [+, We assuine that the weak elliptic
transmission problew is uniquely solvable on )f‘qu‘ {£2) for ps. The assumption

plays an essential role to eliminate the pressure term from {2.1).

2.1. Two-phase reduced Stokes resolvent equations. Let | < g <
¢ =q/(g~1), andu e i‘{:f({?}‘\'. Set K{u) = K{n.3,~) € H’é{ilj - 1/“»{}{§U
defined in Remark 1.5 {3}, with

a = ped Dig(uD(u)) -~ Vdivy, 3=< [#D(un].n > —[divu], (2.2)
v =< G siiey

Then uw =g K{u) is a bounded linear operator from W2(MY 1o L,‘,{Q)""

y Lok
g

with Hle'ili}fhwgg}g = (‘§§u§;iuvj({3§ for some positive constant € independent
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of u. We consider the equations as follows:
du - p~ ! Div T(ufli’(u}} =f nmg
[T(u, I((UJBEQ =1h] ear,
fuf=0 onr. (2
T(’u.:;‘l'(tx}'}n_‘p =k ouly
u=20 an I,

o
'

which is called the two-phase reduced Stokes resolvent equations. In this
subsectiof® we constret a solution to {2.3) on the asswnption that (1.1} is
solvable. ‘f’at.his end. we treat the following auxiliary problem:

(Au. 2lg + (Vu, Viglg = (£,Vig)g  for all ¢ ¢ Wy r. (). (2.4)
[ul=g onT. u=h on'l,. (2.5)

whih is the weak elliptic transmission problem with resolvent parameter
A. Ewmploying the same argunient as in the proof of onr main result in the
present paper, we can show the foU{m’jn%pm;msi:itm,

Proposition 2.1. Let 0 < = < #/2, | @& 8N &% « x, and

max(g.q'} < v with ¢ = q/{qg - 1). Suppose that i& are y.m',@w w2

domains. Then there is a positive number Ay 2 1 osuch fhal, for any X ¢

B £ € LY g c W) YD), o b e WL, (2.4)-(2.5) admit

a untgue solutton u € W, Q) ‘z W, Q).

We solve (2.3) by means of solutions to (L1). Given f € L,(€] "

“\Zf (7, ml(Sk € 1%}( Q2.)Y, we choose by Proposition 2.1 some 4 in such
a way that g solves the weak problem:

(Ag. ) + (Vg Vol = “E Vs forallge H;}“ (82}, {gi(i}
lvi=<fhl.n> onl', g=<k, n, > onl.. {2.7)

Let u e WXO)N and 0 & W+ W, () be solutions to (1.1) with . ¢,
h. and k as above. Then. by the definition of K( u‘guuj Gauss’s divergence
?‘Ewmeué toest her with Eu' =0on I u=00onT . we see that

(£. Vel = (9. 9la — (V9. Velg + (0 ' V(0 - K@)}, V)i,
for anv & ¢ N“q“r (82}, This combined with (2.6} and the denseness of

i%"!},‘,\ {2} in Mz’é,(S?} furnishes that

(p7'V(0 ~ K(u)).Vy Jo =0 forall o € WL(Q).
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Iu addition. it holds that [K{u)— 0] = 0 on I’ and K{a)~ 8 =0on .,
since g satisfies (2.7) and
< [h].n>= [K(u)~ Ol +g] onl. <kon, »= Klu)~f0+g onl..

Thus. the unique solvability of the weak elliptic transmission problem implies
K{u) = 0, which means that the solution u € If'f{'f})‘v of (1.1) solves (2.3)
for f e L,()N, he WHN, ke W (2™, and g of (2.6)-(2.7).

2.2, Reduced Stokes implies Stokes.[ln this subsection. we solve (1.1}
ou the assumf@ion that (2.3) is solvable. Let 1 Sg<xand ¢ =gq/(g—1).
%i\—m} fe Ll (¥ he WHOY andk € 1 ()N let x € WHI)+ W)
e a solution to the weak problem:

(p'VK, V) = (£, Vi Jg forall € WL(Q).

lel=-<hln> oul k=-<kn + > onl,.
Then, the system (1.1} is veduced to -
M=o DivT(u,0 - k) = f - pIvgg, divties o,
T.0 - x)al =M - < ;@‘n =1, ful=0 T,
T 60— mn, =k- < k.ngs n. e i
u=0 on ',

It thus ?-',Hfﬁ("!‘ﬁéu consider (1.1) under the ceadition that
(EVelg=0 forallge W, (€2), (2.8)
<fhln>=0 onl, <kn,>=0 on L.

For G ey

€ LAY x WD), we set L(G) = L(G),Gy) =
b —Ga) by K of Remark 1.5 {(3}. Then G —» VLIG)is a
bounded linear operator from LN x H"j{f?} to L, ()N,

Given g € H',} (£ NW ;3{@2}. we choose a representative g of Glg). For
these ¢, g and for £, h. k satisfying (2.8}, let u Q%I}f:j_!l)"" be a solution to
the two-phase reduced Stokes resolvent equations as follows:

M= p ' DivT(g K (u) = f+p 'VLirg.g) in .

IT(u. K(u))n] = [h] + [¢]n on L,
lul=0 on 1.
T(u, K{upn. =k + gn, g e
=10 onl .
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Then, by (1.3}, (2.8) and by the definition of K{u}, L{)Ag. g}, we have
B 0= (f V\“y)n = (An, Tv}r: = (Vdivu, Velg + (Mg, &g + (Vg, Vela.

£ i
for any o € ¥ g ?
Qi(};},'f’fh(‘l‘ with Ju] = 0 on I and u = 0 on I'_, furnishes that (Aldiva

9)-wlo +H(V{divu—g). Vi) = 0 for ;111 < H’; ;f@é I:mdrimnn we see,

(€2}, which, combined with Gauss's divergence theorem

;w (2.8} and the definition gi\ {(u). that %g: gt E;iD (ujnl.n > -[K@)] =
‘uf on T, q =< pD{n)@, = = K(u) = diva on ', which implies
ﬁmr Idiv@-¢l =0o0n T, 3}&: e g=0onl_.. Thus by %’m{msmun 21

diva = =g in ﬂ which means that wand # = K{u) - L{Ag. g} solves (1.1},

2.3. R-bounded solution operator families of reduced Stokes. Ac-
cording to what was pointed out in Subsection 2.1 and I Subsection 2.2, we
consider the two-phase reduced Stokes resolvent equations (2.3} instead of
(1.1} from Smtlt@x 3 through Section 5. More precisely, we prove

Theorem 2.2. Lefl g <00,0<e<7/2. N <r < oo, and max{g.¢') =
rwith ¢ = q/(q — 1). L(i pa be positive constanis. Sup[mse that {a}, (b},
and {c) sfmf: Wl in Theorem 1.6 hold. For any open set G of RN, let X R.(G)
and {7; JAG) be defined as

XR4(G) :.-gefﬁ hk):fe L(G). he WHG)Y, ke w;;g(msz W)

Xro(G) ={(Hy.....H7): Hy, Hy € L(G)N . Hy € L,,((?" JHye WHON,
Hy € Ly(GNQ)Y, He € LGN QL)Y Hy € W) ((msz, il

Then there exist o positive nnm/ﬁf Ao > 1 and an ope mfm family B(X) «

Hol (£, ), £{Xr (), ll(’:{ BYY sum‘z that, forany X ¢ cAq Bnd (£ h k) €

X g\.qiSZ_L u = B\ Fr (f. hk) is a unique solution to (2.3, and further-
more, forl =01,

R g,y (i) ({ (’\M,\")g (RxB(X): A e L‘}) < 0, (2.9)

with sone positive constant ~y. Here, we have sef N = N*+ N2 + N,
Ryu = (V2u. A0 A, and

Fra(f. b k) = (f, Vh, AY?h, h, Vk, A2k, k).

Remark 2.3. (1) The svinbols Hy. Hy, Hy. Hy, Hy. Hg. and ffy are vari-
ables corresponding to £, Vh, AY?h, h. Vk. AY2k. and k. 1‘@%130(‘"
tively. The norm of space Xr.g (Q) is given by [(H,.... H)i L ot =
HH1 H; i{g i, ”H,]hﬁ-‘;‘v!?} + (f‘[ }{b LLqt0, ks 1]H’;1€“ IR
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2) If u satisfies (2, ‘3‘1 with £ € J, (1), < fhln>=0o0nr, < kn,
onTy and X € £, 5, then «h\ u = (0 in 2. This fact can be obtained in
the same manuer as in Subsection 2.2 with g = 0. It then holds that n

hvhmps to (2} by Gauss's divergence theorem together with gu*ﬁ = )
on I, (i on 1. Hcm) and subsequently, we can see Jo(82) as a
¢ h;«(‘d subspace of !,q . that is, J 82} is regarded as a Banac h space

endowed with |- |, .
{2}

At this point. we introduce several propositions used throughout this pa-
per. The following two propositions are fundamental properties of the R-

boundedness (cf. [12, Proposition 3.4], [12, Remark 3.2. (4)]).

Proposition 2.4. (1) Let X, Y be Banach spaces, and let T, 8§ be R-
bounded families in L(X.Y ). Then, T+ 8 = {T+S5:TeT, SeS8}is
R-bounded in LIX.Y) with Rexy(T+8) € Rex (T +Reiv yy(S).

2y Let XY, Z be Bmmrh spaces, and let T and 8 be R- bnmiri‘m]ja.mz.l.u s in
LIX.Y) and L(Y. Z), respectively. Then, ST = {5T:5¢8 TeT)
i R-bounded in £{X, Z) with Regx (8T < Revy ,{T}Tdug 7 (S).

Proposition 2.5. Let 1 < q << . Let m(A) be a bounded function defined
on a siuhset A in the compler p!um C. and let U”,H} be o mudtiplication
()pc;m‘e)i defined by M, (M f = m(Af for any f € LylGY with open set ¢
of RN, Then, Repoen{Ma(X) 1 X e A}) < i\“}ltﬁi
;wsmw constant in Khintehine's incquality (’(f also [18, Theorem 2 Al

Lo(h)- where l\, is a

The next proposition is used to estimate several terms arising from local-
i
ization procedure in Sections 4. 5 (cf. [25. Lemma 2.4}).

- .
Proposition 2 6. Let 1 < q <@ < oo RN €% < . Suppose that Q.

Pir s
are wniform H rfmmznw Lhen there e stant Cy ok

fm&s 4 posggee con
such that, for any o > 0. a € L,(¢ Q). and be W} £ (). it holds the

stamate:

;55’{{-}%51,,}({'2) bt Gd‘:bn{zw £l (f./\'.q,." (’7 i [ n’n + Jlaff iy, /(;a) :‘-)%“ FE

We devote the last part of this subsection to the proof of Theorem 1.6.
Proof of Theorem 1.6. We prove Theorem 1.6 under the assunmption that

‘Theorem 2.2 holds. The existence of A(A), P{A) follows from Theoren 2.2
and Proposition 2.4 as was discussed in Subsec ‘tion 2.2,
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Next, we show the uniqueness of solutions to (1.1}, Let
Jo(€2) and 8 = ) + 6, € WHQ) + w,; (€2) satisfy

Au - in .
on I,
on I,
on ',

on 1.

