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hthirpapar,weprovcrheslob{y-rllt**t#,,ffitf,$:Tiii5H;llT-t#fi #J#lfi *"tr
IHffiT'#ffi i:Tif ry.xji;!Ef,fiii.|[[:ffig#],i,*'n^tmf '*'::i3rot*emk'lhi'irh+;ffi;il;C;nf.d do11n of ndimensiona' u**Tl3:[&'lgiiuiriiiiohn wihv a so*s' t'td'

ilil;i;;;;-";inell enoueh and orthogonal to risid mt

Keyrar.ordrl non_Newtonk,, compressible viscour barotropk fluid flaw; otdroyd* type; glcbal welt-posedne*; orth*gona! to {isid

r' lntroduction -'L'I^"i"^ 'ovd-tstvpe

inthispaper,weconsidegtl]egilobatwell.posednessofnon-Newtoniancompressiblevs<ousbarotropicfluidil.cwo{Qldt
wirh free surface in a u*^o"al;-#*. *i.r.,r, rr"rrr*"a ,,1 ,r" t"ir"*rng-i"t fi ue u uo,itoJ oo*ain in N'dimenriorial Euclidean

soace p {(tI > ?r occupied by a-ccrmpressiOte 
"lscous 

U"rotropic ^"'Inf.*t-""iotta 
otO'+to'O-a t'pe we assume that the boundary

of fl congsts of rwo parrs a ."aT*Lr.i n s = u. r.et s:,.$;, ilil*il.rtions ot Q a,; r. *i'ite s u" n**a.we assume that rhe

boundaryof o,consis$o{ r,"Ji*irr., r., ns = fi,Lrtp: rT;6,H'i; i,' '-n ' -i';fr:ffi1#J;f;?il*{bethe
densiry freH, the velocity nero'iti tttu ut""it pu* of the stress tensor' respectivdy' which si

{ f,r,1,*u * s?o, l'rl.-o * r'

fcr0<l<I.Hcre,r*i3apo'itiwConstantdescribingtlrernassderrsitys{thelder**(edorn*inff'T(v,p}isfhestrer:te*rerofthe
form 

Ttv' p) = ${v} - P{p}l whh 
'tv} 

= Irot*} 1 {1: - 1r }divYl' {1-?}

D(vr,v=(yr,....yrl,thedoubleddeformationrensorwhoEe(i,jtcomponentlale&jvl-1.3;v'1il;v;(ilr=i'lilxr)'ltheA'xNidenrity
matrix. ;r. r.. f , ;,, and ,,, ,r* O"i#ri$'ri"ri, frl ",.,a 

ur" tt.,u'fi,t und''econd vixosity r*mti*nti' respe*ivelyl' n1 ls the uoit outer

normarto r,,p(i,r u c* run.,ilil"J*ri;;;;;;;;r- *ot"riirieti ' o r*' p ' 6' m*ut*' *u functisn 
'rc{F*' 

r} has a fortn

g*(V*, rl x lJlI{u}r - rw{v) + d{r9(Yl -L A(Y}r}' {1 3)

where e ir a conltant with *1 5 {x 5 1 and r#(f) tt}s daubred antirymmet*c paf! a{ the aradiefit vv wtrose (i,j} (oraponsfits are

w.,trt = i,v, - t),v;.Fina*y, for.anv matnx field l( who'" t"';;;i;;;;';' ""^f it,lv 
orix is an N vector whose ith component rs

Ll=,ai(i,anoakodivv=I["4;;;; 
vvisanNvettotwhoseithcomponentisff*'v;i]iv'

,!P}fr,:i,*'","**olw4edounffiBty'Qh\uboJ"+t,5runPlkttaib*yp,o9-8,55,
:tr;;;dr;; i, tut Msryoni. Deryiltnent ol ?urc ond AW'!€d A4othffi

hoon.
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[ * {x e RH }x * x(l,r}{E 6 t'}}' t1'4}

where x * x({, f} is th€ $lutlon to the Cauclry probtemr

fr = *,r,,, t' ' O'' xl'=q = f e n' (15)

thi6 fa{! rfleen, *tat the frse surfaee 1-r cofi,ist, of the rafne fl*id pankles, which do not }eave * and are not incid$lt of it ftcrn inside

"J;:,;:,'I,,:-;*t,ll;;i"ru4;ly,i,:I ','*,* *.o***_,o;ol:^-ff;'nuid ."'e,Ihalir pisaposrtiveconstant

in {1 .1}. to descriu. tn" ao* oi"ir.Jastic nuias,-*r',icnt ruouilo . ,i'ple linear viscodatto *oJ*ii"t oitute polyrner solutions based

on the durnbbc* n ouer. m" ir,',iu ilr.r,u* on i* ro i'-"ol"t'#'"ii'ii;t tirtc tr''* or*ttvJ+ 
"p" 

fluid dter its **-ator iames 6

otdroyd, rhe mathe*at,*, *t li*.f,1i1rfi'i lvpe n iffi;; ,;; t a pbnee*ne ;;iuv o'inopc 
'na 

saut [2]' where the

roqal werl-peeedn*, **, or*)H *'rruJ* r,lla-* ,e-* tJi-'i'- tt* -t il*-*-c ooo*ii oirrt non-slip boundary condidon" Latet'

the stobat welt,posed *,,"*,T*ioriu"i- *uipr"-la.uv otl;,1"*n'-t"t' 
"*lrre^' 

*na o,i# fa * the t' space settiog with small

couptiins consrant ft. The ,J;;;:;;*r, .t rn. t* b".r"d." *** *,5 p'*'"d';;ilse"sot'n ittttt" lu space setring' The

olobar we*-posed*ss or rrue no,.nrjary varue prnut*rn.*rff*?'6ir, ztu"q i"t-11"s raiin an infinite stnF'and with surface

t.nsion on the upper r,"" u"*ir"y provided ,rr", i1; 
,1,,1,"id',i', i', *mt*ntl, t*i 1i 

til'*ilib'flum state in {' The globat welt'

posedness in the e*teaor aorilil-uiit[ rln-stip condtt* .r* *r. *rJuy nieuer. x"to,lJiitLtu ttt *"u bv Fang' Hieber and Zi

[6[ intheH!spacesettin$ 
-.eml,ilim(inthecar€of e = s{anda = 0in{1.3)-was:1113"Y:fl:ffiffi c.qiwirh

Theexirtenc**fglobalweaktatutiofisinthecas€off'*Et{anda*0in{1'3)wasprcvadbyLionsardiAarmoudiinFl'The
situation of infinite w"t""^il?s it;t;"' *'"r is' v - o tu'*l*"' t*sidered {or 

'} 
: *' or fcrr bounded dornains (

non-slrp boundarv conoitio,ilrr]r:;;;;;;;J i* i6-rot, ;;ir* ;ilt 
'; 

the wvodimensional iituaton can be found in 111-131 in

the rf space ,*ning. Mo,**L,, ,n. gi"i", well-poxdness iffi;;;;dt "f '*" :{d;;u's 
numbe' probkm was prorned bv

t5#X#m,ffi ,:ffi i;{X#,f #*trtrffi :Hgffi'ffi ?;"*l1;*,nu,u*rwerr'posednessornon'

N*v,,tonian corrpnorrup u,**l#ioi-el n'r,* a"*.i d#;&;;,rh f* **u* #**" or Marvard 11 5l i* the n*rinral l'-lu

reoutarity class in a *,** il#.i;';;;;*" r^o*r-d;;;;"in' ttot satidy Tr.n: 
fr'[t*itn r"t p'per is the condnuation of

q::1"*;;t1'Ht"ffiTflffi iHH#:'f [:;*gffi $:$'',"1+'ffi':ffi ;compressibrevisrourbarot'lopic

fluid flow, we knm r*"*, ,3r-,,i[.cin.l,;;.n"r"*r,*;:#;;';;'n' ** uu'r'.tiuip'o"am'Hu*onian fluid{low without

surface t*nrion in rrr* ,, n *J*nrr' wt ir*, ri^i rr n i**'lillk'ii- '"*" o*n** * oii'aJ' p"e' Later on' similar ptoblem with

s*.rrface tension i" *t 
', 

o'***"'n'iJiixore-"p-*;:;:#';;illir'"*"4 "-t'iiat 
;noDun!t'"t u':6 5els*ntoov [1e' 2o]'

resPectivelY
Moreover,rheglobal\^iell.pogednesso{thefreeboundarypxobtemfortrle|yt1r1'lnowwthoutsurf*etensionwasfrrststudied

bv Zaiaczkoa'ski t:r t in tne rl i'aiet"otk using the ene'qy'ti;ti;' o"" ye"' tute'' tr'e 'a*I 
p'outem *itrt surface Bosion was investi"

oated try zalaczko*rr.i ftzf uLiJoionrn.* ani rrn' na *J"'p*to*tly under rhe assu*pi-J i*t t"'tr"l velocity il:mallenough' and

initiat mars density ano tr,e-reierence domain ur".,or".il'#i'I t*it"*l,,o 
" 

b,, J;; d*;*rgy method in the Lr framework

respeglirely. --,*--. -^* <Hhrr: r:nt orcved trhe local uell-pesednaSs ifi {he maBmal tp-Lq regularity cta:s in a bounded

fiecently. fnorn{}to. vcn Belrw' ard Shib&ta [:4] pfllv€(

dornain and some unbou,iil';;;, rhat satisfy ry#;il;il ffieorer, sr,iuau liit p'**u tht sk'b'l welFpo'sedness in a

baunded domain atso in tnJmaxlrnal rs-r{ resura*ry rn*ll I;ri"gk;d; iuurr *"tJ.[!.,iuri*o'g]'t ;na ot'hosc'*al to the risid

ffi*. or, io*of poc#follows Shigp [25]'

