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In this paper, we prove the global well-posedness of non-Newtonian viscous fluid flow of the Oldroyd-B modet with free
surface in a bounded domain of N-dimensional Euclidean space BM(N > 2). The assumption of the problem is that the
initial data are small enough and orthogonal to rigid motions, Copyright © 2015 John Wiley & Sons, Ltd.
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motion

1. Introduction

in this paper, we consider the global well-posedness of non-Newtonian compressible viscous barotropic fluid flow of Oldroyd-B type
with free surface in 3 bounded domain, which is formulated in the following. Let 2 be a bounded domain in N-dimensional Euclidean
space BYN > 2) occupied by a compressible viscous barotropic non-Newtonian fluid of Oldroyd-B type. We assume that the boundary
of & consists of two parts I and S, where ' S = . Let K¢ and I, be time evolutions of and I, while § be fixed. We assume that the

boundary of &2, consists of 'y and Swith I't 0 s=0.letp: Q2 x[0T) Bv:Qx[0T)— - ar% r:{0,00) x Q2 - 2N be the
density field, the velocity field, and the elastic part of the stress tensor, respectively, which satisfy the system of equations:
Gop@divipv) =0 in Q,
FICRE S AR - DiuTiv, p) = pDive in §2,,
Hr+v-Vo+yr = DIV} + gV, 1) In €2y
(T(v, p) + Brmy = ~Plpain on (1.1)

v =0 on s,
= {ps + o Vou To) in 2,
1,

for 0 < t = T.Here, p. is a positive constant describing the mass density of the reference domain 2, T(v, p) is the stress tensor of the
form

Tiv, p} = Siv) — P(pit with S(v) = D) + (v — ydivvl, (1.2

DV v = (vi,....vn) the doubled deformation tensor whose {i,j) components are Dylwy = dwv; + dvil 4 = d/ix), Vthe N <N identity
matrix, jt, v, fi, v, and § are positive constants {;e and v are the first and second viscosity coefficients, respectively}, n; is the unit outer
normal to 17y, P(p) a C™ function defined for p > 0 that satisfies that P'(p) > Oforp > 0. Moreover, the function g, (V4. 7) has a form

GeeAVV, 1) = WiV - Wiv) -+ al(rDiv) + Dt {1.3)

where « is a constant with ~1 < & = 1 and W(v) the doubled antisymmetric part of the gradient Vv whose (i,j} components are
Wiv) = v, — dvi. Finally, for any matrix field K whose components are K, the quantity Div K is an N vector whose ith component is

pR 3:K;, and also dive =3 o 5V and v - Vv is an N vector whose ith component is }_;M vV,
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S MARYANL

Aside from the dynamical system (1.1}, a further kinematic condition for I'; is satisfied, which gives

r={xe B [x=xE E €D 14
where x = x(, 1) is the solution to the Cauchy problem:
dx =
b vty (£>0), Xjmo=§€ (1.5

This fact means that the free surface I'; consists of the same fluid particles, which do not leave it and are not incident of it from inside
Q, fort > 0.1tis clear that Q= ixeBVix=xE0EE .

The set of equations in (1.1) was introduced by Oldroyd {11 in the incompressible viscous fluid case, that is, pisa positive constant
in {1.1), 1o describe the flow of viscoelastic fluids, which provides a simple linear viscoelastic model for dilute polymer solutions, based
on the dumbbell model. The fluid described by the set of equations in (1.1} is called the Oldroyd-B type fluid after its creator James G.
Oldroyd. The mathematical study of the Oldroyd-B type fluids was started by a pioneering paper by Guillopé and Saut (2], where the
local well-posedness was proved in suitable Hilbert space H' in the case of bounded domain with non-slip boundary condition. Later,
the global well-posed for <mall initial data was proved by fernandéz-Cara, Guillén, and Ortega [3} in the L, space setting with small
coupliing constant f. The local well-posedness of the free boundary problem was proved by Nesensohn in the L, space setting. The
global well-posedness of free boundary value problem was proved by Xu, Zhang and Zhang [4] in an infinite strip and with surface
tension on the upper free boundary provided that the initial data is sufficiently close to the equilibrium state in H*. The global well-
posedness in the exterior domain with non-slip condition case was proved by Hieber, Naito, and Shibata {5} and by Fang, Hieber and Zi
[6] in the H' space setting.