We prove that u = 0 in Q. which leads to the uniqueness.
suffices to show that

(pu. )y =0 forany v € CF()Y.

- W2mN A
ue WA n

(2.10)

To this end. it

(2.11)

The assumption (h), statd in Theorem 1.6, allows us to choose a &

M LY satisfving (p" Uk, ¥ = {1, Vo), for any
tmu since the two-phase reduc ed Stokes resolvent equations

for ' = /(g — 1). we have a solution v & 1 p {i.?“" to the ec

=W, {f?) In addi-

,\,_..%; is solvable
pations:

AV — p ' Div T{v. K(v)) = ¢ — p 'R in Q.

{T(v. K(v)in] =0 on [,
ﬁ\,": “““ {§ On !“,

T{v.K{v)in, =0 on Iy,
v=f on I

Then, % — p 'k e J () fmplies that v ‘ f;e_‘ 3 as w
Remark 2.3 (2). Setting K(v) = w; + wy € WA

{pu. &)y, = (pu. Av — p~! Div T(v. wy +ws + k)

as discussed in

)+ {€2), we have, by
Gauss's divergence theorent, (u, Vi) )y =0, ;mti { , Vu 3) 5 = ),

(2.12)

= Mpu.v)y + (D{u,.pD{v N = (u [pD(vin])r — (u, yD(v)n, Jr.

~(diva, wy)g + (u fun])p + (u, ugng )y

Noting that Jw
[nD(vin - Kvinl =0on I and gD{vin — in = uD{v) ~

. In addition. it holds that divu =0 in . since
@

=0onl" and uy = Don I, . we see that [nD(vin—wnl =
i ) 1ng

- K{vin=0on

0 (0. Vel = (divu.g)y  for any o € ¢ {ﬂw
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where we have used u e J, (€2} and the relation (“f’(fl} - Wj;{i!}. Henee,
(2.12) implies that

(ML, ¢)g = AMpu, vig + (D(u), HD(V) ). {2.13)

On the other hand, Apu — Div T(u.#) = 0 in Q by the first equation of
(2,10}, which. combined with Causs's divergence theorem, furnishes thai
= Alpu,v), + (pD(u), D(v})g - fguDgu}xlgv‘}y = (pD{uin, vip,
= (. divv)g + ([0yn]. v + (0, v)p

hecause (Vlo.v), =0 bvv & S0 Thus, Apa.v)e+(pD(u), D(v)i, =0
in the same manuer as we have obtained {2.13) from (2.12). The last identity

-
f

combined with (2.13) implies (2.11). Ll
2.1 Generation of analytic semigroup. Ii@his and the next subsection,
we discuss time-dependent problems. We now consider tho following initial-
boundary value problem:
da — ! Div T, Alujl =0 gx §2 x (0, >},
[T K{u)n
ful =0  onI x(0.x).
T EKG)n, =0 on Ty x (0,%)

u=10 onl_ x (0 ).

=0 onl x(0.x),

&

(2.14)

Wiep = ugy in .

To discuss the generation of analytic semigronp associated with (2,14}, we
formulate (2.14) in the setigroup setting, For this purpose, we introduce
the Stokes operator A4 and its domain D, (A) as follows:

. ¢ 2N - ¢ 3 «. B .
DyA)={ue W) 0 Jy(Q) : [Ta(uD(un)] =0 onT. (2.15)

[ul=0 on F& To,(pD{uing) =0 onl,, u=0 onl }s
= Au=p"'DivT(u A{u)) forug Dy(A).
]
where we have set 7of =f- < f.1 > n and Taf=f~ < fin, >n, that
are the tangential parts of Novector F with respect to nand n, , respectively.
Then it is possible to rewrite | 2.14) as follows:
dou—- Au =10 {t > (]I UE/-,——_{; = W

By Theorem 2.2, the resolvent set pLA) of A contains ¥, . In addition,
denoting the resglvent operator of 4 by (A — A) ! and noting Remark
2.3 (2), we see that, for any A ¢ Toao 0d f € J,(0), (A — A)'F =
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BANE, 0.0.0.0) & J, 080 Since the R-boundedness of B(A) implies the
usual boundedness, it holds that

A,
iy Ay-1i . e Ay
A~ A ety = —

Aq- By this resolvent estimate and the stan-

with some positive consg@ant M,
the following theorenm.

dard semigroup theory, we have

Xheorem 2.7 el o« g woan N owir < oo, and max{g, q) < v with
= q/{q — 1). Let pi be positive constants. Suppose that the conditions
(), (b). and (¢) stated in Theorem 1.6 hold. Then the Stokes operalor A
generates a Co-semigroup {T(t)}-q on JA) . which is analytic,

2.5, Maximal L,-L, regularity. Since the system (2.1) is linear. we con-
sider the following two problems:

=~ p ' DivT(u.b) =0, diva=0 inQx (0,).
[T(u.0)n] = 0. =0 onl x(0.x),
T{u.fn, =0 on e x {0, o), (2.16)
u=g on ' ox (0, x),
g = Uy in 0,
da — p! Div T(u.8)=f divu=g infx (0, 0¢),
[Ta.oml=hl ful =0 onl x (0.%).
T{u.0n, =k on 'y x (0. ~), (2.17)
u=10 on ' x (0. ~),
g = 0) in €.

To state waximal regnlarity theorems for (2886) and (2.17). we introduce
several function spaces. For a Banach space X, we denote the usual Lebesgue
space and Sobolev space of X-valued functions defined on time interval 7
by L,(1. X) and WL X)) with m € N. and their associated norms by
B-fie,rx and | - e vy respectively, We set for ~ > 0

Los(F.X)={f:T—X:eVf¢ Ly(1,X)},

Lpor(RX)={fe L, (R.X): f(t) =0 for t < 0}.

WL XY={f€eL,-(I.X):¢ T fit) € E (I, XY (i=1,,... mi}.

Wos (R, X) = W (R, X) N Lo (R, X).

P




TWO-PUASE STOKES RESOLVENT BEQUATIONS 1%

, ) ¥ o .
Let £, 7', F.and F! denote the Laplace transform. the Laplace inverse
transforin, the Fourier transform, and the Fourier inverse transforn. which
are denoted by

- e ; o o I~ ‘ .
LIfHA) = / M, LGl = ;;—/ Mg(Aydr (A= +ir),
b & J e
! ® i 1 {®
Fifl() ~/ T A, Fglt) = 5:/ eMg(rydr.
& " LT ~

Note that £ (v) and £ [g}(#) = e F~1g(+ir)](¢). For
any real munber 43 Im (A* I = L7UNLITHE) and set Hy (R,X) as
the Bessel potent ial space of order s defined by

Hy (R.X) ={f €L, (R.X): e (AL f)(t) € Ly(R. X }}.
We also set Hy, (R.X) = {f ¢ ]1;,4{R X): f(t) = Ofort ’()} For
sohutions of problems (2.16) and (2.17). W, ,,»i Q x (0,5)) and W2 (Q x

G D‘
R are defined hy
”rfp (2 x (0,00)) = “,flf (0:50), Ly()™ ) 11 Ly (0, 0), W2()Y),
(O % R)=#W

W AR Lg( ™) 01 Lo o (R WE(S)Y),

g. pf?‘

;;H

First, we discuss a maximal 1 p-Lgy regularity theorem for (2.16). Setting
ult) = Z"if}tm and 6(t) = K(u(t)). we see that divu(t) = 0 in 2 for £ > 0
h\ ult) € J,(Q), and thus u(t) and 6(1) satisfy (2.16). Since {T(H}sp B8

analvtic, we Emw for some Ay > 1 and for any ¢ > 0,

IT (gl g0y € Corge™” 1aoll g, for ug € J,(41),
ey i P - Apt i B =
NORT (E)aoll g, < Coagt e ol for ug € J,(8),
;i(.),j-[{"f511{3%[_;q4\§3; < (Y 7. A0 € Aot 211(,139'74;4) for Wy © 'D,;fv.A:}.

with some positive constant Chyng- We then obtain, in the ssme manner as
in (27, Theorem 3.9].

[P VY P -2 P i i
e Y gma, Vu ¥ u){;LM“}vx““m“ < C.!,‘q“xugl,l“g{ﬂfg;-_;W.v,‘!(.n.
for some positive constaunt (), with 1T < p.g < x. where we have set
Ao Py

D;j, . "”(Q} =0 fe, ) Dr;f A1 | with real interpolation functor (-. Jop
(0=<0<1,1<p<n) Then, the following theorem holds.

Thceorem 28, Letl < pg< o N < ¢ < o, and max(g. ¢} < v with
q =qflg~1). Let ps f}( positive constants. Suppose that the conditions (a).
(b}, (¢) stated in Theorem 1.6 hold. Then, we have the following assertions:
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. i 5 % MAE D

(1) There exists a constant g > 1 such that. Bor any vy € 17,;,',, ‘i}}(ilf,
the problem (2.16) admits a anique solution ( ub) e i }f;,“.,,i{'il * (0,50}) x
Lpra ((0,50). WHQ) + WHR)), which satisfies

=l 5 7 72 i e ke o WolTrgl y
fle (Orou.Vu, v uwI.,,a‘f,n.x}.i“j(!?}) Fle Vﬁif;,pun.x;.mil“

< a.::‘xﬂx;?f L T e
— B i I‘&“, ¥ (€2

¥

with s:@:sr positive constant Cp -, .
(2) There eiists 4 positive eonstant Yo 2 1 such that, for any

f € L})-U."i){R' Lq{“)\)
9 € Hyg (R Ly()N) A Lo (R, W) nw, ),

il

he H? (RLAOY)N L. (R. W),

hhy

ke Hyl (R, L(Q.)%)n W) (R, Lo(82,)Y),

and for any representative g < H'}f_;,‘._“(R, L ()™)Y of Glyg). the problem
2,1

(2.17) has a unique solution (u,0) & Wt (8 % RY % Ly (R, W) +
?»"kij(ﬁx}}). which possesses the estimate:

fle ™ (O, v, AL20u, 924

fe o 4 He it gy . 2 1K
Lp(RuLgfty) TUETVO oy oy (218)
= CpgnoNpgaolf, 9.8, 0. k),

Jor some positive constant Cogive with

Noyso (B g, 0. b, k) = Jle"M(F, ¥y, s\.l":zg;. ;g. Vh, ;\f;’fh};ii

T f23 v i1
+ lle vnff‘Vk. \3“ k}[g;)."{;{‘]ﬂﬁ;‘)v 1))

i i}

+ [le ”‘w‘{,"ﬂ hﬁf{.,,{[{.ﬁ'{;«
+ Jle n’”ik:fiz,,,{R,.H;}m.,;3~
In addition, if g =0, h = 0. and k = 0. then

Yie ull,

N - 4 | o Yol & 5 P g A 6 i i
p’;R-‘Iw‘lf}U - ([m/"::;“ fﬁ‘é{‘;!{}{{_ﬁg{” Jf”“ any v = Hin (-3“”

Proof. The assertion {1} was already proved above. The estimates {2.18),
(2.19} follows from Weis's operator valued Fourier multiplier theorem (¢f,
[31, Theorem 3.4]) together with Theorem 1.6 and Propositions 2.4, 2.5.
Then. similarly to [24. Section 1. we see that u(t) = 0 and Bty =UOfort < 0

—

and that the uniqueness holds. o
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3. TWO-PHASE REDUCED STOKES RESOLVENT EQUATIONS (¥ RY
In this section, we discuss R-bounded solut ion operator families to the
two-phase reduced Stokes resolvent equations with an interface condition in
RY = R¥ URY, that is, we cousider the following resolvent problem with
resolvent parameter A varving in Ee={AeC\{0}:|arg)l < 7~ g}:
A= p ! DivT(u, Ky(u)) = £ in RV,
[T(u. Kr(u))ng] = [h] on R, (3.1)
[ul=0 onRY.
where ng = (0... .. 0. ~1)7 and Tl Ky{u)) = pD(u) - K (u)l. Here,
P = PeXpy + e xXgy for positive constants po. and suppose that
(d) viscosity coefficient ft 18 given by 1 = pu, Xy + g for positive
constants gy satisfving poy < py < Jia,
are the same constants as in Theorem 1.6,
Furthermore, for | < g < ~ and q" = q/lg— 1}, let Ni(u) be defined by
K;(u) = K(e, 3) with

respectively, where pyy and g4,

a = p” ' Div(pD(u)) -~ Vdivu, 3 =< [uD(u)ng]. ng > ~[div uj.