The main aim of thrs s&dy 15 to proye the glsbar wert-posednesr far pnbl*m {1J} in ttrc maximar rp'rq regurarhy crars in a b+rrnded

domainf2withS < p ",'andN. 
q. *.*,u*infrtl.-ii,i*i.'"-**rr*-",oi''-c"nt,ie;*itotherigidn$olignwhtn

s * *. To Frove it lye dse.the La{rEnge coordiriate ln'*} * *'" iuler coyrtnats ffi i'J""U tt[ mea in time loltr$cns ifi the

*jTffiT#*:;;,*,,'1",'1#*'.,*'H*1"['fl*f''l5.'*[:?5tfr;t'f:U':l;'m:''fi'Ji'T#J;X;
by Solonnikov l26t in i,is eieigy ifteqialiry for the futl #ffi;t;;il Uoi*t to'*'r"*inii fotin tf'" uttimates of soludons to the

linearired *q*ati*rs'
Bemure (ir shrould be decided, w* {onnulate}:obt*rn {I.1) in the L}srang€ {oondinates. tn fa$, if the velocity fieH l{{' r} is kntram

aiafunrtionof rheL*grangeroordinates{ € Sf.tn*","i"*"iif SLit'***t.,."i'-i'**l*,*il'lerroondinatesx 
e 

',' 
andth*

Lagrange coordintes ! € Q is writtm in the torm

ry*r--, r.i*m*tk eondition fgr r, is satisfid, rarhich gives

Arid€ frotn th6dynamical system (1'l)' a further kinematk cot

x = f + 
;['ut{,r}dx 

s )L{{'r}'

t{&t€,r},'..,u,v{f.t}}=t(Xcl{'t}'t}'LetAktk'a1a'.Ui'nralixottretlailtfurmationx=&tf'riwhtseti'i}elrmerlt
*9 xt, slds.ltrer* **lrts a s*as io'o*J o such that I i: in*'ti51s' thtt ia d* A * 0" ptovided that

t1,51

*"*r{{.ri =
isa;;=J4+$i

Cosy{ight 6} :Sl 5 Jah* Wey & Ss{tt Ltd



S/t ri i h,afi -s$ ir a i

|,1s:h*rctq in ihe
Ap G litlrt $r i'r'rcer: :

u*rr, 
fi 

"f 

'vut', si ds$r*rrrr 1 o'

in this case, we heve V, * A*lV6 * (l +voi#?u{t,+f:-,lT:.**," v(K} i5 an I{ x iJ marrix of Cfl'functions xi{r rerpect to t = (Kl},

whichdefinedonlKl <zo.nere,raisthecorr*pond"tg#il;;iji$tt"fa''w"t'aveYo{*}*0-Lntnbetheunitcutward

(1.7i

no{ftal t0 5, and then \rc haYe

l{#, E,er}

h{f , u, e)}

A-1t
nr * jI:iri.

{1.8)

{1.9)

{i.10)

{1 .',r 1}

{!.r2)

Lst p{x, f }, n{x, t}, and r {x' { } be s{rlttions c{ {f 'l )' and tet

- - ;i:;t'''""'-tu- - vtltt{'o't ruffi'r} = r{xg{{'rhr}'

And thefl, prot*sm {1'1} iti;wrltten ifi theform

I fr, I P*divu = f{t''u'a''. in f,! x (0' f}'

I ru, - oiustu, - "il.l:hlr"ffi ; fll:l, jli i: * : 3ll
1 ,r(ui - e(p.i}l n r-t : h{rr.*'r*} 

;: iJ.;:I'
I f e'u'o]lr*o = {6s'v6' tul in Q'

Here, f, $ l* and h are ncrrli*ear {unctio** dsftned by

F(8,u,{r} * *sdivu -'{p* t d}van (/'vta')v'

p{r.$,*,i * -or.*3 * oiv 
{r'vo iJ't*itrr } tu * $}Yau {/'o'r'} 

o*).

-o v* if'J.a,)" t, (,-,* 
u" (/'v"a')".,; ' '., ;,' 

(ai'" * v"* (/'v'*')v.,)r)

- sw.'l,oorvn{J'J*i o.l' o"'' 1/'vuds)'a 
r{/'r"tn. 4 {rs}{t - iurii'}

* av, (f''roar)vt + o*{vo'u'r * e- {v-.(/'1*') 
v"*}

- - 1#1;''*) vu * t" - rrltvaa (J'o*') vuxl n * B'n' {{'o*}n. 
^,

i- lJ- * u,i1'o*'; n*) * t" - uu*vu * l'aiu ({'"*)vurr}vr U'o*')'

rifr"** * *ru,i -'rat*') n * {P{p*'t. tr) - r{r')}vo{/'v"c') "'

t.|ers, i,o(x}.v*{Xi, atd Vaiv {Ki are torne rnairke' of C* fun*ions ii,ith regpe{t t* X de***d ol ixi f |,, r*hiclr *atlsfu ths *ull

conditicn:
Vo{S) - 0, V*{0} * S' Vu;' (0} * 0*

To state our m*in resut!1 at this stage' we lntrodwe orlr nrtation used throughal',t fhe paper'

$rat&i$rH,Fi,and(defl*tetheJ€tsdallnaturalnuffiberSrealnumb€r1'ndco'riptexnilrnbe.s.r€5p€ctHely.Wesett.l6=Itlt,iiol.
Ler ,om{fiir} and ASyn,l*ie} L *" r*. c,f all tr, x * ,y**uiLlrrJr*iry**ori. r*atr6er, re:pectivety' Fo' I " q t- t<;' let q' =

qltq-l\,whichis,*a*,?oo"**or-cuno*,i*,),i'irql"='i 
F"t.*v.*"mno"** = it" '"'xN\ € llf'wewrke

lrl :r,+"'*r+ifldiry:3;:"'1'*wirhx=t'''" '"i}o'o'i"rfunctionfandt&vettorodfunctionsg'wel€t

vr! {i}lf.. .,0*/}, v9= ta,g,li/!' 1' ^*' .
trf E.gf f |{*l + 2i, V?g * iii*g,|,E*i;te I*"'1'" ''{rl'

?*u** rr***r'$d v,r,x'v) da-.lesthe,seidt:i:iYfy::::::ffiff;',ru1ffii':''r.}*i'3i'[;fiB':i]IJi:F;,:rmmr*#"r fi*lH::ffiffi T J#t"1i:i"'::"xffi ir^T:,:ffi , ;#f ,il:*ffi r,'iil klll,
*1,{l;i'Htr

t f,fh- MrlA- /cPPr. sti &tf,, 3t t?O?-3]'t9

{ooyrtqe ic ?Al5 -}ahr}$,$@y & sd}nt' Ltd'
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' CN{S) defl6te' the !€t- a$ (6 functisns

defined on D. rer{d,b},xr, and r.4fl((o,b}.x) denote,rher.,su***ixx,r-rm*nof x'valued {unction defirted on an

aefiaea air o- lot{o, b},x}' and wi'lta, ot'^ t wr u(c r,q "--- 
*iinoiu, r*pe{tiv3ly. M*t€svef' we let

,i"*i *, rii*rit* 1; liu,,,,r,*,'ind ll' ilw;'r' o':. denote th

fs1 5Pd*'
llelrrfilq,rra,orxr =

wf,r ts) =

iiif,g.Hlli!il..l{Q} *

(/'t"*lrnit'r'*) 
"

Thed'product space of X is defined by Xd = if =
for the sake of simPticitY' we set

lrr,r.xt I r € wf(o', s * w,{rot'' H e [rfltslr'n]

llt/,ti)liwf tsar + llgll*$rcr'

roro = rar, . ,*n,*ndo:,1,; ;i:l;Ii,iir",,T;a:;a$t{$':f#:#*T1lJ;lf*fltrtrfii:HxTi?we st,t {f,g}o = i"fgd't'{f'o}
matricesof funaionsA = rn,,i-a'{:ig'i*t'or*di'.="611 i*"u6.e}r'='il'e'aa"'*r'"reA:B = fat='eln"'rtt"

retief c denores s*o",,, .onr,llll;;,;;'';;;;, ;"., ,;p"fi;; ; ,, o, ' ' " ri''" "rlJ*s 
of ;o"ttante c and cos mav?haaqe from

line to tine we us* r*ail ooruiu."lil;;:f;;;;p* ;,. oll;" '*"'""i*a 
r"*tion"na*i"pitttuoldtute leners' for example H

tc denote rnatrix-t uua ru*till:lt, '-'e*t-*-*' 
ilq ** tr* '*iirtul-'"ur 

u"** to' ***J* n g' t' 
'Fd 

r,,' to denote rnass densities'

and e{astic t€nss, u*r** 
'r''u "I**,lu'#-*'-#*t 

utthough they are i' :( H flnatrres'

To *tate the ccmpatihiliry eofidition for initialdet* f&, no, and so, r*e iotroduce the sp*ce Fqets!) de**ed by

oqp{a} * ,[t&''o"ot € w;(a! * 
':tr-i/rr1Q1N 

* wj{fif** I

{Slvo}- {P{p" + 0ol - Pip"})l * Frt}n = son I" v6l5: o} '

For d+e notaticnal sir*plicity, we s*

{i1rrs,vo,ro}1ln.,igr1 = !iFallw;1g;1 {- llv*1!4' ' ",,,, 
+ $rtilw;tsll

.Ihefollowingtlreorer*aboutthslocalwell.po*ednessafproblem{1.t6}wasplo$edbyMayani[15}.

Th*reml.t
Letlrl<q<rx,,Z<p<:r:.,andB>0.AssurrtethatI.and5areW}-l/acornpacthyper-purface'Then.th€ree(i5t5altme]r:r{s}>6
ili, ri-l r* *, inirlr aata r zu vu' ro) e f)4d'{ n } sati*ins th€ (onditlsns

{1 .1 3)

i1.14)

t1.1 5land

!0. 
* n-+ {hrxl * iP- {:r € f,i}

il{do,r+, zoiiir:*rl:r j I

problem of (1.18) admiga unique solution if''u'o) with

s€w;{{o,r},r{({:)}'uew}rr0':'}'ta{a}}{rrp{{0'r}'}v;{$})'e*ew}tto'rt'slt{?tt

sarisfying{1.},rh€rafrqi6condition: }r* o ** + $(x.r) < !0* foranyix't} c {? x {s'I}aftdpossessingtlreestir*ater

ilsll6;116.11*lrgrr 't llulls;116x4rr:rr + llrtiLur*'';'r*rrn * llt*li*;t'o'r;'wi*lrt 3 C(fi)

acrndr& r,l

1.