The existence of global weak solutions in the case of @ = BV and ¢ = 0in(1.3) was proved by Lions and Masmoudi in [7]. The
situation of infinite Weissenburg numbers, thatis, 1 = 0 case, was considered for @ = %2 or for bounded domains & C %3 with
non-slip boundary condition that can be found in [8-10], and the result in the two-dimensional situation can be found in {11-13}in
the H' space setting. Moreover, the global well-posedness of strong L, solutions of zero Weissenburg number problem was proved by
Geissert, Nesensohn, and Shibata [14] in the bounded domain with non-slip boundary condition.

On the other hand, concerning the study for the compressible case, we know only the result about the local well-posedness of non-
Newtonian compressible viscous parotropic fluid flow of Oldroyd-B type with free surface because of Maryani [15] in the maximal L;-Lq
reqularity class in a bounded domain and some unbounded domains that satisfy some uniformity. This paper is the continuation of
Maryani [15], and the global well-posedness of problem (1.1} is proved in the bounded domain case.

Concerning the focal and global well-posedness of the free boundary problem for the Newtonian compressible viscous barotropic
fluid flow, we know several results. Concerning the local well-posedness, Secchi and Vatli [16] proved for Newtonian fluid flow without
surface tension in the [ framework. While, Tani (17] investigated the same problem in Holder spaces. Later on, similar problem with
surface tension in the Lz framework and in Holder spaces is proved by solonnikov and Tani {18] and Denisova and Solonnikov (19,20},
respectively.

Moreover, the global well-posedness of the free boundary problem for the Newtanian flow without surface tension was first studied
by Zajaczkowski {21} in the {, framework using the energy method. One year fater, the same problem with surface tension was investi-
gated by Zajaczkowski (221 and Solonnikov and Tani {231 independently under the assumption that initial velocity is small enough, and
initial mass density and the reference domain are close to positive constant and a ball using the energy method in the L; framework,
respectively.

Recently, Enomoto, von Relow, and Shibata (24] proved the local well-posedness in the maximal Ly-Lg regularity class in a pounded
domain and some unbounded domains that satisfy some uniformity. Mareover, Shibata {25 proved the global well-posedness in a
bounded domain also in the maximal L,-L, reqularity class, assuming that the initial data are small enough and orthogonal to the rigid
space, Our idea of proof follows Shibata {25}

The main aim of this study is to prove the giobal well-posedness for problem (1.1}in the maximal L,-L, regularity class in a bounded
domain Qwith2 < p < X and N < g < oo, assuming that initial data are small enough and orthogonal to the rigid motion when
s = @. To prove it, we use the Lagrange coordinate instead of the Euler coordinate and prolong the focal in time solutions in the
Lagrange coordinate 10 any time interval, To do this, the decay properties of solutions play an essential role, which is proved in the
case where the velocity field is orthogonal to the rigid motion in the Euler coordinate when § = @. Such observation was found first
by Solonnikov [26] in his energy inequality for the full nonlinear-system, but we formulate this fact in the estimates of solutions to the
linearized equations.

Because &, should be decided, we formulate problem (1.1} in the Lagrange coordinates. In fact, if the velocity field u(g, ) is known
as a function of the Lagrange coordinates £ € €, thenin view of {1.5), the connection between the Euler coordinates x € €2, and the
Lagrange coordintes § € Q is written in the form

x=f+ j uls, syds = Xul& (1.6
9

where u(g, t = (i (&, ). untE, ) = v(Xg(£ 1), 1) LetA be the Jacobi matrix of the transformation x = Xyl&, 1) whose (i, /) elemment
is ay = L y(E, s)ds. There exists 2 <mall number o such that A is invertible, that is, det A # O, provided that