2 - 12y NN i . . 4 N A
tor u < 1} ,’:{R‘\ Y, where K{w. 3} is given in Remark 1.5 (3) with Q@ = RV,
Lew Ay(a) is the unique solution to

lp 'YK (), Velpy = (p7! Div(uD{u)) - Vdivu, Velay, [3.2)
[ onRY. (3.3)
g

IR ()] =< [pD(u)ng]l. ng > ~ldiv

. o3 | N kYot HET L7 7 i & w F T g 1
for all p € 1 (B and satisfies ;g\"[x;(lz}{jL,f(R\; < ,y;;ﬁTugm-(;m_x},ﬁie’m,
and hereafter. v, denotes a generic constant depending solely on N, ¢, p.,
Py, g By, and pog.

We prove the following theovem in this section.
Theorem 3.1. Lol 1 = 9 <oc. 0 << <7/2 and pi be positive constants.
Suppose that the condition (d) holds. For any open set G of R, let YR (G
atd Yr (G} be defined as

YrolG) = {(f.h): f € L,(G)¥. he WGV},

Yrg(G) = {(H1. Ha, Hy) : Hy, H3 € Lo(G)Y. Hs € LG}
7 2 i3

é'h_u;.. there is an operator family S;{A) € Hol (%, Lf{}’/g(,;(f{'\‘}, H;f{ﬂ'vv}'\“}}

such that, for ang A € . and (£, hj € Yo RY), u= SHA)GrA(f. h) is a
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uitique solution to the problem (3.1), and furthermore,

7‘)‘4‘;- R (RN LL, (RN )Y ({{:’\;};);(R’\S’(’\” A€ ‘}) sm (=01

Here, and subsequently, we set N = Ny N, Ryu = (VZu, A12¥y, An),
Gralfoh) = (£.Th AV h; and ~y denales a constant depending solely on
N,gos, pu, po, fsr, jia « 1. and .

In view of Subsection 2.1, it is sufficient to consider the two-phase Stokes
resolvent equations in RY:

Apa = Div(uD(u)) + VH = of  in RV,
divu =g in RV

[(#D(u) -~ 6)ng] = [h] on R,

-0 on R,

(3.4)

Here, the Fourier transform F and its inverse formula -1 are defined by
e ir-g \ 1r 1/ 4 1 I i€ ey S5
FUfi€) = e "Sfayde, Fllgle) = i gy dg, (3.5)
RN Jrx

respectively. We first cousider the divergonuce equation: divu =g m RV,

Lemma 3.2. Let | < g < oc. For g€ H‘}f (RY)n W{j'i{R}"}. we sel

. . T 7 wig .
Vig) = (Vi(g),..., Wigh', Vilg)=-F1 {ST-F%FI

Hi(x),  (3.6)

Jorj=1,....] N. Then, Vig) e IV i (RM)YNw “{R"‘ N oand u = Vig) solves
the divergence equation: divu = g in R\ In ml«fez’m:s\ there are operators
£(1.,,m;‘-‘;; LaRY)™M). V2 e LL(RY), LRY)Y).

Ve LW Y RY), LRY)Y),
such that H,\V(g} = [‘1"5(’?;;}‘S'"Z{/\*"zy}( V3(Ag)). where the dual space of
H'j,(ﬁf\ Jod =g/ (g — 1). is written by W, YRY) with norm il - i1 gy -

Proof. 1t is clear that v = V (g) solves the divergence equation: divi =
g in RY and that 1 w the i‘U{EIN’I multiplier theorem of Mikhlin (cf. [19,
Appendix. Theorem 21}

IVVI9)L,m~) < vlgle,myy. 0VV (9L, vy < 0l0kglli, mv)-
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fork=1,...,! \y " — 1. Since divV{g) = g in RV, it holds that ()’i Vig) =
dng — dx 3 (g

furnishes Sixm

) in R™, which, combined with the last inequalities,
%{-1 ((12,! 8y € 0l Vel j
Next, we rxfimate Vig). Let p € CE(RY Y. and then (Viglh¢lpy =
~~u/ Fllef - F el (€)Dry. The Fourier multiplier theorem vields that
Vi) 2)r ,f ~ollgll; F-pm el or¥), which furnishes [[V(g)il, JRYy
*rg;?;r;y“a vy e }us see that Vig) € | E’R\' Wnw “{R*\ Y and the
existence of operators V* (i = 1.2, 3). This completes the proof. O

Note that iiﬂ/'(n i= 0 on Rt}\ since Vig) ¢ W) , (R NN by Lemma 3.2.
Setting u = V{(g)+v in (3.4) and noting Div{pD( v)\ = ,':.lv o the condition
{(d} and by divv = 0 in RY. we have

PAV ~ AV + VO =f  in RV,

divv =0 in RV,
[(uD(v) ~ 61)n,] = [h] on RY,
=0  on H.{;*’,

[
‘v».}

i

where f = pf — pAV(g) + Div(pD(V {g))) and h = - pD{Vig)ing.
The following lemma was essentially 1)1«;&'('4 in [_q‘s. Theovems 1.1, 1.2].

Lemma 3.3, Let | < 4« x, (0« ¢ 7/2. and py be positive constants.
Suppose that the mmlu‘mﬂ (i; hf;lu’a Urtnﬁh: e exists an operator family
Q;i‘\} & Hol (2., L(Yy ,}'R U' I{“s ”:} such that, for any X € ¥, and

{f h) }PqéR }, Vo é;b\?(rr \(f h) 15 a unigue solution to {JH problem
(3.7} with some pressure term 0. In addition. Jori =01,

d ‘-‘ P 3 —~ 1
Rgi.;f;ed,«:z’t‘ | Lo (RN N ({(‘]‘i) (BxSr(A)) : A e ‘\‘“‘-}) £ T

Since R\V(g) = (VI(Vg). V2(A\/2g), v {Ag)) by Lemma 3.2, we have the
following lemma by combining Lemma 3.3 with Lemna 3.2 and by setting

¥y={(f.g.h): f € L(RY) Ve WRY) AW RN he W, LRV,
Vo= {(Fi,.... Fs) : P Fu Fs € L(RY)Y, By € L(RM)N,
F3, F € LyR™™'}, Gi(f,q.h) = (£, R\V(g). Vh.A'?h),

Lemma 3.4, Let | < g <, 0 << a/2 and constants ps = O, and lei
V'be the same operator as in Lemma 3.2, Suppose that the condition (d)
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holds. Then, Huff is an operator family Ti(\) € Hol (X, L{Yy, H,‘, VY
such that u = Vig) + TH{A)G(F.
(3.4) with some pz(assiu'e: 6 for A

g.hy s a unique »f)mfmn to the problem
ooand (f.g.h) € Yy, In addition,

i 52

RL:;'}',,./,.,,UI\ s*’s({( f\\ (f’ ‘TM;) &K }) = {I=0.1).

Proof of Theorem 3.1. Let | < g < oc and ¢ = g/{¢g ~ 1). According
to what was pointed ont in Subsection 2.1, we consider. as an anxiliary
problem. the following weak problem: for all ¢ € H'{},(Rﬂ 1.

Mg 9~ + (Ve Velge = —(£.Ve)an. [9l =< [hlinp > on RY. (3.8)

Concerning this weak problen, we have

Proposition 3.5. Lef § < = « /2 and 1 < ¢ < oc. Suppuse that
Vs the same operator as in Lemma 3.2. Then. for any A € Y. and
(f.hje Yp o (R Y, the problem (3.8) admits a unique solution g € H‘;';{R‘\ n
W, HRY). In addition. there is ViA) ¢ Hol(X.. L{¥r q(R Wf{R‘\")‘VH
sueh that, forl = 0.1,

IR‘;@'J”H SR ‘~';.I,,,5E§»‘z‘5<{ (’\Ti\)t’(m‘v('\;) A Ei}) SR (3.9)

and V{g) = V(A)F. Vh, A'2h) for any (f.h) € }}g,,«’,fﬁx\} where g is the

solution fo {3.8).

Proof. We ouly show the existence of the B R-bounded solution operator
tamily V(A), since the unique soly vability of U;n weak problem (3.8 was
already mentioned in Proposition 2 1

it auf ices to consider Iht' case s OFF fR\ Y in what follows, since
5 (RY Jis dense in Lq{R ) T hmn. 1!1(-’ g satisfying (3.8) is given by
g =@+ ¢ with

(A= Ay =0 in RV,
(A~ Ak =divf in RV, o S \
furd i V)}}; =1{ on Ry,
where b =< h,ng > and 9 /ing = ng - Vo = ~dyiy,

Step 1: Solution formulas. We give the exact solution formulas of &, 0,
By using (3.5}, we have

fﬂcnt\x)‘iie{”:;, {
t z\\?f( 4

p=F! (3,10}
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On the other hand, we rewrite the system for ¢ as follows:
I (A-Ajs=0 wmRY,
ve = v =fh] on Ry, (3.11)
l It =yt =0 on Ry,

Y | w1y 14
where we have set ¢, = Cxpy- Let f{€ ) and I gg{{’,,f{\‘};;.r’} be the

partial Fourier transform with respect to ¢ and its inverse defined by

Applying the partial Fourier transform to (3.11} furnishes that
{OR = A+ 1€P)} el an) =0, 4oy >0,
C(E.0) - O (£.0) = [l o).
(One)E ) (One_)(E,0) = 0.