2. T.:',T1iffi:r'#XfiffiJll}*il:,,i:i*f1:Y:,: o a u*irorm t.,i-r,* **u"' in r15}' And' ir I"and 5 }re

"X#i'd:i,E;;i*,LU'*" 
n'" "1'Yf,9:'j'.j:Xt

" 
.;m;g;Hff::#ffiH*iT-.,mf.ffi,. riffiXi*'"*nrcst*nx € Q,thi€'r,,tx,rl € sv"l(k*)forai'tlosterr

fr{}ilttrP!;tirll
5 *,r *ds in tht:
&piliie<! 5r'i*ne*r

tx,rl€Qx(0"i$i"to$'
,r'dall rrcrrr.IPPr. ,{,' :t'6, 3' 2?0?-??17

Cspyiigft & S15 .?6hfl W$eY & 5s*s' Ltd



,",,ir*i,,.,,f i-*,'-,"!, 
,,, ,,,, I ll :il I ll ll I l l||ll| 1 Il .-

llltofdertogtficthegbhfflw€ttsosedness*fproblem{1.I0},weintred*{ethe'isid5p5{ef{.r.whichigdeinedby

??a s lAx+b i A e ASyrn{.Ril) and b e Rel'

Ler;p, 1f*, bethesystemof orthonormat basisof Rl' 
-.- -iobal well-posednessof problem(1.10)'-*rl'"'t&ifi*g 

theorem is our main result conceming the gl

Theown I 1

Letr.r{q<,,.,*ndz<F<ea.L*t{r,ry:yTT:":*:Xlf5*"1ff.X-:;f*li#;Sl'i*i.1;frilff"1;ll*'o''"-{;1.;1;;6; ffi}:TJ tT i}Tfl;*lffil iil#ffi :*'** ['* "'atlsrv 
the stabirhv co*ditior'::

(1.16]

{r.17)td*2
I > 0, u, *T*F

Then,theleqxi'tpositiven,mbe'srandr79*ehthatfuf 
afiyinilialdatat&,cc,{s1.€ fl4p(s?}sxisfyingtheCoflditfinth&tf6{x} 

€

Sym{F.r} for any x . n, * r*Xi,lirr..-ai,Ji' ,.i,r"r", ",,i,r.,", 
' t ani tne ortttogona} condition:

{{p* + {'+J!tt'pr};2 s $forf * 1'" ''Mwhe* 5 * fi" 
(1'181

problem {1.1OJ with T - a* adrnits unique;olution: (' u' and ai with

ttlw;t{0,s*}'w;{r'}}'u€lf{{0'3'i}'wl(ft)e}nwo{{s'*r:}'t{{sl}n}'&r€w;{t0'ix}}'$;it}}}'

Moteovet, there qxi*ts a p*sitive co$stafi! i'o such thal (S' r'' ili l satiifiel the e$d'male:

lle/rti!.o,.slfo",,otr.wi.r*rr'l- llel"ilrulit**0,t1:,t1r1 t ilevtul[**tt'*'rvittlir

1 iip)''{ilrro, ru }lll,tro.,r.rvi rfi,t f Cr€

foranyt > 0andy e {S'yo}wlihsornepoiiti*enumbet(}' 
indep€ndentof r ar}dr'

Senrorl I.*
Usinqrheargurflefitationduetostrdhme{[27].weseethatthemapx: 

tL{t'l}O?'.fT,*n*5}ontoQ' = 1x = X'{t't} ld e Qi

with suitable regura'itv' nte'iJre'-f'o*" theo'um 1'3' *e h;;;;f*'*g1'ooseaness fot probkrn {l'1}'

2. Sorne d*(&y prop$rties af snlutions to the' linearieed Problem

Lerf,ibeabou*d€ddsrfiaina{}dtetbothafitsbo*darias$andI'belfl-rl'hyper*urfacerwithru<f<c{'at}dkt{b*enBxpsfient
such rhar i { q d- ,q a*d ma*tq, q'r s r. ln ttris rectisn. wJ l# ;;;*;[Lr 

""urti'y 
or **,ioffi ts the fislt*wing ptoblern:

i;.-* siv${u}-",r-'$#;,$: ;i i:$;i::il
I ,,,. 

''-, _i-o,ur;3 ll.T:l8:Ii; (2,)

I ,s(u) - Prp')01 + #rrn = L, .. ,.' 
on I' x {o'Ft'

t 1u'u' r)l'-o = {Hq'uo' 16l in O'

FoI lhit purpoee, ftrst, sl'e analy'e the corresponding generalized r*sdnent prcblem:

t iil + T*divu = / ln (t'

I 
n"r, - Divs(u) + oli.lni, ,oB?,,, : i il*, (2.2)

1 s=o ors'

i 'u(u)-P'{P*}otrfr}n-h 
onI''

To quote ronre ru,ut* due to Marya*i t 1 sr, we irrtroduce the T{,&oundednesr o{ oporator fanririer and the weis cperator va}ued fouri*r

muitiplier th€orern'

oefrfiiliaaz., L^..-r# m .rx yl. i{ rbere exi5r fi}nsrants ( > o and F * !1lT} such lhat for 3ny

ln':u,,,rfrifrf :'i'JiJ'#l3x;tlilxr,:,-*l;i'sL:1:;:rili'il'it,*l'}i.iu"i'*r65unp'r]'rrrehave
theinequalitY: 

{ ^r n ,,r, t -, ^ lt'

{ J ttf';t.,rr,*,ir'.a'f sc{ ['lI"ruu'uia'I
1,, t1 I ['n P t

The rmallest gffh { il calbd E-bounded of ?' whkh is d*noied bV 7*crr'v}I-!

ffi. **ttr.4ffr 5r,':$tf.3B xs?*x?19

Copr,'gt, ', ,Ot S ,ohn WikY & Sons' Ltd

\Jt 1!i.6Fl]'*i.t!
fJ,{.rttlr}dir tr lfl*
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Let fltg,X) and "{(${,X} 
be the set of all

aecieasinq x-ralued functions' relpective!y'

Tu : F - 1 F{Et,Xl '. -s'(P, y} by

functio{s haviag compact t$ppofi and the Schwaru-space of rapidly
'-' 

iisix,,rl,i}. Given 
'vl 

e tr ix(R\l0i'x)' we defroe the oprrat6'X'valued CE
$rhile S'{Si,X}

t2.3)
r#d, = /-Ilerldll" {r$l€ fiR'x}}'

'Ihe follcwinq thesenr is ob(ained by Weis l28l'

Theare* 2.2

LetxandybetiffcUMDBane.hspaces!and1<p<:c,LetJt},b*afun(tislli*C!(e\lol,cix.yi}guchthat

*.,".,,(l{,*)'rnr,rt. €3\r0tl) 5r < x ({ *&1}

wrthromeco'}'tantr'Then,theoperalorlxde*nedint2.3}isextendedtaaboundedlinearopsratorfrorrrtF{&.x}intol-P{&,Y}.
Moreo"er, det sting this extension by I'r'' we have

lll&!1lcrL"r$,' runre Ylr 5 C{

for 5ome patitiYe mmr+nt C depe*ding an p' X' and Y'

Serndr,{.?..3 . L---".-^^r^s.a*t}ot Far.t .{ E < e(.L€besguespa{el4{$}a*dSoboleurpace
For the defuitisn sf UMD spe(e we r8{€t to e book because o{ Arnann l29l' For 1 '{ q < e(

!v*:ffi:::-,ffi*iinp,onu*e-elvasiesinE*"i.withE.,i,=tt€cLl.1P.:l5n*e'1]"!:;-l't-l:11:/2r'io>0)'

Toquoresorneuniqueexisru,..Jt.*r"rnro,problemtz'r)'*e'r,..'iil'l*tn"'p"tuw;itnr'l*'rbetlreextensionmapr'trw(!l) 

-

Lrrel F,ru) having tire follnwing properths :

r. soraflyr { q <r ocandf € }y;{frr,,r e l,t{{&'),ri = f inSand ll{fiist{}a" : ctlfihurs}rfsri - 0'lwitheonne€ot}ttantc

depefidi*g en q, r, and C'

?.FsranyI<4rrt'andf{t#;{o)'itj("f}ilx;'{*o':C}!f||r'ir:rwith:orvreconstantCdependingonq'r'and{?'

lten,luirtQ) is deined bY

w;rtOl * lf € L).Hts)) I }}filx;"'ror * ilrffl'o-"sr; < *;i'

A(cstdins to Maryarri [t 5L wf havt

Theorcffi2.4
lpt I < 6 < :c'* <* < xl2'andf{ d t q:a;'A5sumethat' ? tnax{q'q'}'tet$lbeabaundeddornainin!*'l'whseboundaries9and

ir* uoin w.l: I j' cornpact hyper"sr''rfaces' Let

E.;1" * lI €C\ioi ll*rgil * r -t' l)'l I ioi'

Let

xq(o) = l(f,s,!t,ttl i tf,s,Hi € w;'{t}}'k e wit*:l#l '

&{(}} = {tr,,Fr"Fr,r,,rut I

F, e wits),F: ( kl*)il'rr e Q{*}il'Fr € !({s}ir're e w}ts:tdl'

Theri.th€reexi*sa).6S,landaneperatorfumilySi'l)€Hol{I'-r"'C('&{fl}'l#;'}tQ})}suchthatforar}y{f'9'tl'k}€Xq({}}and
i e Eu ;o, {p o r r * rt ;' ttr' g'iii?U v*' a r is a unique s*lution t'o problem {2"2}'

rrloilwi *rere exi$ts & con'tant C such that

* '* - {l{rar}'ii$('l}) l A e }iu;u}} 5 C {{: = 0' 1}'