Copyright © 2015 John Wiley & Sons, Ltd Math. Meth. Appl. Sci. 2016, 39 2202-2219
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1
sup ii[ Vug-, sydsi oo = 0 (1.7)
Qetad SO

o this case, we have ¥y = A~V = (1+ Vo, Vutg, )dsh Ve, where V(K)isan N =N matrix of €™ functions with respect to K = (K.
which defined on [KI < 20, Here, K; is the corresponding variable to }é( FE M s)ds. We have Vo(0) = 0. Let n be the unit outward
normal to §, and then we have )

A'n ;
B o e 18)
"= ATal {
Let pix, 1), vix, 1), and Tx.0) be solutions of {1.1), and let
pe + 0051 = pOkuE 1,0, UG = X5, 0.0, wiE, 0 = 1Xl& 0,0 (19)
And then, problem (1.1} is written in the form
B + padiva = f8, 0.0} in Q2= (0,Th
petty — DiVS{U) + P ps )V — ADive =gl ue) in Q= (0, T,
e + peo -~ 3D = L, u ey inQx{0T) ‘1
(S(u) — P'(ps)0 + fin =h(6,u,0) onT x(OT) (1.10)
=0 on$x(0,T)
(A4, 00 = (P, Yo, Ta) in Q.
Here, f, g, L. and hare nonlinear functions defined by
fil,u,m) = —odiva — (s + W g U \’«’uds) Vu
o /
3 i st
gl uw) = —Hu + Div (;Na ([ Vuds) Vu 4+ (v~ 1 Vay (j Vuds) Vui)
) Jo ; o )
t / o , i {1.11)
4 Vg ( [ ‘i'r’ucfs) A4 (/z (D(u} + Vg (/ Vuds) Vu) (v~ 1} (divu + Vi ( [ Vuds)*iu) l)
o » 0 \Jo /
i T 1
- P {(ps 4 {?)Vf,([ Vuds} Vi + BVaw (] Vuds)m - \'(f P {ps + DO é_)d{.fiﬂ)
Jo 0 0
ot « ot
LA, u,m) = Vp (j Vuds) Vu + go{Vu @) + gu (V.,, ( I S?uds) ‘Z"u,w)
Jo Jo
s i ¥ l ¢ pt
hif,u w) = — Vo (] Vuds) Vu + (v — i Vay ([ Vuds) Vuili n— peVo (j ‘slTuds)n
| o Jo | 9 (1.12)

7t 7 oot
. %;; (D(u) + Vg {f \?uds} ‘?’u) (v poidiva 4 Ve \f Vu{!s) Vu)t% Vp (f Vuds) n
o o ’ o
o ot i
+ ([ P {ps + )1 -w‘)diéf*’)ﬂ + (Plps + 8) ~ Pi,m';vg([ \}"uds)n‘
o R
Here, Vp(K), V. (K), and Vaiy (K) are some matrices of ™ functions with respect to K defined on K| < o, which satisfy the null
condition:
Vo(0) = 0, V,(0) =0 Vg (0)= 0.
To state our main results, at this stage, we introduce our notation used throughout the paper.

Notation 1, %, and © denote the sets of all natural numbers, real numbers, and complex numbers, respectively. We set &g = N U {0}
Let Sym(=") and ASym(=") be the set of all N = N symmetric and anti-symmetric matrices, respectively. For 1 < g < oo letq =
g/{q — 1), which is the dual exponent of g and satisfies 1/g + 1/¢" = 1. For any multiindex & = (K1, .. Lkn) € WY, we wirite
Ikl = Ky 4 -+ kyand o= A N withx = (.. X) For scalar function f and N-vector of functions g, we set

Vegg (hf,... ). V9 = (g | ijgge - N
V2 = 109F | e} = 2}, Vig = g L= 2, i =1, N

%}r Banach spaces X andl ¥, £1X,Y) denotes the set of all bounded linear operators from X into ¥, and Hol (U, £(X, YD) the set of all