Solving this system

and setting B = /A

+(1/2) (£, 0)eFBen (ry > 0). which implies that

as ordinary differential equations with respect to xy
AZfor Ae %, and A = [€']. we obtain ¢ (¢, 2y) =

Yy = g":‘(_g' ,J"\"} o3 b= gi;(.ﬁ’ (ﬁ{ ¥y ! {fj) (’;ﬁ;.l‘ﬁ\‘ > UI ini}:)

solves the problem (3.1 1}). Hence, v = 4, XRY + U XR~.

Step 2: Construction of R-bounded solution operator families.

Sinee V(p+¢) = V{g)+ V{e), we consider Vig), V{1) one by one. First. we

construct a R-bounded solution operator family for V{p). By (3.6). (3.10),
. £ < & FIFle) >
H;MF*[L 2L bt

&

gu_} =: V(AL

By [14. Lemma 3.1, Theoren 3.3], we have, for [ = 0.1,

VI(\) € Hol (£, L(Lo(RY)N WEHRN)YY),

3 \

R&LMR"‘)-\',L@-dt“§'{l<{(/\‘£{{) (BaVI)) :ae \“}) =N
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Next, we consider 1 v). By (3.6), we have, for F=1.. ,N~=1,

— X ~ 1 20 (,1‘(12\' U N )
Vi(v) = - / e yw) (= / —déx)dyx.  (3.13)
o o o1
&

E ./;x
where Vi(¢) = V(o) (¢

£, rn ). Since it holds, by the residue theorem, that

& g P E a
1 TN " P -

. e € = —sign(s

D cl2 A gna, 53

i 2

Ha o =pa )

S— dé’_\‘) dyxn .

ilx

-

for @ € R\ {0}, we insert these formulas into {3.13) in ord

. TR
; . i 4 g

v et . S N —gacld T
Vile)E an) = -2 / e loN —uniA e

er to obtain

OlE yn Y dyy,
=Xy

N A Ty of
PR yn )y

le Nyl 1
=l iy J) o Buy dy 5

paiAg
s 1A — Fgae ]
- sign{uy + ya)e N ";\t Bya dyn i (+7)
-

By direct caleulations. we have

Lemma 3.6. Let 0 < -

(AeZ. a>0).

Then it holds that, for Ty > 0,
e ; - (4 B 2A )
/ (r -l _ o -lextunl, )e” P dyy = F e M4 LN ),
* h

¥
/'\
Sy

B+ A

( sign(ey — ya)e NIV _ gign(ay + gy e lon “’*"“?“) e~Buw g

YN
24

W F By
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This lemma yields that, for 2y > 0 and FECR e N —1,
Iy 17 A !6 x‘ {
it j(sﬁ}j{,r/,.a‘ ) 1};, ~--—~W-~'j—~) AM (L }gjr l\ﬂ,xjji,r").

ﬂ.x{(;(.r} r

BN 0 1 ).

where we have used the fd(t rhar LB+ A)=(1/B) - A/{B(B + A)}. By
[28, Lemmas 4.6, 4.8, 5.1, 5.2, 5. 3], there exist

V (A} € Hol ,C(L,,{R“ NN WHRMY) (I =1,...,; V)
such that V(1) = V (A)(Vh, A'Y2h) aud that. for I = 0. 1.

) o\ . ) B
PUR“R({(\R) (Vi) :res}) <4
Recalling Remark 2.3 (1), we set, for (Hs, Hy) € !,,(Rx V¥ L,,,(R‘ A

VAN Uy Hs) = (Vi) (Ha, Hy)....\V y (A (Hy. Hy)) T

Then, VINH = V() H| + V2(\)(Ha. Hy). H = = (Hy, Ha Ha) € Y o(RY),
satisfies (3.9). Moreover, for (£, h) YR .4 (RY), vV {g) = V{A)(f.Vh, \"/?h)
with the solution g of (3.8). "

We here set S;(\H = V(MH + T;(\) (H,, RAVINH, Hy, Hy) for H =
(Hy. Hy, H3) € Vi "H\‘ Then, Lemma 3.4 and Proposition 3.5, together
with Pw;m»xt:(m i shows that §;(A) is the required operator in Theorem
3.1 This completes the proof of Theorem 3.1 ]

f. REDUCED STOKES RESOLVENT FQL@Q’H()‘(‘\ ON A BENT SPACE

y

Let & : RY — R be a bijection of ¢! das\ and let @ ! be its inverse
map, where s«n}wnprx oy denote their variables, here and subsequently.
Writing {Vﬁf’}{,r} = A + B{(z) and { (Ve Bd(2)) = A 1+ B (r), we

asswme that A and A | are orthonormal matrices mth constant coeflicients

and det A = detA.; = 1, and also asswme that B(r) and B_ () are
matrices of fune rmus in WHRYN) with N < r < ¢ such that
IB.Boi)ll,. ¥y € M, [[V.(B,B. He.r¥y € Ma. {(4.1)

We will cémmt Ay small enough eventually, so timt we may assume that
0< My €£1< M in the following.
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Remark 4.1. Since » = & E{‘MJ?}). we have [ = (Vy@“‘}{i?,?({)j. This
implies that (V, ¢ 1)1 = (Vilj.ie. (A {+B 1{2)) " = A + B{x).

Set 2, = GRY) and I' = ‘ﬁ{R{;"’)A and let 1 = n{y) be the unit normal
vector on I, which points from Q. to Q. In addition. setting &' =
(@i oo s $ )7 we see that T s represented by & s (g1 = 0. Thus.

qu’»v LN (A ¢+ B—u%ii'ﬁTQU

n{Pir)) = - = | (4.2}
o Wyl i n] AL+ B_ (r))Tng -
with ng = (0,....0, -1, where we have set A | = {;LJ} and B..y(x) =

(Bi;(x)). In particular. i is defined on RY by (4.2). Since }::\.‘_!{A;\:; *v
. SN e L L9 .

Byi(e))? = 1+ Z_’;Mi'.%‘i‘\'llf‘\féﬁz'j + Bai{r)?) by the fact that A ;s a
orthonormal matrix. we sce by (4.1) and (4.2} that {;v_,,ﬁgg;“,{m;_ < COniy.

Let jigx = ji4(y) be viscosity coefficients defined on RY and satisfy
I N 3 ; y o
et Sia(p) £ span (ye RY), (4.3}

e () = pagl < My (yeRM). IV it ii,ﬂ_fﬂx} g

where pag are some constants with He1 = fteo £ prea, respectively, for the
Sane constants fy, (0 as in Theorem 1.6. In addition. we sot

My) = s lydxa. )+ (y)xa. @), Ay) = paxag (4) + poxa_(y) (4.4)

for positive constants pi. and also set i () = Jig {%{;ﬁ) ple) = p(ea)),

ple) = p(®lrl). and pug(r) = 1ol () for figly) = i n\«?;, () + poxo. (n).
It then holds that

p=pla)=p, VR () + poxpy (), (4.5)

fa = pple) = feoxg (o) + Hooxgyr).

) =, (.r}\"Rf{,r} +p ,(,1"}“{,\‘~ (&),

) —pol < My (r e RY), IVertlly, pxy < Cr
~In this section, we consider the two-phase reduced Stokes equation in
£ = Q. U with an interface condition:

i -5 DivT(a K(i)) =f im0,

[T(h K(a)al = (4.6)
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Here, T (u fx; )} = pD{n) — ]\;(ubi anel Ix;m} is o anigue solution to the
following weak problem:

(5 ~'VK(8), V)4 = (57 Div(iD(@)) = Vdiv i, Ve (4.7)

n o> -Idival oo I (4.8)

forall S & i ',iR\ We then have the following theoren:.

Theorem 4.2. LetO0 <z <n/2. 1<g< oo, N <1< oo, and max{g. ¢’} <
rowith ¢ = gf{q — 1). "mppm( that (4.1}, ii}, and (4.4} hold.  Let
Zr(G) and 25 (G), with an open set G of RN, be defined as ZrG) =
L,,(m Vox W ‘(m‘-’ and Zg (G) = {(H).. .., Hy): Hy Hy € L(G)Y . Hy €
Lo(GH™ H, el (:; Y, vespectively, while =2V min{psy. pes). Then
there exist O < Ux < min{l, 51 @ > L oand an npﬂvsz family §,\f\3 €

Hol (3. A, L k;‘ ql (), ﬂ (YY) such ihat, for any A € X, A end (f.h) €
.ﬁ-";::,,?(i- U= S;(z\}Hm}‘ f h) is @ unique solution to (4.6}, and furthermore,

,RuEﬂﬁnmm_‘5({(/\ﬁ}’mﬁf,q,\}; IAE€To}) <m (1Y)

Jor U= 0.1 with some positive constant ~o. Here and su!ssrqmnlig N =
N 3@\' N, Byn = (V2u, A2V, Au) and Hy ,(f.h) @\*hﬂ,\‘ 2h.h):
My is a constant depen mg onN iR, £, pr, 1ead, pah; ,\(, is a constant de-
pending on Ms, N, P )y Jeani Yo s a generic constant depending
on My, Mg, Nogoroeopa. ey, Jiis.

The reaining part of this section is gainly devoted to the proof of The-
orem 4.2, We rewrite the problem (4.6) as follows:

Au- 5 ' EDID) £ 5V - 5 D@)V = £ mg
[(AD@) - H} =[] enl.  (4.10)

[E=0 on I,

4

with § = ];r;{ii;. %_\' the change of variable: y = &) we transform the
problem (4.10} to some problem on RY for ule) = aly) and 6(z) = é(y).
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By direct calenlations, we see that v = A puand 7 satisfy

1 1
j,\ ~ =~ DivT(v.0) - L DivD(v) + L F(v) + 1piup -

(V) + -P'VO=f in RV,
fl f/ (,7
[Tiv. O)ng] + [{p - #o)D(ving] + [F2(ving] = [h] on R,
vl=0 onRy.
{4.11}
with T{v.#) = 15D(v) — #1. and also
(071V0, V)an + (o' P2V8, Ve)an (4.12)

o (/:"i Div{pgD{v}) - Vdivv + p”l{/i ~ i} Div Di{v)
p L FY ) 4 FAv) + .?{{V}AV;X)RA_ for any € w ,gR Ny
6] =< i/t.nD(v;n“i%. ng >

(4.13)
£ <[ = po)D(vingl.ng > +[F(v)] on R
Here. we have sot fo A I?‘:’(k h = {A +B_ ;;} u“ (A B,.i.l }}’Iiiu{j)
Iviy + &t Vv) + (TH Ty Wu,

FAv) = pR?*Uv, Fi(v) = RViy + S20v,
FHv) =R (p ' uDivD(v) = Vdivv — p 1 Fl(
F(v) = pyRPVv + ROy,

]‘qjivi ‘,zf

v) + Fi(v)),

and the coefficients Pt RI. 8 T (j = 1.9 5

7‘?{?’&7{:’“}2!;@ myy <Oy My, (VPR S
T YT ¥yt r vy < C ,\-M_;.
From now on. we solve { (4.11}, (4.12). and (4.1 3).