;''"'::::;:::i;,i,o,,r1raiurir*x-,.1r<c {*=0,1r, {}.4)
.D 

/tc{l{tnr'we"{trxi"jri.'gl-*1rri 
li € tr,.,1ui} qc (i =0'1}'

"ii..il,ljlll",*,,1"""tsl&r{t}} | i e xu'1o}} < c {r * 0'1r'

with,l. * y + ll.Her*,P" isth{ proieclio$operatordefrned byP"{p'u'r} * u'

#6t$.erffh. /4PPt fti &'*' 39 ??S?*1219

{opyrigtrt (r ?Q1 5 .tohn Hfitey & Sons" Ltd

la-,{ qt l"*8ryr cl i4, tr

|t4l;l*l",:ti:l i* th*
ApXrlit,ii 5r-ire;t:;
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5. MARYANI

ftern*rk2"5

L Thefr,Fr,Ir,fq,andFsarevatiablescorr4spo$diogtof'5'ir"rhVhandH'rerpeaively'
z. Thasre", t.4 was prov€d i; i;;iii*i* l** pib**-;t u*uted even in the unbounded domain casc'

As war shown in it 51, apptyirq Th€orerft ?'4 with thc help of Thecre m ?'2' wa heve

Tlwarem2.6
Let,l{s,q4;v,N<.{.]n.andro$.AssU{,Aethfi$lax(q,qli!I-Lets:beabau*deddarriaiainF:d,who*bo*rrdader
5 and I- are b$h *f*,r. csrnpact hyper-eurfaces. The*, there .riii* p.nic* number r15 such th*t fu'r any ini$al data {80'uo' 's) 

€

iliXi Ji*fli;;ihr' , #;is:r""d and risht-trand sides r' s' *r' and kwith

(f,s,H) €tpti&r|'w;'o(rl])' kE r${{0'r}'!v;xa1o1 nwitto'r}'w;r{glisl {?'s}

$atisfying the cornpatlbility (ondltio*:

{s(uc} -trip*}scl +J'ts}n = k!*o on I' q = Bon5'

Prahlern (1.1) admiu unique :ohutions {'' u' and r with

fr€kvj((or!.!t{{tl}),u€'p{{0"n'}v;ta}rvin!4{{.0'il'rBtg'*l',?€}qr;{(0'r}'iv;{Q}n*ts}

{2.$)

pols€tsing the e*imate

lt8!lr+.;tro'tt,4r*lr+!li},ul|t"ttqll.r"tgltl.i-llull:',tta,,t,l.rjts:tt+||r||g;114,11,*,frs?lr

* Ct {b'{flrrotlo;,n, * fltral}4c-''o'rr*, * ilroiltq;rrrr

+ $ {f , H, k} il t,r ro; r.r+i t Gr t * il9 ll+uuu'tf,! rt + il i}'hil'*r lq*'*;' rs:'r }

for arry t € (0, f t with som€ constant e iadependent cf l'

To prove rhc glcbal well'posedness af prcblem {] .t 0}, we need r*me decay prop,ertlel *i salutions to {,.| }, whi.h i' st}ted a5 followsl

Ynearem2.T
Letl < p.q < D.t,frl < r < x:and r > 0,Assuf*et}ra!rnaxif,q,} <,.Let {abettlenumber defrnedinTheole|ll 1'l"Letftbeabourrded

domainin,Bp,whrseboun*;;#;:;;;-'j'-il;:;mp"it'vp"'*u'i*es'rhen'foranvinitialdata{#a'rrs'ro} 
e }vj{fr) x

4il*rr'ei1e}* x W|{e}d*s:nd right-h*nd sides f,,g,H, a*d k satirfuing E'5}' $t* cstrrpatibl}ity (onditiofl t?'6}' and the symfl€t{i{

condition: ro(x) E syrn('it^ ) *' ''"'i"'i"ii' 
t n' prdkm tz'it aamir: unftue solutionr +i' u' and r with

tlew]t{or},w]({}}},u€1*110,r1.{icrtN}fiwpt{o,n,k{d}}a},r€wj{to'r}.w]tn}ft",}

posrestifig th€ e$$mat€ :

lie',"8llw,lrto.rr.w,l tnrr * lld"'il*uil+{{or} l*(f"}

5 c 
| ilsoll*;, ar + lluo 1i4r -"'r,,,r + ll tolirryira r

1 !le'r'' kll6q 161rw, 1 57 1 1 * ll d"' i\kll ro{ (ai},{';' ( ri )!

+ fi et":rilir*,,n,,,,r3{at} + 119'r'1 ril!q;t{0'r}',*'1($tr

+ $€'n'{f,g.H}t.lrr11qi1,w}nrg1r} e.r}

{?.9}

r d{si * {/ot*'u'tirrt.,rt,F.}al}Fd')} I

foranyt6i0.I}wilhcs'fiepss*ti'{edonstn&tsCstd4l.Hergd{s}isth€nurnberswhthatd(5}*1when5*sandd{5}=otrrhen
s*&.
fremark2.&
The symrnetricc&ndfiion: r0(r() c Synl{8'Y} for drnog all x e Qfmplies thar t(x' rl} c si"gRN} {oralmo:t a}l {x'f} € SI x tA f}'

ToproveTheoreml.T,frrlt,we(onriderprohiern(?.tlwithF* 
0,g = g,H =Gandp= 0'ddth*n"theconerpcodingresolvent

.lrl+e-aivE*f ino'

I p-eu-Divstu]EPtp*;vs *pDivr = g- 
in 

s'
] i?i 

" 
* dD(u) = i in Q' t2'8)

1 u =o o*5'

[ ,t(u] * P{P- }st * f r}n = o on I''

wh*re {t,uo, and 16 have heen renamed f,$'if tt'-lYryit*:Y:^t::i*:proHern (2&}an t}te und+dv*ng spee fi'}{s?}'which is

ffi1LTi f; ,7, J, ti,':, ;;'i;; ;;it'at g?ti'**' the arthos'onar tondition:

{i,Pr}g*0 (t=l'-"'M}

Mdrft. t{ftf,. A$BL sfi io,a 39 e2S?-L}9

{opfright r,* }S15 ,shn Wley & son!' tttt
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whe* 5 * fl. $ote that any s$luticn { s. u, t } of ptsfulem t}S} satitfies the crth*gwr*l c*ndhion

{u.Pr}#*0 lt*t'""'d"l

when 5 * *' lfi fact, by the divergence theorern af GauS' we have

p*i(o,prI# * (9.Pr)r: + {k,pr}r - ttalut'*$rll*
IJ

*. {(r, * p}diva * P(p.}{i,divpr }{) - ;tr,Dt${}}s?'

Secau# it holds th*r

O(F{}=& dtvpr =0 {t *1,"''M}'

"ifllJi:j,{2, #)ir,e set of art u € r+i(n)!{, whkh $ari5fies t2.i0}. And also, ws lntroduce nr} op€rstor ",1and a:pace l}q{l} hy

";i{fr.H,.} = (--p*div(,p;r{sivsti'} *.P{p-ivd + #Divr}''-rr + dolu}} for{s'u'r'} e nn{,{}'

x}ctXt={{8,$,r}€i{q(Q}1uew}rale'ul5=0'{${ui-Ftp*f9l+Iir)nh'=ol'

By usinq J, prcb,** t,'' ) *'u"?*, s'g = 0' H *"8':e1d kA o is wrluen in the?orr*

&i*. il, r) * ;tt€, S,r] er'{0,0,0} fcr I > 0' t{'}' u' rih-o = {&' uo' rt}'

Eecau*.R.boundednessimdie,theurualb,oundtdnersbychoo:inglt:'1.in.ffmitlonz.tr.for}fty.6iQz/2},tt}e{esKirlsa
con$anri1 >0su{htharforany}e x*.;,andtlg,H}*.n.tiii,protiu*{2.s}admits*uniquetslutionls'u'rl4f}'r{f,l}p$ctet'ing
th*estir*aie; 

- ,,rr - i., ... {2.13}
It I ll{4, r, r lll,ry;r,il r + iiull rti{$) s Cll{f' 9' }li il4 r,t1,

'Xlr1i ;:i;HL:#*j:u|i:ffi1'Ixlii-t#{r{r}},asen'Ha{{?}assoeiated withprebr*m{2.i2}thatisanar}tiqre

pro* ir'," 
"rp*€ft$al 

stability 6f lF(f )lrto, it iq tuffi'ient to prove

Thesrem 2.9

l€tt <4 < r,zu ': r q:*.andlr > o'Assunrethatmax{4'd) ': r'Letlab€lhenumProivetinTheorem t'l andlen'1'rh€the

nurnbergivenahve" t-"t O nu u'O'ouni"J6on'rrinirrA*, *A.uJtouna"'ies S an6 I are both by"'o*"'co*p'ot hyper*urfaces' Assume

{}.10}

{2.1 1 )

t2.12)

t2.14)

Q.1n

that

8:'0,

Then,foranyi e Cwiilhne,l t 0andltl o l' and{f"tr}l} e

&(l) posstssing th€ esrimate:

l,r-3
i,;" l-F.
Hq{Q), problern {2"2} with k : 0 admits a unique rslution {$' u' rl €

{2"1 5)

611 4tf, g, ll lli*u;r( $ l : {e* "" li tf, 9, H}llrryisrar {2.16}

for any (f, $, t* I 6 #0{f, i aftd f > O $dth soma positive co*stants C and r}r'

No$r, r{!e ar€ in p*'itie,, ts prove Theorem 2.7. To red*ce the problern to the *r*igroup setting, &rst, we consider the time shlft*d

equat;ofis:

iliti. o r lil*,,,,f), S f il{f, g. H}llr''(!:r'

We postpone the proo{ ofThaoren'r 7'9 ts Section 3' 8y Theorem 2'9' we have

I:i??r'j'*,- <f, < ncandrl > 0.Assu'nethat",ax{f:P.'-ii-Yl1-Y:3yJT:::T.[1trS#;';.lf;ti;'o*,'**
domain in 