£1X,Y) valued holomorphic functions defined on a domain Uin . For any domain Din #%and 1 < p.g < oclg(DL WD), B, (D),

and H; (D) denote the usual Lebesgue space, Sobolev space, Besov space, and Bessel potential space, while 1o - twgon - las o0

Copyright & 2015 lohn Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2016, 39 2202-2219
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their norms, respectively. We s
X) denote

and || - flug i denote
defined on D. Lyt(a b1, X}, and W'la, o),
interval (a, &), while [ - i «ar0 and | - llwy

fle™ flle,ccabrio

The d-product space of X is defined by X4 = {f =
for the sake of simplicity. We set

w0y =

g Hlyme o =

Fora = {(a1,....a,)and b = (by,..., by}, weseta
we set (f, )0 = [,fgdx (£.9) 1, f-gdx (.9
matrices of functions A = (A;) andB = (By)
letter € denates generic constants, an
line to line, We use small boldface letters,
to denote matrix-valued functions,

and elastic tensors unless the confusion may occur,

p =

for exampi

To state the compatibil

Dopt) = |, Vo, 10)

(5tvo) — (P(pa + fo) =~ Ppe W + froin =

For the notational simplicity, we set
1A, Vo, 6} 100

The following theorem about the local wel
Theorem 1.1
tetN<g=m,2<p< ~, and
such that for any initial data (fo, Vo,

R = 0.Assume that

< Hytx} o=
1 < Pt < (s
3; f ® 3/

and

problem of (1.10) admits a unigue solution (6, U, @)

f e WiO, T We(Q)), ueE W0, T). L

catisfying {1.7), the range condition: %(), < pu

HEH o1 4a 4 B
181w conwican flerttiie

Remark 1.1

1. The range condition {1.14} follows fr

2. The local well-posedness was prove
compact W2~/ hyper-surfaces,

3. By using the uniqueness of solutions,
(x, t) & % (0,20), 100.

we see

© 2015 John Wiley & Sons, Ltd.

Copyright

(oo denote thei

... Mol feXti=1.

-
weset (AB)p = [,A:B
d the constant Cap,...

respectively. But, we also use the Greek letters,

ity condition for initial data o Ve, and 1,

(o)

£

I-posedness of problem

+ B0 < %m forany (x, 1) € &

then 2 is a uniform

= L (D)yand Wi (D) = 8, (DD denotes the set all = functions
{ Lebesgue space and Sobolev space of X _valued function defined on an

¢ norms, respectively. Moreover, we set

et Wg(D}
the usua

§7

& h
(/ (e'ﬁ;;fm;gx}%z)
Ja ;

P

fort = p < 20

., dy!, while its norm is denoted by ||

ff.g.H) | € WD), g € Wy (D). He Wi (D)

t
§W: H)E‘,w;;«sz) + qg%hs,c; 02y

nxnb
{

<ab>= Y. @ For scalar functions f, g, and hge

[pfgdo, @ = ', £ - gdo, where o is the surfaceelement of . For N x N

dxand (A,B)r = [ A: Bdo,whereA : B = Y A;By. The
dependsona, b, .... Thevalues of constants C and Cgp, . MaY change from

e, u to denote vector-valued functions and capital boldface letters, for example, H

for example, p, 4. 7, and w, to denote mass densities,

although they are N x N matrices.

rs of functions £, g,

we introduce the space Dy, (2 defined by

e Wi (@) x B TP(@)Y < W) My
' {113}

gonl, Vols= of .

e B 1o 4 UVl st i 5
3 :‘;H\?As;{;a(uy ;i"’ﬂuﬁ;;'p gy -+ ,a?ii’uwagggy-

{1.10) was proved by maryani {151

["and S are w;i""’ 4 compact hyper-surfaces. Then, there existsatime T = T{R} > 0

to)} € DyplS2} satisfying the conditions

(x € Q) (1.14)