Let #; = f(;(v) given
by the »,uhmm: to (3.2)-(3.3) with y = . Setting

0= Ky(vi+ fiv) in
{4.12)-(4.13), we have the weak problem for s = fy(v} as !u[kmx

(p7'V02, Volpn + (p° PV Vo)pn = (07 (1 ~ o) Div D(v)

PIFNY) + Fiv) + FYY) = p 1PV K (v), V) gn

< f(p — Ho)D{vingl.ng > +[F(v)] on Rz{,\,
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for any ¢ € ‘H':;{R*\‘)k Substituting § = K;(v) + fa(v}) in (4.11), we have
A= p  DvT(v. Ki(v) + U (v) =f  inRY,
] onRy. {(4.15)

ffvf; =2 Ol RS .

[Tiv. Ki{v)ng] + %{il'ﬁ(v}ng% = {h

where we have set
U'(v) = —p (1 = o) DivD(v) + p LF N (v)
P PR (V) 4 p 7 (1 P V()
U v) = Fiv)y - {< (g 110)D(v)no. ng > -f-v,,r"'(v)}l,

At this point, we introduce a result about the nnique solvablity of the
weak problen: for all £ € H'jyfﬁ'\ ¥

(p7 190, Vo)an + (p7 PPV, Velpy = (£, Vo)an, (4.16)
6] =gl onRy. (4.17)

Lemma 4.3. Let 1 < g < . Then there exist a constant Ay o€ {001) and
an operator W € C(‘L”{R‘\"}‘\' * H',;(}:{.'\A}.“’,}{R,'\'} B {fi.}'éR‘\“ 1} such that,
for any f € LQ(R"\ Woand g € H;{R"\ y, 8 = W(f. g} is a unique solution to
(4.16}-(4.17). which possesses the estimate: el LmNy S Cugllif §f~a<f3“"

‘Eff}ﬂ”nm‘x;} with a positive constant Cn 4 independent of M.

Proof. Since the weak problem (3.2)-(3.3} is uniguely solvable, we cau prove
Lemma 4.3 by the small perturbation method. so that we may omit the
detailed proof. L

By Lemma 4.3. we have fa(v) = W(f.g) with
£ = o~ (ju— po) DivD(v) — p L F (v) + F{v) + FYv) = p PPV K (v},
g =< [,’I - [}1)}]3(\'}111;.11{; > “1"}1{‘{"?

Next, we solve the problem (4.15) by using Theorem 3.1 Substituting
v = §{A1Gra(f h) in (4.15) yields that

AV — o IDivT(v, Kp(v)) = £ = U (S(A)Gra(f. h}) in R,
gT(v, ]\"[(v},,\ﬂu% = th~ f.(g{SI{)\)(;;;,\“if. h}'?nnﬁ on RQ} (4.18}

on Ry .
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Let VI{ANE. h) = UHS NG ) for i = 1.2, and set V(A h) =
(VHAN(E ). VE(A)(f. h)) and

Y3 ,BRY) = {(f.Vh, AV2h) s (£, h) € YR (RY)} (A #0).

Then. for each A # 0. oy (f. h) = G (F h) s a bijection from Y;g.(f,.(ﬁ’\-}
onto }",%_‘,’,(Rr\'}‘ If there is the inverse operator of (I — ;,\V{f\3v5,§j}~ then
v = 81 (MCraei I ~ @aV(V)ey ') ealf, h) solves (4.15) since oy (7 -
?A,Via\}f:;i}”‘f,:; = (F - V(A}) -1 In what follows, we show the invertibility
above and the R-boundedness of the inverse operator. To this end. we
estimate the remainder terms on the right-hand sides of 4.18). We combine
Proposition 2.6 for O = RBRY with (4.14) in order to obtain

NF )y < WA+ IV oy + Yot 9V vy (419)

0 Ed ol . & e MLV, e
IF () 0wy € MUV

Nys
INF L mys = valMy + o}

IPAO R )y

9 i N
V“V’ELQI,R-"; T YoMy aév"gbﬁﬂg,x )2

¢, € MUV gy

for i = 1,3,4, j = 2,5, k = 1,2. Here, and subsequently, 73 is a generic
(fl',}ﬂh’(lgt depending, at most, on N, ¢ T\ pa. Py Jlads a2 fli2. and .2t
.M, 1B 4 generic coustant depending, at most, on My, 7. N ar po. ps
Pls fhao. fraz, aud jro. In addition, by Lemma 4.3, (4.19}, aud (4.5},
together with Proposition 2.6

I+ PO, gy < w0+ o)V

(85 T Yo Mall VIl L, vy
{4.20}

We define operators VI{(A). i = 1.2, as VIMH = U{S(AH]) for H =
(Hy. Hy. Hy) € Yrg(RY). Then. we have V'(f, h) = Vi{A)Gralf h) and
have, by Proposition 2.5, (119}, {(4.20). and Theorem 3.1,

i 7 A -
Rfi}'ﬁ’,.;iﬁ:‘ YLy (RS '.)({ ((\(?5\> ViA e }’E‘;&U})

= T (".‘I&{}'{) T ’7;‘ Ea “—'«?u\h/\n ) s

C JURP | (\;\)! (VV2.AEVEN) A € Ere))

<M (“::;i.ﬁﬁ + )+ Yo MaRo )
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for | = 0.1 and for any Ag > 0 (¢f. 126, pp. 345-346] for more details). Thus,
setting VIMH = (VHAH. V2(VH) for H € }’R(e,{ﬁ'\‘} furnishes that

VAIE. h) = V(A)Gralf.h) € Yr4(RY) for (£.h) € Yro (RY). (421

Ry ‘im\.,.:({(.x%)"f(:»nﬁ\vz,\;) :AEEon))

< (M +0) +Teanry ) (1=0.1).

If we choose o and M, so small that e 1 /8 and vyyaMy £ 1/8 and if

12 s
we choose Ag > 1 so large that yoandy S /4 then we have, by {4.21),

R g .,;,({(A:%){{(;'p”\\/(,\i} tA€ L)) < ; (1=0.1). (4.22)

Since it holds, by (4.21) and (4.22), that
TeaV(Ney (. VR A )y, vy = IGRrAVONUE D)y myy

TV i ¥ v I ,i Y
e i%(rfg_,x\:’t‘)s:}(,;;‘v\LfA h}i;}‘.ﬁ‘.q(fi'\ y < Ei(f‘ YVh. ,\iv hit%)‘R,ﬂ(ﬁ;\“}'

there exists the inverse mapping (1 = @axV(A)@y hi-lg ﬁ(}}‘%_q{\R‘\‘)) for any
e S, Inaddition, ({ — (}"Q,\{;\j\f{/\)}” = X;niﬁﬁﬁv{k}v exists by
{4.22) and satisfies the estimate: for f =01,

/ {f f‘ . X . )
Ry, (RY *({(\JQ (I - GraV{N) " :Ae ‘x(}) < 2. (4.23)

If we set v = S;[’;\}({;g“\h;/x;([ = T"_xl}(l,%{,\t}“i.,f-,\{f. hy. then v is a solu
tion to (115} as mentioned above. Noting that ;AV(A},:A’(:‘R,;_{f.m =
Gra VNG a(f h) by (1.21). we see that

Groagi U = exV(Ney ) oaf. h)
=¥ (eaVWe; ) Gralf.h) = (I = GraV() ' Gralf.h).
jumld

Set Sy(N) = S;(B( — GraVI(A) ioand then v = Sp{A)Gralf.h) is &
solution to (4.15) for any A € X 5, and (£.h) € ng,q{R“ ). Purthermore, by
(4.23) and Theorem 3.1, we have

Si(\) € Hol (Sexy. LOVR,(RY ). WHRY ¥#3), (4.24)

Ru‘}:g ,,%ﬁ:ﬂ‘yi‘f«;iﬁ‘\ }\"5({ ('\;g{)? {1{)\5“/\” T A

m
[\I
]
£
o
A
\
3
X
—
|
el
o




Gy MARVANT AND HIROKAZU SAITO

The uniqueness of solutions to (4.15) can be proved in the same manner
as in [26. Section 4.

Setting @i = AT, vo@~! = [AT,SH{AGralf. B)jo® !and noting AT, =
(A.y) 1 wesee that 1 is a uniqm* solution to {4.6). Recall that f = A fod
and h = [(A_; + Bz )y Fagl{A_y + B_y(2)) Th o &, and set E{x) =
HA .+ B )y nol(A + Bla 7 in view of Remark 4.1. Observing that

®IVP. Er)(A?h) x}

G (£ h) = (A fod. (VE(x))hod+E()[(Vh)
we define. for H = (Hy. Hy. Hy, Hyy € (iﬁih an operator §/f.}x} by

S/(A\H = EAIIS; V(A Hio®,

(VE(x }‘*H;»Mbwﬂh}”b o PIVE . E(r)Hzo @) od

eiiionsnd

Then. S;(A) satisfies 4;4 9) by (4.24) and Prop ition 2.6 with o = 1, and
also u = Sg(‘,\)H;:g_A%f.h} solves (4.6) uniquely. This completes the proof of
Theorem 4.2
A PROOF OF THEOREM 2.2

As was discussed in Subsection 2.3, our main result Theorem 1.6 follows

from Theorem 2.2, so that we prove Theorem 2.2 in this section.
. Some preparations for Hm prnof' of Theorem 2.2. First. we state

meml properties of nniform WEHT domain {ef. [14, T’inpu«.n‘scm 6.1], [17

Proposition 5.1, Let N < r < and let €1i be uniform W2 YT domains
in RY. Let M, Hu m:mbr/ gqiven in Gection 4. Then there exist constants

My >0, 0<d <1 (= 1, ﬂ at most mumexbhj many N-vectors of
fz.lmm}m o € u, {R\ﬁ‘ ieN,i=123).cel del,, ajel.,
.zj €Oy, mm 5 e Q_ such f:’wi ffer following assertions hold:

{1y The maps: H"\ e Bhr) € c RV (j € N.i=1,2.3) are bijective such
that V&', = A} + Bi(x) and V()71 = Aj_, B! _,(x), where Aj,
A';A L are ;\‘ % ,\‘ mmz‘rmi m‘i;‘mmn‘mn? matrices and B ). BJ L)

are N ¢ N matrices of W) (RY) functions w iw h satisfy ?hr conditions:
}{B B! Micmy) < M, (m(l HV( B’ B: ) W my) S M.

(2} @ = JU 1.2 5U (b {H HB,;A! )} {U i ,U” B(;, a j!} with

o= RV, 1 = RTV and H? = RY. where ®(RY) 0 Bylay) =

N B(!n{.i“i;'} =12 fl’jihR‘i‘}f"‘a Bd.(.r,,} = 2. f ,fjd i,xj, {é = 1,3}
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Bp(x}) € Q4, Basla 1) Qo and PLURY) N By(ah) = I N Ba(x)

(i = L..mi‘ H"‘H‘ mm’ subsequently, we set T' = T, ? =Ty, and
[ =" for the notational convenience.