"r+;il, 
who:e aoro**IJ's-oiiT'#i*i'*l;rTj'".'*rpr* ivper-surfares. Assime the condit'ion (2 14) holds' Then' the'

semiqro*p il{t}i,;o il exponential}y rtable on }dq{d}l' that ir'

I 
u.,',"

t

ii'6 +).ol' +P*divr * f i* {? x (0'I}'

t]^ou) -Div5iul -i-F'(p*1Y0 -pDivr = g inQ x i0'I)'
iirr * Ir * i*r -doiu) = H in fi x {QI}'

u =O on5x(0,I}.
{5trr^ g(/l*}St+#rt'n =k onl': xi0'F}'

{lr, u, r}L*o * {i?0" uo' rol in (}'

F..4 or hli !?r 
" 

tt ir I Y

ldi;tilrx{r, in ti"r*
iip$tri+d Srlq:r'fe,"'

Mdlth. N*th. A@.5fi rgrq 39 ??02*??19
(opyri$h i.j ?Si 5 "lohft lt&ief & 5o$, Lrd'
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ffiinthera5e(f}o,rro,ro}F(0,s,oi,byusingjr:m.?$flded$$lU*cncperatar5j{,l}sivenin
rheorem 2.4), thesolutions crir'rz) iswritten bvtheLaplacainll;;;'i;$;{1:t:::*:3:*tji'LilT;Si'Jil}l*#:
fifrx.Tisi#;"$x#:;;;'ffi;il;;;;r; ;;;;uk r n $c u,i,,s ih.o,"* 2.4 with rhe h.rp of Thaorem ?.2

and ernploying the same argurnctrtation as in ss'tisr 4 of Shibata {301' we have

Thearcfi, 2.11

Letl{p,{<*'.iV<r<ci;.max1g.d}5r,ardT>0'Letobeahcunded-do'rrainin*'tr,,.lth*sehoundariesSa'!df6.eboth
v?i'-'o'compact 1,ypenrurrace-s.*in,i*ln! ini'itrcuta (#tu; ;i; ;ila l;4,-'&t6s;e x ;lY|(fi)ru*il and right-hand sidei F's' H'

,na f, *irtvi*S f}st a*d tf-o), problem {2 ' 
I i} &d$ths a uniqut solutis* { ri' il' r } with

r, € w;({0, r}, w; (o}), u e te((0, r)' w;tt})t'rl fl wJ{{0' r}' k{Q}s}' r e w;ii0' r}' lvi{f}}N"#}'

Moreover,thereex{st$Epasiti\€6€$5ta$4rsuchtha*6,u,andtpossegstheefiima!€:

lleo'illl,c;r(urr,4r62rr+lle']ril'u$6l(o'r)'l'e{tl}'*fla'i'ull411n'11*:15;'1 
+lleo'rllo"{e'r}'w'l{f'}r

1c l[noIw;rnr t lluoll*'--"o',r., F llrollev;1elr

+lien'{f,g,}l}li,.!re,rr.x;st$r.r$ltu"'k1i,,-r,u.1*'{.:rr+ild";}'k}l.,,ttq,''.*;"s:'l}

for any 4 € (6, ,iil with sorn€ posidve corrstant C depending on r12 hlt independmt of I'

und€l.theEfsremenlicnedpr*parations,wefinishFrovingTheoreml'7'l4ebokfsrasolution(s'$'Ilaftheforffl{i**''l-er't'u*
r+wand v*r!*,p*fler*t*'i*linai*,t*'etu*salutionstothefallowingpohlercs:

ilrr + ior +" P*divY = f in f,l x {O' f}'

p*(ilrv'tlrv)--Div5(vi + stP{p*irl -fDivf =g inQ x{0'I)- ilr{'+'totr+YF"-$Ditl:f il?J,f;]"
{5{r)-f(p')rl-rp{r}'n xk inf x{0'r}'

{r,v,ri}lr*o : {0s.&s,rq} in f?,

t2.16)

{2.19)

12.221

( ilrcd + p*divt" = i6r ln f,t x {0' 7}'

L-a,,-DivS(wl+ v{F{p.lr'} -PD*: 1'"iot |5} x io'rt'
I "- ' it,.p + ;/s ""iiD1E, = 1og/ in Q x to'I)'
t . 

t=0 inSx(o.f),
l.s{w} - P'tF*)&'l + fi*}tt':!dt m t'x (G'rFl'

I t4r'{r'9}i'*o * i0'o'o} ir Q'

{2.20)

{2.21}

respectiuely. sy Theorem 2,I 1, we kfio* the existeflce of r'. u, aad {' thal sslw {2'19) a*d pesssss the eflir*at8:

lleryeilw;rro.rr.r4rp11 * lleeilrllliol{tr,l).t4(9}}} * ller'!'llr,,iro.rlr*i'n't t $e"'f l!*'r{o'rr'tr''its}'t

-'; c 
{ ildo $w;rr: r + iltb ll4! - "0' not r }l to l1*;ro I

+ile'I'tf, H,klll'trc..w.ltcrt * lie"ogllutto'vtr'.1111 + lldl"ii'5t{aottoo'o;'o'ot'u}'

For tie s*ke sf timpli{ity, $,e se1

Jp* * ll&liwkar 'i lluqll4r-r:ll.fir * iirqllw;rnr

+ ile'i*(f, H. k)l["{io"rr.w,ltg:rr *' lis"'gilrrito',,,ornrrt' i}e'I'd'kilbllo'rt'*6't:'a'tr

where l1 = nnin{4r, rl:}il?. and ry1 and ,r. a,! tl positiverrumbers aFpe*rin* in Corollary ?.10 and Thegr*:r ?,-! 1, resp€{ti\,ely. Let

i.,{f) }i=$ be the sen}ig.oup ,s;ttuo *itit g.ret *na r* "trri-= 't', 'l 
* a1f1 ;f*, rvt" s}'Pr }fiPr'o€fining ri' frr' and & bv

{rid" ll, rirt., t}. r}(r r}} = }o / Trt - sltt'r '' st' p'c('' 5}' f (" s}}d$
Je

by the Ouharnel principle, we see that :;' *' and I satisfy ths €quations

trr f,t x {0.I}.
in O x t0,f),
in Q x (0, IL (A.23)
in 5 x {o,tr],
;n f x {0,}-},
in Q.1"..-

i}r$+P*div* *i6x
Div 5(*) + vtP'tp' k;)) * $Div I = p*iotv - dtSi ff*' tvt" :)' Pr lr:Pt l

ts,g + YP **O(rll * J'oP

t${w} * P'tP*k*, + $(l}' fl : 0
("'*'GIl!*o = iO0'0)

&t4r*. &tsfi. Appr kl. 1sr6, 39 ??07'?119
(opyrtqht t] !01 5 }ahn?Y*€y & 5o$r Lrd
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Secause{{1rtFr'trgt = *forany { * 1'" "ttland s € {S'riwhens = S'byCoroltsIytr'lqwehave

fi{6{.,r},*{',f),,}{',1}}iip;*1s2; + clf'e"""'*"6{rt"'g)'a{"'r}'f{"3}}!1'*r*'s'd*'

thus, by H,BlderS ineq$lity atld the chanqe of tle inusral orde{' wc hav*

frreongt';t', tt, w( ' 
r;' d{" r}}li!!'"({? }}r dr

Jo

, *' tjt--r-!le'Ieli{r{',itt( 
,sr, ri(rs}}11*'o,o ,a'}o a

* c [' {'r-u,.,-}){e,Drll(rr.,s},2(.,sr,ri/{',i)}iiry,nre,l'as(/'e*'x'- 
u 

"\'o 
o'

Jo Jo
rl 4r

1 rf r t o' 

t,r' 
(dt'li(r {.. s}, rl', 5 }, * (, s} }ll*'*,11, }e dsJ e-'ttr-'t dl

ff
* c n- 

n 

f o' 
le')' li (t{(', 5 },'{', 5}' * (r s}} l}o1 o,s, f d:'

which, combined with (2-2'l)' furni*hsrthat

l[e*'t {ri, *. f tr llrurro.rr,w,l-otn r * ffra'

$eca*se rir, rp, and w satisfy tlre shifted equalions

Irirr*Iotir lp*divfi =)'6lrirtr.) - inQx{0'fl'
I p-t*, t iow) - Divslw) + vtfl(p"ld) - Itvt't*

I Irli** i, - atst If*,(Yt',s),Fr)clFrl in r' x i0'r)"

I ,,,*i, -l;; i L-" ,ror?i; ).otr + *) 
i: rJ.l:';:'lw=u .,fxt0,fl,

ItSt*l-/rP,t,;,1 tfr}l n=o :n

I irj.*'rlt,*o-= to.o,o, i* $ll'

byThe*rern ?-1i' {2.}1), and t?'?c}' we harre

tle'I'.;rllrjr{*.r).s;1gr11 +l[e{'i,rv}ilblts.ttrr{I}l}+lle'r*l}q1ls'r1'lvir*tr

+ li€'F$fiw;{(*.t.,.t;totr 5 CJnn'

WhenS # {1.setti*go * ti.g *'p'andw = *'wehaveTheorem2"7'

Finalty. we coo$derthe cas€ 5 * fi' Let

t?.24]

{2.25)

{:.16)

r.t * it, *= rp, x * r* + iop-d{S} * J','t..u' 
ot }r:dspt'

tseca$ret2.11lholdsandpl isthefi{st'orderpolynomial,rivehavedivu 
* dlvv*dlv*'sru.l * st}}+st*}'Dt{ti * F{v} +ot*')'and

v:u : vr{y + *}. Thu$, by {z:ji.,",o ta:sf ; *ee tt *t n, n]aii, *tr'fy rquation 2 1' Msreover' b} [2'21] and {?'2fl' we har'*

lle'nriilrd({0.il.0si(12;, * lll'ilrul[.{{e.rrarf],} + lle{18{*}fiq'rro'rt'&tt}:l P.27)