{180, Vo, totipgprsty = R
with

{0

1§14

1) ALO, T W), @ & Wi0.T), Wi

« (0, Ty and possessing the estimate:

el a4 5
Leonwicen T 1@ luldonsgan

lulf < C(R)

(0L (2D +i

om ol = 5 ,
d under the assumption that £ is a uniform w24 domain in [15}. And, if I" and § are

w24 domain.

that if rolx) € Sym(&") for almost all x € ©, then wix, t) € Sym(E") for almost all

Math. Meth. Appl. S¢i. 2016, 39 2202-2219




5. MARYAN

In order to state the global well-posedness of problem {1.10], we introduce the rigid space Ry, which is defined by

Ry =Ax+blAE Asym(EMy and b € &ML {(1.16)
Let Ip: 1, bethe system of orthonormat basis of Ra.
The following theorem is our main result conceming the giobal well-posedness of problem (1.10).

Theorem 1.3
LetN < g < ~cand2 < p < oo Let {; be a number such that f, = 3when 5 # @and £y = 2when S = . Assume that S and " are
wio " compact fyper-surfaces and that I¥ # 3. Assume that the viscosity coefficients p and v satisfy the stability condition:

: N2
pn>0 wv> T;x, (117

Then, there exist positive aumbers ¢ and 7 such that for any initial data (B, Vo, Ta)} € DyalSH) satisfying the condition that #(x) €

sym(EY) forany x € <3, the smallness condition: 1B, Vo, Tl mypt) = € and the orthogonal condition:
((ps 4 Bolvo,pola = oforf = 1,...,Mwhen § == B, (1.18)
problem {1.1 Qywith T == o¢ admits unique solutions #,u, and @ with
f e W0, o), W) u & Lp((0, 203, WA (M) 1N WD, ac), La(@)Y), @ € Wy, o), WelR2)).

Moreover, there exists a positive constant jo such that (8, u, @) satisfies the estimate:

e (@8, 0 oomian T fle”* dull oo fle”* ull, onwiiszn

+ e b, ol onmwiien = Cye
foranyt > Oandy € (0, yo) with some positive number ¢, independent ofeand b

Remark 1.4
Using the argumentation due to Stréhmer [27], we se& that the map x = Xul&, 1) is bijective from & onto Q, = x = Xal§, 1} 15 Q)
with suitable regularity. Therefore, from Theorern 1.3, we have the giobal well-posedness for problem {1.1).

2. Some decay properties of solutions to the linearized problem

Let © be a bounded domain and let both of its boundaries Sand 1" be w2 hyper-surfaces with N < r < oo, andletg be an exponent
suchthat 1 < g = oc and maxiq, q') < r.inthis section, we show some exponential stability of solutions to the following problem:

2,6 + pudiva =f in Q% (0,7
paihts — DivSiul + P(p.)VE—pDivVT =8 in Q= (0,Th
dit 4+ yr —6D(w) = H inQx0.0N), 21
u = on§ (0T )
(S(uy — P(ps 21+ pom =k on I =(0,T)
{Hu, (”gf:g = {fg, Ug;, 10} in .
For this purpose, first, we analyze the corresponding generalized resolvent problem:
16 4 padivua =f  in €,
poiu— DivSu) 4 P(p,)V# ~fDivt = ¢ inQ,
At b oyr - 4Dy = H ing, 2.2)

u=0 ons
(S{u) — P{p it + prm = k onl.

To quote some results due to Maryani {151, we introduce the ‘R-boundedness of operator families and the Weis operator valued Fourier
multiplier theorem.

Definition 2.1
A family of operators T C L£iX, Yy is called R-bounded on £(X, Y} if there exist constants ¢ > 0andp € Lo} such that for any
ne AL, € T il © X and sequences {117, of independent, symmetric, {1, 1-valued random variables on [0, 1}, we have

the inequality:
1 n v
3 . e
Le%z-;immwu ;

=1

] L
{1 j ng(mEX,i&iidU} =C {

j=t

The smallest such Cis called R-bounded of T, which is denoted by R« T

Copyright © 2015 John Wiley & Sons, Lid. Math, Meth. Appl. 5¢i. 2016, 39 2202-2219




S. MARYANI

Let D(Z,X) and S(R,X) be the set of all X-valued C™ funictions having compact support and the Schwartz space of rapidly
decreasing X-valued functions, respectively, while SMEX) = LISR.O)X) Given M € Lijc{®\10},X), we define the operator
Ty FoID(R,X) — SR, V) by

Tup = F~ MFIg]l, (Figl € DEX). (2.3)

The following theorem is obtained by Weis {28].