{3) T}u'n; exist O functions g} mm’ &G (i = ; P 3 j & N‘gm(/i that
S \,}5‘! VZ(RY) < <1, supp(;. mpm. c Ej’,;,w i G =
on aupp‘,‘ 2 i 1 on 0, (mr!\ ¢ =1onl! {:f'“”

1.2.3). Here. cp ts @ pu.we‘ﬂ'{* constant lgt‘{}e“iiifl!#(; on ‘.Ugh N. andr, bul
e pe‘xufm! of j € N. '
(1) There cxists a natural puutber L > 2 2 such that any L + 1 distinct sets of
{Bai () jeN} have an empty intersection.

Sinee poe () is uniformly continnous in RY as was assumed in the as-
swmption (¢}, lemnw 4t = 0 smaller, if necessary, allows us to assume i}mt

e{x) ~ st - My for any o € By(ah) with £ = Focass Hand j €

Mareover. after chuu‘«mp My and d rucmdmu to Jf; in Proposition 5.1, we

choose Ms again so large that [V Iy (B2 < My Herve, and in the fol-
: Ll B

lowing. constants denoted by € are inde pvmlvm u{ JEN. In view of (4.2).
we may assime that unit noral veetors nj te I’; = @i (R ) = 1,23,

j € N are defined on RN together with |n mvy = L z‘md also they

Jithed
satisfv, by f’mpmii‘ifm 5.1 (1). the conditions: Vil m~) = ("M, Note
that n = n! on By {a] 1y and points from 24 to 1. and besides, the unit
ontwi mi ummai n. m I satisfy n, = n? on By (s rf)nl; and 0. = n’ on
Bysla]) 1L respectively,

Sumuming up the above properties, we suppose in this section that

a1 S ala)) <

My (x € Bglah). (1)

T‘ t‘if,an,,w»

Let B‘ = By(] Ly with 1 = Loy oy 5 and j € N for short. Then, by the
finite mtm-«m tion property stated in Proposition 5.1 (4), we see that, ‘m‘ any
s € [1,2c). there is a positive constant O, such that, for any [ € Li(G)
with an open set (¢ of RY andfori=1,.... B

7 ::_.‘ 1/s
(S Wl anmy) S Coallfliaer (5.2)

i=1

Next. we prepare two lemmas used to construct parametrixes, The second
one follows from Lemma 5.2 below and (5.2).
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Lemma 5.2. LL? X’ be @ Banach space and X7 its dual V;mw while || - Ix.

e iixes and < > be the norm of X, the norm u;‘ X, and the duality
pairing ?Mu*un r)f "i and X*. respectively. Letn € N. I = 1.....n. and
{a}, © C. and let {j } X, be sequences in X aind {r;j T ih }’_3 b

sequences of positive numix rs. Assume that there exist maps N X =
[0.2¢) such that

ki
L floe > 1 € MagNGlw) U =1,....m), §\§ :a,,;_ij,;/% < MshiNj(#),

Jor any o € X w ith saim positive constant My independent ufg & N mm’

l=1,....n. If 357 = ¥ < 0o, L (D o msa’}_, e <
(Mallollx ¥ owith 1 < g < x umf q = q/{q — 1) for a positive mnﬂ‘mzf M.
then the m}‘)mir sur f’ = a..«f"! j crists in fhe strong topology of X* and
g e " 8 1/a
1/ e < Mady Z (4)") u,ff?x fg_u:;_&jlf Z )
pe o - ’ ; ,
Proof. Let k), = 35", [}. We see that {Fllzsal amh» sequence in

X7, which m}p jes the existence of f. Then the estimates hold clearly. O

Lemma 5.3, Lel 1 < g < 2. fj’ = g/{q— 1}, i 5. and m & Ny.
Let {£;155, be o sequence of W(S2) and let {r} }" be sequences of Bsitive
numbers forl=0.1....m. Assume that 3 ?,_1((}1 ¥ < oc and (V' fj, g,f}u
.\I,.-,g;;%,,—%% L) Jor any ¢ € L,f{ﬁ} with some ;nmiws constant My um’.h
pendent of j € N and { = 0,1....m. Then. [ Y‘;‘
strong topology of H‘;;”(,Q) arnd ﬁvlfﬂ[ﬂm} < CoqrMs {\ * (9] Lynylie with
some positive constant Cy 1,

fi exists in the

5.2. Local solutions. In view mf" (;'a.l') we define local viscosity coeffi-
cients v (a0} by v ) = (jelz y f‘f(,zl ; ;4‘{1 ). Note that
M < (U/2ymin{papo1 p ﬂ;g,;zv,,g} as was stated in me(‘m 4.2, Then.
using (5.1) and setting gl = s (). we have

I P

=l = vy {a) &

Wi jla) — plejl S My (w € RY). (5.3)

1V ) € Catars

with preg < ply; < jreo. The condition {5.3) implies that U;i{r) satisfy (4.3).
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Set HY = @] iR\ HE = H,uHL; (Hy = »(RY)). HI = ¥HR]),
#! = PHRI), Hj = w = R‘ Il = fb Ru} [ = P2 (R{}) and T =
& tf{“ y in what tuhmx» Let us d(*mw u” ) and [; ; as follows: r:’{ -

ﬂ(. ?\h (z)+ vl @) {1, uui'-;z ey (= 2.4). (mmu {x)

(i = B8 p {x} = ps \Hiii.z} o \3.‘.,{‘ i [;J;\.I) = py (i = 2,4), pix) =
po (i = .3‘ 5). We then see that. fori=1,....5.j€ N, and x € suppg

I/}(,l'} = plx) = pa{r)xo, (@) + A rxa.xh (5.4)
pi(x) = pla) = pexa, () + p-X0. (@),

becanse ¢¢ = 1 on sapp t. Moreover, we set Tilad) = pir)Dia) — 01
S PP 5, J / j

Let (f, h k)< -‘(-rg_q{i’éjz. We consider the following problems:

b = (ph) ! Div T (u). K (1)) = Cf inH.

ETI;u I\ (u )n‘ = (:,lh on I"j

4
(%3]
—

gu:* =1 on I},

and furtherniore,

o

Div T (u fs m
EW.4 2 2 % .
”I]{uj‘ E\J (uj })uj

2 . g 8
Auj — in H7. (5.6}

on | 31

/\u_‘; gp;‘ ! Div Tffu: lx'f(fx.l;?}} : in Hj (5.7}
u;‘ = 0 on 1;‘
Al - (ph) ! Div T} (u], K3 in Hj, (5.8)
Al = () ' Div T 12, K ( in H?. (5.9)
Here, Ix u BT N 5. j € N) are given as follows: For u’ € H'?("H}}N

f\ fu” = H X{H!» + ‘;1 ' H“ denotes the solution to the 'ﬁmk problen:
PP TS P D RO &
{{p;) m\,{u};.v,,;n: (H.10)
= - ]
= ((p}) ! Div(¥}D(u})) - Vdivu}, Velyy forall g € Whm))

S TR ES TN S v, 11 1w Eds axil Al L
[K}(u))] =< [v;D{uj)n; 1. n; > fdiva;] on T (5.11)
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;{n ( O STU e ) H‘\ k'(“ ﬂ & W ') Hf}'\A I{f{\u’;’) <

(H ) solves the weak puﬁ)k*m for all p €1 (;} ”{JH‘J)

with |V

YTy, K’"'
WEHH2) + 1

R

iﬂg,nf}' ’VZ\';LHV V) H = w ! Div{ u Dm 1) V(li\'u;.‘?;}w
fx;mf) = al}thi)}{;’. nj > —div u? on F2

e W, (H* ¥ e 3

\\e }x!i(}\\ thm dm fui%(m ing properties hold for ("’ 5)-(5.9)%: There exist a

positive constant Ay = 1 and Sj_, } & Hol (B; a,: £( ;(’ } H"‘{H’ V)Y with

ZiH) = Zrg(H)) (i=12) Zi(H)) = Li(H)" (=3.4.5).

such that, for any A € ..

= 8} MHPAQEQWI u
‘-3 f,\}t( £} {(i=3,4.5).

C

= S3 N Hr A, K), (5.12)

. N

]
1
N
.(

are unique solutions to (5.5)-(5.9). respectively, where Zr and Hpoa are
given in Theorem 4.2, In addition, forl=10,1,
ﬂ&)ﬁay (5.13)

Ruz;{e,&z;;,z,qwi;;»\;(!( ;2) ("\S ) A€

with some positive constant 7y depending on Ag, but independent of ¢ =
. 5and j € N. Since the 'R boundedness implies the usual boundedness,
we have, by (5.12) and (5.13) with I =0,

Rl ey S (I(E VAR, (5.14)

i 24 <N i
H2au; 1!1,{?5(}{7'; = ;'égfﬁfzh“;(’g‘

FThe 2A), STHA) below
follows imm ﬂsw\tvm lu and ‘_3E> Theorem 11 ilu‘un 11y i»i respectively. In addition.
concerning SHA) 8T(A), we can constracet such R-bounded solution operator families with
variable viscosities in R under the same condition as (4.3) by using Theorem 3.1 similarly
10 Section 4.




TWO-PHASE STOKES RESOLVENT FOQUATIONS a8

. e X o iy 172 e a3 /2
for anv X € . \,. noting A2 < Ay

. Construction of parametrices. For (f. h ke X qiil'; weo constder

31, By I!‘nmm 5.3, together with

(5.2). (5.14}. we see that the infinite sum \ 2y, ;*3 “7“ exists in the strong

21( two-phase reduced Stokes equations (2

tr;pn]r);z;y of W, J 2(( N so that let us dviuw u hf.
‘) 2 ¢ u in B 'j{_!?}'\‘
i i

Then, by (.4}, n= nj on_supp g? Al and ng = nf on supp &.,'; )

Au—p ' DivT{u K{ul) = £ - UM k) in €,
IT(u. K{u)in] — N R K)] on T
= - i{[ =0 on I

Tu K(n)n, = k-~ U (A hok) ant

u=1=u on 1.

where we have set

UHANE B, k) =V (A)(E b k) + PN R K (i=0.1,2), (5.15)

X

VOOE DK =D Y () ‘{cj Div(rD(u})}) - D;\»gugnig;ugn}.

VAL b k) = . g;;/;Dgug}n; }‘ (== 1,2);

i

POONE B K) ii(‘;{"j} {‘Cls rgs u V?\ 1 }
i=1 j=1

20
PN k) ":'Z{a;ix?m m, — fu\ u) n } {i=1,2)
1

J

Here, we have used the fact that

VA(u) = LZ‘K K{Gu;) i Ll (ot
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i
% i
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=
S U A T g ri=Yigrpi fis B3
K{u) = K{(¢uj) mﬂa "'y (= 14L12)
je=l

4

{ef. [26. Subsection 5.3] for more details). Now, it holds that, by (5.12)

u= Y cisi (TR + A" 2w (A 2h). N ?h), (h)
F=1
L S
+35 ST (L‘,ff’.{_}’{‘?k} + ATT2OE A G k), ¢ }
£y s (§)
i=d jerl
so that we set, for” H = (Hi..... Hz) € Xr4(Q).
5.16)

SYNH = SHA (G Hi G Hz + A ‘v’s*c"f‘w-@)rzafﬁz;i}, (5.
SHAH = 8j 2O HL G Hs + A7 12(¢%)He, G} Ho. G Hr),
SiH = sA,(,\)g;jzm (i = 3.4.5).