+ ii*'ltV:uilr, r t+r, r( i fi ) I + 118'r" ll'u; rto'rl'o; tp 11 5 6Jp'a'

usifis the first Ko$ lr*quality' t,{e have 
&

fi ${'. s}iiw,i r* r { ci ilo{${ " 
5l}li{*trt I + I }{ut'' s}' r* }6l i l'

which, corcbined with {2'27}, furnishE: thet

c 
| 
fr""erur',s*lkp({o t), r{{rr) * f (J"t*"u{'' s}' Pr'" t"n')"'tr

lldtuu{', r}|}i,r orr,w,irntt 5
{?.28)

Copyrigtrt fJ ?O15&hilwltf &sans' Lrd"

c 
lr* 

+ * t;',o-,t.,,'.rr'rirsrlras) 

P{
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Thus, eor*bining (2:t! and (2"2S), we have

|!e'irtillsv;q10,rr.wjrpu+ltetit0'ullir{{o'r}&{t'}'*il"'ou$"(re'tt'*;ttt"
( !-t, \t"l

* lld,rrif,o,,,o.,,.*.rorr 5 ( lt-. E (J re''irur"sl'nt\a1f ds) 
i

'lhis conr$etes the prc*f of Theo'rem 2'7'

3. A pnraf of Theorem ?'9

ln this section, we prore Yhecrem 2.9. For this purpose firil, we conrider problern (21) Y;ith "i' 
* 0" that is

r I ,I#=r inQ'
I -n*srt ll f {p* }vr'] - fEriv r = g in 5-l'

J 
*" -" ' ' " -' ,' - $D(u! = i in sr' (3'1)

'I 
'=o 

onS'

I tS,u, - P{P' lnt + Pr ln = k on I'

We statt with

l€mm63.1
Let,l<q<}!,^14:r<:c,and}.r}0,A''surnethal'lH1f,s,l:r.L€t{tbethenuroberdefinedinThtgreml.,"Letf,JbBabounded
damain in BB. v*hoge boundaries s and I, are both H/ir*',' .l*pu.,-r1y#r-surlxes. Thsnf*t*y ir. g, ul € w;'o(a I and k e !Y{{ais

$tisfying the (ondition: 
11 )\

{$Pr')r} + (h,Pr}f * 0 tf = 1" "'At} \r''t

when S * fi, problern (S.ll admits unique mlution:8 € ff;tO) and r e l'tf$t6:) foss*ting lheestimarc:

{j{f,u, t}il*,,,rr, * 6tiltf,$.lliiiv;uta, * iikliru',irg3i}' {33}

*marki'2
6Ji*rtl w*, n )ft ir the se* # 6ll u * wf { fi }{' which satisfies {3' I 0}'''.gr:-*-'q.-. 

t
froof
Setting r * y -r {dsi*} + it} in {3.1) srd in:erting rhe reladon div u * p;t f in the recand equadon and btuBdaly tondi*sa' {vE w4

I
i-muru'rt*-.?;ffi?';i' *fi: t34)

I tr'otu' * P{P" }$l)n : }' on l''

withtrr,- lt.+y-,l6lt,g!*g+Siv({r*;rtr;rfl+}'-irH}andld=t-'{{I-p}pftfl-+'}'-1911)n'lilthesequel'weusetheestimate:

ilhilli*;,i*r < CJlhilwl,inr {t * 0' I }'

whieh was proved for example in inaryani tI5l' By {3'5}'

llg'ih.rat "r llt llrvlrsit { (,{ilif'9'tt}i1*;o'rl''

Moreover, by {3.2} and the divergence th€orern ofcau&' we have

(g',Pr)o + tk'Frlr *s {f * I'"''rU}'

To quote a result due to Shibata [3] l' $'€ intrsdu(f the spece ]ff1'.u {{]} deined by

ty;,.r-{ol = {* € w;,tfi} i*1t' * ol'

fur any rp { }q, {t7 }, it holds that the Poincard: inequality:

ilrllto.rar' CllVPllr,"rsrr forany q € w;'"r{$}'

'thet, hry (3"7), $,e have

(3"5)

l{f , Ein I 5 lll'$i,to I fl*llr""e; 5 Cll{liiot*r1lv+ fu,,12

{36)

(3.7)

,!&t ,.6i(tn.$ppr. 5{i 38te 39 ?202*!}19
C$pyrighl & 3Ol5 }ohn lAfil€y & 5on5, Ltd
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whid.rimptiesthatf e vYl.t{$ii,trermso{'theterminalogydefinedioshibata[3t]$'BytheHahn-Banachth€orem'{her*e!elt$an
F € in{f?;il *rat'f - &iv r and llFl[-rr:r J cllf itrL'{{:)'

lnsiead of {3.4}, *rst. we considerthe *quations:

t P'divv : f in t'
ilv-Diuu'Dtvt*p'ip*llrl *g' infl' {3'8)

t 
- 

ttr;D{u} - P(P. }Plin = k' on f"'

A{rording ro {3iL rhere exirts a rarge }., r., 0 such thet p{obreil} {3.8} adrfiits urdque sorilriofis v < t#}tn}n *n* n e r#l {s}} possessing

the estimatel

ilvlln{rar + ilnllw;r*:r 1 C(llfll*}rrlr + iig'ilornr *- ilk'll7v;'s:i}'

Moresvsr, by *Fe divergrence theorern of GauE' we haw

,la(Y, Fi ) * tg" pt ]r: +- {k' Pr }r' - { tornl' nir'' }}r}'- P'{F" xF'div p{ }s}'

Sy {2.i 1 } and {3.6}, we have (v, pr }g2 x ol l * 1' -'' i4}' s$ that v e lvit*)n'
'settiflg 

$ x v + $6nd s = p + q ln {3'4L weh+ve

t lt*divw = 0 in Q'

i -u, tr,'Ot*I * /(P*)ql) = lov in Q'

{ ry,;Dr*t P'{r}, iql}n = o on l"'

t t'*divw = 0 in Q,

I .t, - oir(r,'g{w} - PtP, }ql} = ,trov rn o'
f tr'otw) fltp"lql)n = o on r'

is*nique|ysoivab{eaccordingto6fe*ultduetoShibat*{31}.andtheinverseoHdt$rdoncerrringproblem{3'1$}i'es11p€t,5sthat
bv ttc Riesz-kheilder theoreft1, the uniquener: im*i*.**"*'oil''-;; ;; fufi l3'9)' This.fact it dslled by th* honrctop|f argument

i* the sequer- Thus. r*e *$amine rhe *niquen*ss of pr*arem rii.iei " u"ri$or and q e t#]tf,ll satisfu the hernogeneou$ equatic/r:

I P*divw=0 mf''
I -Divtrr'Dtwl - f{P*hr} = 0 tn fl'
[ ,,,,-'Or*r '- P'tP. ]qltn : O on I'

Fir*twec*nsitlerthecasewher*?1q<x.Then,*.eW;tf;tan*qelUl{(}}'s*thatmultiplyingthesmcndequalionof(3'11)by
sr, integrfiks the resutta,* to"'iuiaJotr 8' and using ttx divergence th*orem ef Gau& we haw

illD{wt11f,,,', = o2"

becauredivw*0.Thus,D{w}=&namely,weRa,0ntheotherhand,rf5atis55{2't0i,5athatw=0,Mof*owr,bytheh*undaly
condi$on, we have q = 0 tos. rtrul, we have ttw ,niqr"n*i,'*"iJut1i* gi"t""s.raader thecrem itnpliet the unlquc existence of

soturicnsropr*htem{3,9}.wh;;'"q;i,ii-;Jq***rrtoil#rr'r;trree*iste,'tceorthedudpr*blem}vithe{ssne*tq'}2'Th€n'
we atro have rhe un,quun"r. i;.,1; i ; ; :' ,, ;;;;;;; the ftiesz-sch*ud*f rhe$fefn ir*pli* the unique enistence of soli,lio$t

toprob*er,:{8.9}lr6,rent*A'*-i.Su**lngup,*efra'e-pdeatheuniqueex*t**cee*Jt'$*nseeW;tfrt'uew}tS:t*'and
r + wl i$ In '* fix proure* t:. r i riJJiti*urI l:'ir ru***" rioJiir'*lu**ir clo*d gr4rh theorern' which c*mpleter the 6uoof' B

Inthesequel.*eproveTheorem2.g.lnviewofLemrna3'lbyttresmaliperturbati'oaargufne$t'the{eexigtsa$na}li4>6su(hthat
goblern i2.2) can be solved *i,r., i n f- and ili s ;r. nr-"*r'y,-itteo.ef* 2.9 holds for ,\-a 'i with lil i ia' Thus' in the sequel' we

considerthecasewhereReilSandiorllis'tr'lnthis;t';;;;;;;=-'t-'tr-l''divslatdrs{'1*}'}-r{ila{u}+sl}in{2"21'
wehaveageneratizedlamdsystem:-l ..!;,uJ&r;riri3.12)

r*tgp'0!rS,r{uj,ie g mfi, El*:,0on5' t;(**r-*t' iar l''

Tlre protrtern

where we hale set

{39}

{3.r0)

{3,11)

Srt{} * {r + 6{,i, + v,--I*)tr{B} + (t1'* I!} + /i'*)p*l-tidivu'

E' : s ". {P'{p*}t-lvf - /j{n + v}-rDivtl}'

k'* k+ {/(p*}i *rfl * ${i + y}*1H}ll'

&ii;{frr,rys +r ir ,a{

$4*tl'ui<ir irt tit*
frsfllit* [c;*g,xe'"

ffil**,ooel,,tq*reot
frfdth Mefh. rispi S{L ftts' 39 ??$2-?z1B

f,opyrtght ls ?Or 5 johflSi'tl€y & !6n5, Ltd
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B*cause i6 S if l i i.r. bY G.5)

llg't|.*rs:r .u llk ilwlrsr, 5 (ro"i' {illf'g't{-illor+io1 + ill|lp;tr:rL

To safue (3.1 2), fii'st, for fixed l, we ronsider the €ryations:

I - - !. -,1- k'on r,p-"i-oivsrtl) = g' ino, u= 0on5' 5'1(ulo* !

with ne!$resolrrerit pafamerer{ € R. t{etelhati{ tg, k} satkfier{3'l},then tr'. *'t {ro satis€t (3:}' snployinE the saneafgun€ntation

as i* Shibara and railak prl ;;;;;;;;r-- sx"* *d d;;'ti4 # ree th*t there exixs a tarse r$ > s dspeildins an I $u{h

that{*ranyr a &'oafldtS',t'} * lq(S}}*x W}tAf ffii*VinS{3Jip'oUle*{3'13}ad$rtsauniqsesslfiionu 
6l'!ri{tr;}e'Bscause

rh€ sotutirm op€rator of probtemb.iit *lni, * l *o i, .*p*i, h|t'#Sig{ * $t.1rlatr' *u ue€ that th€ uniquenert lmpli€$ the

-,,ir**-l^ p|,"ar** t: iu. T},,lr,'#.lr#'"- r,,1",i"irr-*t;[i;'; w;i;Fu+isolution d tre homoseneous equadon:

p.iu -DivS1(u;=oEff' u=0ons' s,)'(ulnEoonl" (3'14)

Fir;f,wemnsid*rthecaseT<q<+t.lnthiscase,E{irf{nl"'rtrus,m*ltip8ingtheirstEquatisns'l4byuanduri*gthediverqefice
th*orern o{ 6au& v{e have

0*p*illu$i-rrar+|tr+Srit+vl-ts)Iis(ulillrrrr+({r'-I'}+P{p+}p+A-'lildivull1""t''t3'15)

WhenfieA>0.Rep*,1"-.l0andEes{}-*"r}-ld}0.90*Httskingtherealpartc{{3,I5},\,,"h*ve

s > p*fre.i liullf ,*rr, t { iiatrttllrigr * ( r' - p lfldiv ulir}r,51,'

seeau* lldv u]ll,rs? l < {N/4lilD{ s} llf"i{l r. bY (3'1 6}' w€ have

o - (,' Y,')fldivulif,1slr

ffwided rhar &e i l 0. B€{a*se we ageurne that t] - ryI, > 0, we haw dlv t' * 
-o'ry 

rlT hy (3'16} and the assumptior that 
'I 

> e'

we have s{a} * o, prouiaec tiit;;;}ri*. $ # fi;";;;l'I'i. * rltu, t** ftrst Kom inequalitv l[vu$1'1g;1 :- clloiu],'rrr*r

does hdd. Therefore, vu = 0, which ir*plies that u i, .on"uli Jtli' ul''= o' so that finally we arrivc at u = 0' on the other hand'

whens * $l,ulathfresi2'1oi,"*,f,r'u = 0taa'Therefot*'*"il"--i#-niqueners'whichimplhrtheuniqueexirtence 
ofsolutions

1o probtem ti.r3) iar *ach i ;; l- ; l,li : 1, whgn 2 5 ;-. 
-;. 

wl*; I 1 I ' 2,.the uniqu*ne$ follows frsm the existenre fcr

the duat prcblem, so thar in tf,i, 
""i,*-r* 

ulJs hav* ths uniqJe e*istence sf tolutions' lf we know the unique exi$en'e of rolrtions to

{3'12}fsfon6t2,bythesrnallpe(tufbaticnargwnent.*rereexrtsasraaltnurxberddependingqr,,2suchthattheutriqueexistence
of :olutio*sts(3"lAlisldtto'"i* i *i*'ll---:';l : d'B;;thesetl;' € ( l&€i: O' io; ii'i l lriitcorflp*'Lwehave

th€uniqueoxittetu.etheorcrn;.ld;; ;;i 1'e * cTR"i;;'-i;; f'l'i * r'lwithr'piicrm*n'tunt{inthtGitinr&ts{3'3)'Thi5

.omdetes the Proof of Theorem 2'9'

4. A proof of Theor*m l'3

To ptov€ Theolem 1 3, we *art wilh

l"emma4.l
ler I < p,q < m, letTkanypositive*rsnber"*nd kt$] bsa boundedd*rn*lnin &s'***greb+$ndary F isa *:"-t/rcsmpact

hyper'surface whh tv < r < c';' il*n. the following wa asrertions hold:

1. S{e h3r€

,:uF, 
Hu{t}1144 -,ru,,s, 5 C{ ilr.r(: 0}il4; -'*i($} + l"{I}}

fsrany$€ret{o,r}.tr;(fi}}n!4t(0,r},4t{}}}with$ornefon'tantCindepertderitolT'He|e,1lvehavese!

l*{I} * il}1ul{i,l 18.'}.r4{{?' I * lloiirr*o:''n{t*ty

2. Assur*e that max{4, q'} 1 r' Then' r*e have

{3.1 3l

{}.16)

flV{rllt61;'ter

lluvil*;'rnr
iluvi!*--',ru,

. CtluH{o{x}}

:: f [tu ilsr6*, {(} } iir ii }rl i $}
< {iiuiLotft r ll vll{,{at

iolany u eLolf)l,
for any iI € W;'I{{}},v € w;t$},
for acy u,v € t4t*).

{4.1)

,r{*rh- M€fh. AppL S(i 29t6,1?}2*2*7719
(spyrigff e'i ?Ot 5 "bhn Wiidy & so{rt Ltd'
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&irplied $*e.rnee:
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P*of ^L- ----, D
Lemma has baen proved in tI5l {cf' also in l}ll}' sothat w€ may smitthe proof'

FrornnoL,vcn.wspfoveTheorerfitrS.Let{beasmallposititlenumbsr,arrdwearg{Imethatiniti,ldata{-#0,y0.r0}6l}q,ptQ}s'ti5fy
tt!€ conditionsl

r4
;r. 

* ,' + flo < lFr' t42l

llsollw;rElr *' llurii4t-':ri,rr) + ntoil*{tfr) : (

and the or&ogioftal (,ndirion {L,gl. Bednuse we choose an t small ennugh eventutll, we may assume that o .< * ' t' Thus' by

Theorem 1.1. there er&rs a To > c auch that prohlem {1-ts) ad}iitsl *'qd;**n wiih t : ri' let r ue a positive nun*ber' and we

asiumt that ptotfem {,l.i0} admits a solution i!i' u'd} with

B € wJ{(0,r},w;(s?}}. tr 6 tei{o'r}'w;{a}l*} n }v;{(0' t*}'rq{o}il}' *: e w}ttqrt'w}tills"ilt

satisfoing the €oilditioni

!n^ . ,,4 tr{r.t, . ip- foranv {x't} e 12 x l0'r}' o'.11,rtf'vur"r)dti'*r*r 
5 r:' {4'3)

where ', 
!s the pgsitive number appearing in {1'7}' 14e may a5:ume thai 0 < t' f 'l atd I } Io' Let

l(r)*lldr,#llr,(r$r!,t+;(!?!!+lle*il,illlr,,lroj},rors?)r*ile'osllrrile,r.o;rtr11 
*ltelFroi{qr,,6.rr.tnr,5r}}

rrrith sotne poiitive conila*r 4 for whith Thsotem 2'7 holdr Our main talk is to prove

l{f}SMr{* *l{t}2}

withsomeccfigtantMlindgp€ndentcfrandl.T<rplove(4.4},war$rtwith
rlft{', t}ilw;rs:t { fiilf&ilwl<gr + I(t}}'

llu{', l}l}r,,,-''o,r*, 5 C{il*011r",'-' '#'{s?} 
+ l(l)}'

|]*{: t}ilp;1321 S C{ ll r}li,r;i{'}} + l{rl}'

ln fact, writing *]{x, f} o d0 + J];ird(.,s}d, and a,{x, t} * h.+ 1[ilo,t" t}ds, we have the first 
'nd 

third i**qualiry in {45}"Th€ second

inequality in {4i} fdrows lro,"'$;r* il iiilil,i*i"-t "r"*. il"*r I it *ar for generic conrran* indep€nd€nt of r an'd e ' l* value

lriiffi;;;; a single chain of inequalities' sv Hiild*r's i*equalitv' we have

/'ll"t"'til,ul,r.,n' " 
t (J "'' "")" (/'t""'ii"r"'lli'';t''"fd')''u : cxt)'

To elti*nate th€ product$, we u5e the Sobotev embedding theorern:

iif[r,l*;,rr, 5 cfl [{ll,r;,,r,, ii/il,*rlar I {$rllwicr;r

(4.4)

(45)

{46)

(4.7]

(4"e)

{4.1S)

becausel,! < q < *'Becausez < p* ro'wehave$jpt-iiipt{{]} c Y[;{s}i'ihatit'

llfflw,lrsrr < {11f114. 'r1*,' 
td8)

Recallthe defi*ition of nsnlineat terr*s f{{i, *' {'l'9{#'a'ur}' h{P'$' ru}' a*d U*'u'o:}' Usir$ {3'5i' (4'3}' t4.5}' {4'5}' i'4"7[ aad t4'81 and

niti,rg ih*t 1i*, fOl = S" Vo{O} - 0' Uorv i0}' *nd Vs{S) * 0' we have

liel"lf{d,u.irr,h{tr,d,(il},L(d,il,r'J}}lL,rto.*.*itr:tr 
+ ile}"9{t'u'*r}tk'{(or}^rstt})} I

By(3.5),(4.1),tajl.t4.3l.{4'6},{4'7},and(4'&)andnotingthatV6p{6)=0'Vot0}=O'vod{O}'andvo{0i

lleilil,h{t}, n, roi} il1r11s,1yg'' t Frsu :1 f{r + l{li} }'

Toob&in(4.9)and(4.181,rqre$tsdthsfa{tthat(€ f lit}}l(r} u tIli}t'* t'l'}tt'

f{{-f l{{,r}.