Theorem 2.2
Let X and Y be two UMD Banach spaces’ and 1 < p < 0. Let M be a function in C'(EA\ 10}, £4X, Y)) such that

d €
Rz(x,v)(%((—“) M(T)’gré?"s,\m}z) <k <oe ({=01)
. dr {

with some constant x. Then, the operator T, defined in (2.3) is extended to a bounded linear operator from L,(%,X) into Lyl BY).
Moreover, denoting this extension by T, we have

ITull co @ npmym = Cx

for some positive constant ¢ depending on p, X, and Y.

Remark 2.3
For the definition of UMD space, we refer to a book because of Amann [291.For1 < g < o¢ Lebesgue space L(£2} and Sobolev space
W) are both UMD spaces.

The resolvent parameter A in problem (2.2} varies in £, , with Tes, = A e Cllarg Alm—e Al 2 Aol e € (0, m/2), A0 > O)
To quote some unique existence theorem for problem (2.1}, we introduce the space W, 1(©2). Let ¢ be the extension map ¢ - Lijocf2) -
Ly ject BY) having the following properties :

1, Forany 1 < g < ocandf € W € W RN, = finQ and ey mm = Cllf i fori = 0.1 with some constant C
depending on 4.7, and 2.
2. Forany 1 < g < xandf € W), UV Ot

< Cliflli 2 with some constant C depending ong.r, and Q.

Then, W, ' () is defined by
W;‘(Q! = {f € Luoet) | Hllwy ) = l’l‘fﬁﬁé"{fﬁ;“) < ook
According to Maryani [15], we have

Theorem 2.4
tett<gex0<ex 7/2,and N < r < oo, Assume thatr > max(g,g').LetQ bea bounded domain in =¥ whose boundaries Sand
I are both w? /" compact hyper-surfaces. Let

Teae = A€ C\{0L] larg il < ® — ¢ [A] = Ao

Let
X,() = |if.gHk [ (figH € W),k e W™},

X8 = {(F PP FaFs) |

£, e WHE)F2 € L@ Fy € Lot Fq € L@ Fs € wia .

Then, there exists a 4g > 1 and an operator family A(1) € Hol(Z, o, LL (2 W;’Z{Qm such that for any (f,g, H.}0 € X(€) and
%€ Seag ooty = RO g. 17k, Vk H) is aunique solution to problem (2.2}
Moreover, there exists a constant C such that

R:ug(ﬁz;,w&*‘ts‘z»(mﬂ”' RN TAEE =0 = 0,1,
RLﬁ:.xz,(s’z>.wgﬂxszy>(§(fa‘f VRO LA € Beah 5C (=01
Rm.i‘qcszr.tlgszw;m“}’)i“\mvpvﬂ"“? fheSealsC (E=01)
(tran) (VIRRON | A € Zea D =€ (E=0.1)

24)

Q’E(.T},(QLL.;(Q}“‘! ¥

with . = y + ir.Here, P, isthe projection operator defined by P {p,u, 7) = W

¥ A Banach space X is calied a UMD space i the Hilbert transform of ¥ is bounded on Lg(8R, X) for somep € {1, 00).

Copyright © 2015 Johr Wiley & Sons, Ltd. Math. Meth, Appl. Sci. 2016, 39 2202-2219
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Remark 2.5

1. The Fy, Fy, F4, Fy, and Fy are variables corresponding to £, 4, 1172k, Vk, and H, respectively.
3. Theorem 2.4 was proved in [15], where the same problem was treated even in the unbounded domain case.