It then is clear that u = 3/ Zf_,)gf (M Fralf bk} By {5.13) with

Definition 1.2, we have

1
| il‘i & o
/ M ) Ry (GSJOVHD | o du < /k

40 i=1

n
e ) iy
i‘E ri{u)H | ) du.
il Hag (B

b=} & i

(5.17)

for any n € N. {NBL, © B and {Hi 1L, © Argl (€1). The inequality
{(5.17) w nh n = 1. together with Lemma 5. 3 \whis \tkml the infinite sum
Y gl ﬁ”/\lfi l’\l\i\ in the strong tnpuhw\. of W, '“(U} Cso that let us define

2 ik
T{f{\)ﬂJ “) =1G5¢ SiA yH fori=1,....5 In mld:t)ml by Lemma 5.2,
7 L] ‘:, i i e
?Zu;h z r(\dﬂ;}i ;Li’}Za;fm\ ( S.;(A,gﬁ{g):é] .
l=1 =l d=1 A\
fok & = Lo 5 and for any n € N, {a}, C C, {ML C e and

{Hg’” c «’C";gﬁ,(.{fi}. The last inequality, combined wit b (5.2) aud (5.17)

'\\ was mentioned in Remark 2.3 (1), the symbols Hy, Ha, Hs. Ha. Hs, Hy. and Hs
are variables corresponding to £, Vh, A b, Tk AVPKk, and k. respectively.
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furnishes that, by the monotone Convergenee theorem,

I

b, . a1

Hs o A 14 ) e 1y

[ t é rilu) Ry, TN . du < vy ‘} f'g{c:)H/h o ’dez,
L : ,.,',.SV; Ja 155 AR ,,.%.‘,!;

which implies that® T'(A) € Hol (X. . L(Xr (). W2H)Y)) and
..R'f,{.i‘v-z,z:ié!‘m‘,,q‘.{-!‘:;“"ﬁ ({RT'A) : A€ Zeao}) € 70
for i = 1.....5. Analogously, we see that {{/ ;A%X’;{'i?lx'f"(,\}) TAE Bt i

R-bounded on L{Xr.q(2). Lo($)7Y). Thus, setting S(VH = Y, T{NH
vields that, by Proposition 2.4

S(A) € uut{_};,,,\,ymxnﬂ.gg’z;.u;fu‘z)-“';y u = S(A) Fralf.h k), (5.18)

Rpix {‘~}1“,4{E‘E}A\;}({(A%}]([{’ASL\‘)):AE; Tean) Sm (=0,

(AR {8 Ly

5.4, Estimates of the remainder terms uinif. hkj. In this subsec-
tion. we prove the following lemina.

Lemma 5.4, Let Mg and =~y be the same numbers as in (5.13). Let U (A}
Vi(A). and P (2= 0. 1.2) be the operators defined in (5.15) and set

LU B k) = VIO(E. B k) + P h.K),
VIV(E b k) = (VM h. k). V(A k) VP UK
PN LK) = (‘}?’“{,\}{f.l'z.k‘).’f?‘{}\}{ﬂhk).‘?""(,\}{fth,k}).
Then. there is U(A) € Hol (Ze,- L(XR.q(Q)) such that
UNE k) = U\ Fra(fh k) for (f.hK) € Xr.(2).

R i ({ () Fral) 13 € B })

- ‘ . 1/2
< 2402+ Yo 01 ¥ VYA ) =01,

for any ay.o9 = 0 and for any Ay 2 Aa- Here. and subsequently, vo.. Vou
are positive constants depending on oy, 72 respectively.

Proof. We can treat V'{)) in the same manner s in [26. Subsection 5.4].
<o that we here only consider P'(A}. Let Div(pD{pu)) — o Div{uD{u}) =

4Holomorphic property can be proved in the same manner as in (26, Proposition 5.3

(i),

B
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Cy(jt, 9)Vu + Colje w)u for any scalar functions jt. & and for any N-vector

function u. wiere mﬁ)mw ot
i

Colp. == N0l = Vot < Vi, Vg =it ;:”T' Sju (A

Cyp. o)V = p {DM)Ve + (V) divu + (VuiVe}

Analogously, let D{2u u) ~ pD{u) = - D(Vju. div(pu) =~
Fach term of P 1\\{f h. k) is rewritten as follows:

- pdivua = (Vi

(/) {Tlug u - ‘{"I\ s:u 1}
= (o)) 'V (K V‘Qur} ~ Kby + (o)™ (G (uy)-

We start with inequalities of Poine mt type with an uniform constant, which
ave proved similar v to the proof of [25, Lemma 3.4, Lemma 3.5}

Lemma 5.5, Lef L <tg <2 Then there exists a constant ¢y > 0. indepen-

dent of j € N, such that

- i /T Al e WHHY

fle — el hwy onsly = ¢ igvy‘i;q — Jor any ¢ €1 (‘,(Hv}).
M . e ol AARRL

lr »—s';{;' < eyfiVYil L ansh) for any v € M'q{k(_l).

Jor any v € H'ii(i

ALganB?)
< eIVl conmy for any ¢ € Mv’q (M), i=3.45
Here, ct{g) and (v} (i = 1.3.4.5) are suitable constants depending on
3 ' ;
and 1. respectively.

To handle (¢ ¥y {Tg MY \u Cwe use the following lenna.

Lemma 5.6. Let 1 < g <, Then there exists a constant c3. independent

of j € N. such that

5 -1y Ju y
%I\ ( r&;uj'}{,. B y 5 ('2( T\li[ &H” G ZETUH‘HQH (T uii ;‘\H.J (’S.ESH

S R TU "
4 ?ivmifﬂgt}i"_ ;}T ui‘{w o )

} 1

}.'e

A uroll ; 2 wl/a
(2(9?"]5”“6,;;{3;1'& Tvz N T Vi fth;,}).

};I&‘:;ivfi%i{,ﬁ.s%;;[;z

for anyn € Wy 2 H& and for any v €W, (H

where &' are ;mh:}ls defined by &' =1 (i =2.3) and Gt = i) {z = 4. 5).

IV {f e 2., 8) respectively.
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Remark 5.7. Applying Young's inequality to (5.19}, we have

e i - 1572444 Lo Tl 3 s 3
Ky, sy < aliV “3!,,,(&;:. + %o, IVl L 260 {i==1;. 0B,
(5.20)

for any o > 0 and for any u € W2 '}-{"{)'\’A
Proof of Lemma 5.6. We here show the case” K if\u}. i the following, €
stands for generic constants independent of j € N, and recall that 7{‘; =
oI (RY) = RV, Ml = HL UHL; (], = ®!(RY)). and T} = ®}(RF).

Let n; € ";‘(”}»{‘; N Hj} in such a way that \{15% g, dar = Landn; 2 0. Fix

u € H«'f(‘?—[}}ﬁu what follows. Since ,’{,‘{u) 4 ¢ satisfies the weak problem

(5.10)-(5.11) lor any constant ¢, we may asswne that [, qu{;(u}(f,r = 4§,

Given ¢ € («'(7“{7{? NB}). we define a function by ¢ = 12 —1jj [ ¥ dir. Then,
s k|

PP T T L ; 1y e i -
ey (H;0 B}, Loy S ClllL w0y / o dr =0,
4 ] i ) . H(;"":H;

for ¢ = q/(q — 1). These properties, combined with Lemma 5.5, vield that

(@ @)apo] = 100 = €3 (@))yonp]
MY HINB)

- 25t . LTt < g . T <1
< HWellynonpn ¥ ‘f)‘ar‘m:u (HONBY = CllwdlL ;ﬂi”‘)ilv%‘ﬁiﬂl}{‘?;'
4 ¥ ? P 3 7 i i 7 §

e e LY Thus, Nl Teare L7903
for any ¢ € W (H]). Thus, tly =1y < Cllelly, om0y where W, (H;) is
the dual spaces of W} (HY).

Let W‘if.(?{i}) be function spaces defined as fi:?{?-{. 1 )= {fe W,,;'(%E_:? :

v = 11l 2 qqt P2 fayl
Vo e Wy(HL,; (HL )N WS(HD )

V1. respectively. We choose” a W €}

5The other cases were already proved in [25. Lenyma 5.6].

Bgs o T liagd
Winee o & W (H7), we can construct, by the Habn-Banach theorem, w €
; )

L (HDYY such that (0. @)ye = {w. Vi) for any » € WIHHDY and lellg - o
i ' N e

Let u € iri"}{?{‘;) be the solution of the weak elliptic transmission prob-

Helir oty
L] ' e
fem: ({p)) 7 Ve, Vgl = (0. Viohye for any @ € W,{H}), which possesses the estimate:

| Vull £y (MO < Cllwlls 9y Then choosing suitable ¢ shows that ¢ satisies the following

strong Broblem: —(p) Aw = v in ML UplY YO ; - 0 on I'}. and
also u s a uigue solation to the strong problem by the unigue solvability of the weak
elliptic transnission problem. Thus, by the standard Fourier analysis similar to Seetion
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"
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catisfving the following e ations:
Yilig § €4

= v _ ; " &
~A¥ =7 in Hf 5773 =0 onT} [pj¥i=0 on i}i (5.21)
: o E i
i

and the estimate: [V i) < Clely, oy T el -2 ) Then, the

estimate of © above furnishes that ISl oy < € el amy. and fur-
M) L e (M)
thermore. by Gauss's divergence theorem,

: OV
(V. V0 — (57

¢ )i == {t.-ﬁxﬂ) ! for anv # € ﬂ',f ('H:.} + @2}{?‘{?},

This identity allows us to see that

(K_;f(x.x}. Vo = (}'\’j (u), ¥)yo = il’x’}{u}, g't):’“"?

(VK (). V9 — (1

= (o)) TR (). V) (1m0 5oy

which. combined with pj¥ € W’{;{'Hf;\! as follows from g;;i T o= 0 on 1§

jmplies that, by (5.10)-(3.11},

(Kj(n).¢)yp = (:;f;;ﬁ; -1 Div(y; D(u)) - Vdiv u.\*;ﬁ;:‘%qraj

THY

Thus, by Gauss's divergence theorem, we have

{I‘\.ﬂ;(Ll}.(,'}),p 25 —(u;‘omw%p) ” + [ i< r{fD{u}n}V\{! >4

+ (d‘)\' u,f;i.l‘ll> = / f< {div u}u}pi\"@ =ldo
W i

i we set W = (p}) Tu. then L

4 and Section 4. we have e iy, oml) e, o0y

satisfies (5.21) and the required estimate.
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At this point, we introduce trace int‘quiiﬂvw‘ as follows: there exists a

mdi‘pvudmu of j & N, such that
for any fr € Wy (HL,). (5:23)

positive constant 3

:fz zzI.,,,&‘ii - (“'j‘ ]m,wﬁ‘," o vg‘,qgh}j}

WAL, € esltfl for any f € W) (H)). i=2.3.
which can be proved by Proposition . 1 and [13. Section 4, Proposition | 6.2].