= 0,wealsoh*ve

{rdt*. i{tt t. ,VPl, 5&. :r!a 19 ??s,*t}ls
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Applying 'trhearem ?.7 to prablern {1 't 0} and rxing (4'9} and {4'I Ol' we haw

t(rf :: ct( + t{r,r + d{slfl (f".",,u,'.'l'p' r"lfe) i'
(4.1 1)

NolAi' qae eansidsr t*e <ale where s : 0, namely. dts) * l ' Accorcli$g to the irgi'rtftT:*ti* due to 6' strshtnei []71' tlne Lagrange

ran*ormx * &{{.rt * r+'}ou,sras;aa{etior,-trs*;;;;:; * {x I x*tt.t} l€ e 
'}}andftoml'ar*ol' 

a {x =

16o1E,rli{€sl,sothard."*ii,'s;i;;;*"#pUvYr-,r;.;;(i;,;;seett'atpti'ti='r'+r}(Y(x't)'?l'v{x't}=u(Y(x'r)'t}'
a.d {{x, ri = o;(y{x, t}, r} $arirfu tqua$on tr.l. seca$:e sre Er;#; ffi';; . iy*ra"l.,q ttnow trrat r e Spnta'il }' too' Let J be the

derenninanrof theJacobi *";il;{iltra*rformatlon:,. i'i,if"ii'-io1;;;;qth'tp{l+^ffut{'sl't} = p* 4#{t'fiand

v{$ + .fiu{i,$}. t} = u({, r}, Y\'e have

{ f rrrr..rry{-,tt,p, tdx
dt Jsr,

= *l { (p" + ri((. t}rut6, t} ' Pr {{ + / ute' iEstlr' trdt]
d{ LJsr
r t{' t)l ' Pt {l { [ Il' s]dsu{g' t} dt

-- j*i"lto' + rr(g't))u

u / to.'{' 0(f,t}}u{t.t}'*,[e' rt n j'''''''"]i''n"
-r- I t'

* f ,t- + rr(t.tliE({,r}' Pr(S + J 
u(t'5}ds)a'/({'r}d!'

I8e(ause ii,J{€, t} = ldiv v(x' t} U{f ' 
r)' by (1'1}'t have

#tp,?gf$;$Flt*.,'l J{r'r} * {p* + d(*'t)}S$!l}itl(6'}l

- {ih(f{} + {'?tFl'} + P{tdiysp(f' t}

e {p{i}rY + v" Vr} + (ilrp * div {pY}}Y}Jt6't}

- {}ivTtv,Pl + #DivrU{f'tf'

Morecver.represefltirrgpi(x)={Li*,o'.t" 'tpta'{xi} +bwilhau+€}$0'wehflve

uit,r)';tr(F{({ t /'urt''ta'tt = f a;u'rt'rtu'rt'u = }f'ou oa;}u;({'t}u;(E't} =0'

Summing up thtss tw'6 facts and u$ing the $ymmetry of t and t2'11)' rirye haw

$ j" ,,ou,uo,',').$r)* 
* tDivtlv'p1 * poivr'p11s"

* -{tnivl,crrr:}}r:, - irJ - irxdivv'divpr }rz' + {Ptpl'divpr t"' * {t''o$'}}*' 
: *

Thus.

!rrrr-*tr(E.rrlu(t'')p{r{+i['utt'srdstJ(t'ttd|=({P- 
+&)so'Pi)n =0 (l = I"M)

for afly f € (6,T},8e<ause](r,t} = det{l + }.6{'{;v${f,s}dt}} and Vo{0} = 0, we maywrite-l{{. r} i'1 th€ fotrn:

J{8,t) = I + votlf" vutt'stasi

where vs * vo{K} is a Cs funcfion with respect to K de6*ed an lKl { a with vs101 * s' Morsevsr' we w'ite

tr {E + f utf.stdr} = pr tfl * A'.f" u{{' 5}dt

i4drt. adrn Apd. 5{i artf' 3? ?aQ2-2}19
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t*{r"tl,p, }n - -pI' (r' (*.','E'* {/'n'tr''r')}r,
*p*(u(', ?).Ar f ut,stdsJt'' tttt' * / n'f' 

"u't' 
tlPr ({ + / urt'sr asurg' tlae)

Thus using {4 3) *nd {4.1 3), rYB hav*

llu{rt},Fr,}*I '- c{ll&ilw;rl:r + l(')}'i1{(r t}llkis}}'

* ( I',r',,u,',:),p,;rrY6r)" 5 c(( r't(r!'2)
a\Jo I

E" MARYANI

with soroeconstant r:atrix Ar'. And than' by {4'12}. havs

which fumishe. that

for ariy I e {Q I} a*d t e {6, €0}. By (4'5},

Wp ccnsider the *tnlinear equations:

,, u, ard (i' vrith

t ilnf + p*dtv& = i{r:,t1,';} in O x tr'I + l}
I r,,a,t - Divstu) + ttpsiq -'fi*lvt;:: i({'*'d'} in fi x {I'I + Ir I

l'*"'- ;t"ri,+vd*6D{ft} *its,*,t;} inf}x(r'r*rrl
{ ,s(fr} -P{p-lrl +Fitn * trtB,a*r on& x (r'r + rri '

| '-'-' i *o onsxtr'r+rr!
I t6'u'*')it:r = idi"I)'u{''Ii'o-i{''rll in t}

{4.13)

{4.14}

{4.',I5}

*ffi::iHii.l$:;',xf,i:ir'X;:lscanbeprcronsrd:..::rn,*.,:l:y1?y:dii:i, li':ili;:iY:'lliJFF
berh.rrrrorossof thequadratkequaiion:6dr{x) .r-c} *x =;.;0';; . t:,n,t-'.tt*o"( r-((} ir+t<}andr-{*} : lblrc +o{e:)

asr.- 0+s.gecails€t1l;.* gsri+ 0andl{f}i5aa*tinuouSwithr€spe{ttotarbngas*:lutiofisexisithf,reexistlaneo 
e t0'l}

$uch that

l{r} _t r--{6} 5 ? 4r( {4.16}

{4.1 7)

{r.18}

t4.19)

llt){',I}$w;ts:r * liu{: I}il4r- "n',n, 
-f ilr''r{"' I}$,e;1a21 S ll4re 1 {!d:

withsomeco$tantMlindepe*dentof f .By{4.7),il{J(.,r}i[*rnr s f$t/{rr)iiw;r*.:1 s cltrl:c,iothat{hoosifts{sotma$th*tcll't2{ <

( 1 l3)p*, we have

lo. * u, "r- otx.rl < !r.'

which is the canespanding equations to mai$ p{oblem for tifte intevval (F' T + f' t" lere' if S' A' t;i' Sl#' O' d;t' it6' u'z;}" and h{{'' 0' 6}

are noRrinear funetims d"o-"T;;';;lr;; f,;;;;;; tv;; t {;.*6. and;ivuas + ;jvaas n it'12}' re*pe<*ve{v' Bmause

.|j [Vut.,s]11r*as : (e as foruivs ir# F.73;{d (4.t6}, empt-oying tttu **" argumiltation ar ar the proof o{the iocal rt*ll-posedness

for Brobrem i.!..fl, t*rau,e or M*ryani ll FJ or *e ucat weit-iiluners for thJ<ompressibte barotraprc vlrcous fiuid flsw heca*'*e of

f*onrota vorr $elow" ard Shib6ta [24] we can choo* p*f'i* t1""'f*rs * and fr so:rna*t that proHem {4'19} adnniti uniqu€ ssfudons

ii e {rrtr+ r,),}Y;{a)}, [ € t {{r,r+ rt).}v;{$)rv}n w;l$'r +11}'q{gP}'

i,r t Wltlf, r "i' rr |, W;{S}}}'

satisfyi$g the estimates

f'n' tioi,u,',H tntstt&''tf|' |o* 
* 

'- 
+ s{x'l} * !r'- ttx'tt e f,I x (r'r * rr}}' t4'?$)

.!t

if we dafine #r,orr, and ur bY

T lu{x,t} foro<t<I,
i+r,. ur{x'l)= iotx.t} forr<r<r+rr,
T,

( 8(x, t)
ar(x.tl = i r{x,r}

I ar(x, t)
or (x, rl : 

I cu1x, r]

fsrO<t<
fsrT < t <
forO < t <
ftrT{l{ T +Tt,

fo{;efh,+rryr+tlt"li
!t.{rtl';*<is }* tire
Appliet* Sriqnrct;

tu 
'lth. 

p/l€tll.. &pt. sr'1Lltlf, 39 ??S2-rltt
{opyrighl $ ?O1 5 Joho Wri€Y & lo*t Ltd



ihen B:,rsr,and ur 6$lve (l'10iin (& I + I:) *nd

l n ,f !-a rx cl:::t! f q 1

to1{,ith$,iJi ifi tli*
i.J:ph*d !ri*itc.r:'l

!. MARYANI

fdd.#- irsfh. APpr. 5{r i0tf, 39 ?e0?-2119

rrr€$;{10,r+r,},tfl;irl)}.ur(lB{{s,r+rt}'wi{{ii}J}firv;{{t'r+n}'Lq{s}}rl'
{r1 E }v;t{o'r + rlt w;(si}i.

Moreova, by {4.1$, {4.7}. and (4J0}, we have }$* " p" + ft{x,:} '- lP" and

s f 
' ilv,rt',rtil.*nrr,6

< l*6 **!?

t)

19"

with sorae c$n$ta*r Mr independetir of 6^ Clsosi{}g e : O sc small that Mrr 5 6/!' !H€ *ee th*t *'r and ur satisfy {il-3}' *pheing I lry

F + Tr. Therefore, ** *n pror*iJ,i,J, riJ,, * ta r + r'r. il;;;;;orn (i'rzi tttat rr is indcpendsnt of 6' sothit vl'ecan Frolong

ri,u,andr.rtarirnelnt*rvarto,l;'ifiiurtv*i*''(t*t:"(ot'wt'[iri#J-*.itr-r-pre*loftheeihterrtepartofTheererni'] 
sut'th€

tinique*est foltovrr* gro* ** to.*i i* rirno uniqueeristenre tr,Earern irrrecrenr 1'1)' whiclt {o$lptete5 th€ prcof ef rheor*vr 1'1 '
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