As was shown in [15], applying Theorem 2.4 with the help of Theorem 2.2, we have

Theorem 2.6

letl < pg < o, N <1 = and T > 0. Assume that max(g, g) < rletQbea bounded domain in BY, whose houndaries
S and I" are both W2~/ compact hyper-surfaces. Then, there exists a positive number 1 such that for any initial data (. o, 7) €
W) () x g P x Wl ()" and right-hand sides f, g, H. and k with

(F, g, H) € L,((0, T, W), ke L(0.T), W)™ O WO, T W)Y {2.5)
satisfying the compatibility condition:
(S{ug) — P (p)ipl + frgin = Kjj—ponl, wug=0on5 {2.6)
Problem (2.1) admits unigue solutions &, u,and r with
8 & WiO,T), We(n, u e L((0,T), W2SY™) 1 W, (0. T), L@, © € Wi, TH W (")

possessing the estimate

5 3 4 HE 4 P RN, 0. i o B .
lwcmnuwyean + fosulle cont e fully (onwion t el conmgcan

» ust || ITRNETE T S v Weglwt e
= Cye™ {follwyeen + Iollgg -7y ol

U B, conwiian T+ 19MLwens@n + Eif?skﬂgua,n,w‘;'mn}

for any t € (0, T) with some constant C independent of f.

To prove the global well-posedness of problem (1.10), we need some decay properties of solutions to {2.1), which is stated as follows:

Theorem 2.7
Letl < p.g < oo,N<r<o0 and T > 0. Assume thatmaxiq, g’} = r.Let be the number defined in Theorem 1.1. et 2 be a bounded
domain in B¥, whose boundaries 5 and I" are both W'* /" compact hyper-surfaces. Then, for any initial data (fiy, U, 7o) € W) x

ot P o« WYY and right-hand sides f,g. H, and k satisfying (2.5), the compatibility condition (2.6}, and the symmetric

condition: T (x) € Sym(R") for almost all x & §2, problem (2.1} admits unique sofutions #,u,and 7 with
# € WH((0,T), Wy (), u € L(0,T), wiaMn W,((0,T), L)), T & w;uo,r),ngse;”‘“;
possessing the estimate

diipy . i Jis e H . 5 o 3118 g nd N LR . %
ﬂ{:‘ . f}i?’w,‘,qm,;)ygjggn + 529 ds“;h;uon.:.mzu 4+ ?I‘? u%%g_fu(;‘r)‘w_’{(ﬂﬂ - < ‘}iﬁ' ’ rnw)((avﬂvw‘}‘g’;“

- .j " @ B it o Bailiy #
< C ‘ﬂf‘)q}gwg(g) + ﬂ“u{zi{i: “1 0y + !;I{}\%w;(g33 + i€ ({x g. H’%Siﬁli(};’).w’ialﬂ)} (2.7

B

l

PR i
+le" kil qonwiian + 1€ Bkl qonw; @n T dis) ) {/ (€™}t s), P""Q“’)d’) {
S0
P

for any t € (0, Ty with some positive constants C and 1. Here, d(S} is the number such that d(5) = 1when 5 = @ and d(S) = 0 when
S# 8.

Remark 2.8

The symmetric condition: 7p(x) € Sym(E¥) for almost all x € Qimplies that t{x, ) € Syyg;%‘."‘) for almost all (x, 1) € & x (0, 7).