These equalities. combined with (5.22), vield that

PRpEr R n ~1/q rl]
x]\ m ). 1) 0! <( (;Vuvé‘{,,lwq; 4 | Vul| L.m‘i W ully e

)

This completes the

i

L (e

aetl=17a  po2ant/e
+ IVall, o Jg? “”;.f.,g:;{‘-

which implies that the required estiiate (5.19) bolds.

prool of the lemma.
By Definition 1.2, { [5‘7()) and { "'; 13).

e );,(

We consider (7 1‘} “HVCHK ()
we have, for any n € NL {}y € Bean

together with the mmuias 5. 10)
and {Hi}, N, (2).
4
i r{u VIR 5 (A H }%% du
/ ’Z il & ( Dl o

H LA

A
Lt
e
P
i

79 5 L i ?:"x
< {loy + 7 M Y /“ ;%L!MHH cu
Jo T o
for any @y > 0 and for any A = Ao, Define KU(AH as
a g
K'OWH =)D (#) CHKYSHMH)  for H € Xryg(€)
e

[u the same manner as we have obtained {5.18) from (5.17). we have, by
5.943. the following properties:

K%(\) € Hol ;\};_,\,,5(..11,\\,!{{2;.1, (N

KOst k) = 330 )

), (5.25)

for { = 0,1 and for any oy > ( ). AL 2 Ap-




1

Next. we consider (o)

i i e i€ ,
g“\hj e W q §Q\ })}

Grr MARYANT AND HIROKAZY SAITO

igi.h;} = (< ¥ LeD( Y\,m j nj >

(g%.07)
(\91,’- W )
The, g"

addition, for any ¥

{(;,!; {Ix(z, )

2= ({p)‘i)"l Di\‘{u'}Di»g’u-}}
{{;{f'}‘ }tf\"f(\ ]’\ n 1. Vo)ly

- {(p}) o Div(v}

where ¢} () are const ants given in Lemina

= (0, < v} i[‘i‘?g wn

zxgguy A

=(0.0) (i= .ﬁ.ia),

}on i b
& ‘V\ AQ} we haw

AR xfu\ Vla

(D(u))) —~ Vdiv ) T{g

Let W, ‘EO) be the dual space of ‘s\ Q()\ anl
LYy and W, Aﬁl\ Thus, if we define i €W, L by

pair mg,; hwtwm%n Wy

< f' o = ((p } (;(}' & )Tu *C\MV

i
V() -

~2((p})

nj} o+ (V) div “J’Vﬁ-}lij

WV

1) Vel = (i)

~vz~u:;f’r‘u‘»Diu*i}.V*(\?z;“*-)a;~~ (@) Du
SV ¥ | 1 7 i

— (divuj.

where we have set [Bi{uj),

(B (ul). ¢ = ([(p)) 'K} (uj)]n

(B(u}).¢] =

then we have, for

{{p; Y f\‘{c;; uj } -

div{(VE e — @D

((p) f\;’ Uin

i = 2,4,

w

g; i {u}’}

3

20} > ws(\“’s:;’;m,}.

y? = K(GGu3) —

ACHK(uh). ¢ — (@)

= u‘ fdiv uéz {V(;} YW —

1. Viglg =< ;¢ >

IT(K () — GK H(u})). We define a function

i

(‘7&, f,
2

g

2 s on T2
(;H(ug) on I's. in

v (h\'{gjuj- 1 Velu
+((ph) VK (u5), (Ve — (@M

“ (Y, }‘}Hi.

5.5fori=1.3.4,5and ('?{;} = (.
~>q denote the duality

)u Y’f}

i

il&f m Y, ¢l
5 and

L (V¢ e — e

SLENIIEE

T&\j {‘r’ - !';{T )}}ij

- 3 L 3 gi ol LYo LT
—({p3) LIJD(HJ-JHJ: nj’ div u;.{‘fg‘;‘,z,, — cj\,,}}_)xa;.

g forauy g € wh).

;

|
—
g
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‘ 8
”l(‘¥§ be an element of £{W, L(§Y), Lo(£) oo fés‘u;‘ix that. for 6 € Wy 1qyy,
< 6 e e e (E(#). T,.«)gl for all © ey a\Q.) r,F{F;H; o= ,1(}2“’ Loy
Such a F ocan be const ructed by the Hahn- Banach theorem. Since
({pﬁ‘,\'“‘?(l\'{{ixf} - "}\gul )), Veolg = \I*U‘j;.'{'&,}”
we see that V(K'(i’,n;} - g, }x 1 )) is given by
V(I\'{g}uf, »glh (u})) TMFH’ ). 19 I, i‘ij( J. {5.26)
To prove the R-houndedness of operators assoc aated with (5.26), we define
aperators ZHA) by

< TH{MH. “?-«*ggf—’{i{)i\f (v, VIS (MH) + Cal CHSHMNB.V)u
AV{VE) - S; HAH + (V¢ )dup_ HNH), Ve
- ‘3({!’3}"' QVQ"U\",E@ i»«\}H").T\"T o
~ () HAGMG(SHNH). 2 AT
- ()Y DS;VH). TV - N
— (div(SHAH). div{(VE iy - N P + Bi(SH{AH). ¢
for any H € ;’t‘;ahqiﬁk} and for any ¢ € P’k’é,éi??‘ In addition. we define
operators ;7“{;\) by
J{NH =<v; HDIVE) (/\}H\;n ;> —E(VEHSIIMH) = 1.2)
By Lemuna 5.0 5 and (5.23}, we have

BHSHNH). ) HSHOH)] I “Y"le(b (VH) '

+ N {b g\lH) IV& ES (AH) { (H‘ .
ol (OH Y
+ IV, «‘,\>H311_qw::1v 5 ,\\H”{f
¢ IVSHHI ;[‘ihv’j‘ (VH] J)"\'E‘zu
which, combined with Young's invquaiis_\‘ and (5.20}. i'urnisims that

(Bl (SHVH). #ll £ 7 ({m + e17e) IVESHA HI L, 0

+ Yo Y IV S N H 002 ’;) Vel nmh»
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for any rT; oz > 0. Similarly, we can estimate nb (S (,\} 1), 2. Since

’I‘Z’m ). o] are linear with respect to u). the uwt;zmiﬁwa of [BY(S;(ANH). »]

{i = 1.3) above vield that
1 L ‘
i < 3 i {MHL ¢ >a | < (5.27}
PSS L ™ L)
b=
n 143
+ {7 + (rij,,,';ﬁ}__'u;"\‘ kl],.,f\.i H H‘ } T ; snBy
U=t
with 4 = 1.....7 5 for any ¢ € W "4 2‘; rmd for any n € N, {ai}i., € C.
(M C Teags and {Hi}L, C ‘RQ ). The estimate | 5.27) with n = 1,

together with (5.12) and (5.16), shows 1!m1

¢ i i . 1]
jii\",,’.ggl‘ﬂ,w.\‘,m for all » € Wy{82),

M
RSN (8Ink

for anv A € X, 4, and H € Xl “1 with some im«,m\e‘ constant M indepen-

dent of j £ N, which. combined with Lemma 5.2 . furnishes that the infinite

sum FIVH = Tﬁ‘” 7‘(>\}H exists in the strong topology of W, oy, In

addition. by (5. h% \vzzh Holder's inequality and by Lemma - 5.2 ng,cxm

it X 3
§1 i - £y f i N '1 "
IS~ (A < 2(n !{n...a./;? IS aSi(OH|.
2. (A1) w.""zm < 29(v4)74 oy You ) I 1SELAL g{“ 205
1 g B ol =1
i 14 3
+ (o2 4+ o) SN S aVESONH g
fal bt Whatityi

theorem. Proposition

This inecquality. combined with monotone convergence
2.5. and (5.13), together with the formulas (5.16), vields that, by Definition
1.2 and {H.2).
L, .
/ ’1! Y‘ ;';{'ze)I’.{."\;}I’I;W d
Jo Hi ey

< Y4 (éﬁzz + O1%0s )"

+
i)
3
Q
>
N
‘:’.ﬁ""\,
! M:
=

for any ooy > 0 and Ay 2 Ao, Thus, setting TAH = }:‘?ﬂl'{.}{)ﬂ and

using Proposition 2.4, we have

I()) € Hol (8, L(Xr g(Q) W, H, (5.28)
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5] N
N FraE bk =YY 1)
=1 je=l
rod ! g
R xm (0 W m;,{{(}\ﬁ) At AE L M})
< yloe -+ 0170, 4 ":’m’“fﬂ:’xl 1”2} (l=0.1)

Analogously, we ¢ m;;mw%}u existence of operator families 1), (M) €

Hol (Zoa, - L{AR 4 O, W, *{())‘ such that

I Fralf. b k) =g}, F (0 Fralf.hk) Z“» (5.29)
j=1 3=

) dN\ > - 1

Rovn i nain({ P 5) (FrOTO) ~;)

< yaloa+ 01%es T Yo Yo M ) i=121=01)
for any gy.0p > 0 and for any Ay = Ag. where
Xrq(1) = L) x L)Y x W™, Frau = (Vu. A o).
In view of (5.26). we define LY AH as
J(MHIp) forHE

LY(AH = VE(F (I IOVH) I OH

Then. by the continuity of K. (5.28), (5.29). and Proposition 2.4, we see that

LY(A) € Hol (Ben,» £(AR 4 ). Ly (™)), (5.30)
LY\ Fralf. k) XZ‘C’ K (Chal) = R (a))) -

, TREAY ‘g A
R £ o( f,,m‘\(i(AEI{) L)A€ L*D

z ~-1/2y ¢ v 13
ﬂ‘}(“‘l + 1oy 0 “(!T;i‘r‘.‘vﬁw"\{ ! i gf =0,1),

for any oy, ~ 0 and A1 > Ao By {5.25), (5.29), and (530}, we can
construct ﬂw ummvd operator U(A) } of Lenmma 5.4, This (umpict&*ﬁ the
proof of the lema. O

5.5, Proof of Theorem 2.2, In Lemnna D4, we choose . 09, mu% Ay in
\ e ~1/2 44
such a way that wo2 < 1/8. myeeo1 < 1/8. and e Yeart | S 1/4,
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successively, and thus

'wa‘_-z.),({(‘A%)IFR,AU(,\) AR ) <5 (=01

£

o

These inequalities imply that
P d ! " yom] %y - 0o 3
R i ({ (Vg5) (1 = FraUM) ™ A€ Soa}) €2 (=01

Similarly to Section 4. setting Bi(A) = S(A)I ~ FraU(a)) ! with (5.18)
vields that u = B{AFrA(f hk) solves the problem {2.3) and B(A) satistes
(2.9, The uniqueness of (2.3} follows from the solvablility of the weak elliptic
transimission problem on ‘Wé, (£2) for ps and the solvability of (2.3) for ¢’ in
the ssane manner as in the proof of Theorem 1.6 This completes the proof
of Theorem 2.2.
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