To prove Thearem 2.7, first, we consider problem (2.1) wirh?: 0,g=0H=0 and? = 0. And then, the correspending resolvent
equation is as follows:

20+ podiva=f 0

pe Al — DivS{u) & Pip V8~ fiDivt =g in Q,
At 4 pr - 4Dy =H in €2, (2.8)

u=0 onSs

(S(u) ~ Pip. i+ fon =0 on r,

where i, us, and tg have been renamed f, g, and H, respectively. We consider problem (2.8) on the underlying space H,(52), which is
the set of all (f, g, H) € W) °(2) suchthatg <atisfies the orthogonal condition:

gpe=0 (t=1...M 29
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when $ = #. Note that any solution (#,u, 7} of problem (2.8 satisfies the orthogonal condition:
upiio =0 ti= I {2105
when § = @ in fact, by the divergence theorem of GauB}, we have
poiuprle = (g,pio + K pr = %mlu!.mpg 353
o {{y - gydiva - Plpd divpda - %(7, Dip M.
Because it holds that

Dips) =0, divp, =0 (= 1 4 2.11)

(2.9} implies {2.10).
Let W2(2)¥ be thesetofallu & W2(Q)Y, which satisfies (2.10). And also, we introduce an operator A and a space (A by

Alf, 1, 1) = (—pediva, p, (DivS(u) = P {ps)VE + BDIVT), —yT + sDu) for(d, u, 1) € DA
Dol ) = (U 1) € Hg(R) [UE Vi’;}(&?}"', uls = 0, (§(u) — P(pu )8t + primip = O
By using A, problem (Z.I)withgm 0,g=0H=0andk =0is written in the%rm:
S )~ Al u 1) = 10,0, Oy fort =0, (6,4 t)h=s = (0o U, o) {212}

Because R boundedness implies the usual boundedness by choosing n = 1in Definition 2.1, for any € & (0,7/2), there exists 3
constant 4; > Osuchthatforany & € £ 5, and (f, g, H) £ H,(Q), problem (2.8 admits a unique selution (7,4, 1) £ D, 1€2) possessing
the estimate:

PATCR R 4 Ul < CIE8 Wiy, (2.13)

g8

forany A € . ;,.Here, we used the fact that (2.9} implies (2.10).
By (2.13}, we know that there exists a continuous semigroup {Tit)jr=p ON Hyt$2) associated with problem (2.12) that is analytic. To
prove the exponential stability of | T(t)}r-0, it s sufficient to prove

Theorem 2.9

letl < g < oo,N < r < 00 and 4, > 0. Assume that max(g, g) = r.let i, be the number given in Theorem 1.1 and let 1, be the
number given above. Let (2 bea bounded domain in 2%, whose boundaries Sand T are both W' /" compact hyper-surfaces. Assume
that

u>0 v> Al (2.14)

Then, forany A € withRe i = Oand A} = 1 and (f,g.H) € Ha(2), problem (2.2} with k = 0 admits a unique solution {(Bu1)e
,(.A) possessing the estimate:

@

100, )0 0 = UG M0 0 (2.15)

We postpone the proof of Theorem 2.9 to Section 3. By Theorem 2.9, we have

Coroflary 2.10

tet1 < g = N<r<ocandd = 0. Assume that max(q,q’y < r.Let{; be the number given in Theorem 1.1. Let © be a bounded
domain in &Y whose boundaries $ and 1" are both Wf”""“' compact hyper-surfaces. Assume the condition {2.14) holds, Then, the
semigroup {T(t =0 ls exponentially stable on Hq{(Q), that is,

IT(HE. 8 Wil ) = &7 IILE M, {2.16)

forany (f,g. H) & M, (Q)and 1 = 0 with some positive constants C and i1

Now, we are in position to prove Theorem 3.7. To reduce the problem to the semigroup setting, first, we consider the time shifted
equations

in Q= (0,7),
in 2= (0,7,
in2x(0,T)
u on Sx {(0,T),
l (S{u—~ P(p Pt + pri-n = k on T, x{0,T)
(8,4, Do = (Go o, 70} NS

¥

]

pelieu + Aou) — DivSiuy + P'{p.)VE — BDivr

8,8 + hot + padivu =
Fer 4y + Agt — 6D(U)

i
o xa ™

217

i
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with large &g > 0. For example, in the case (fig, U0, 7o) = (0 0,0}, by using the R-bounded solution operators R(Z) given in
Theorem 2.4), the solutions of {2.17) is written by the Laplace inverse transform of R(A + A WF, GO ), B, where f(1),g(4), and
H(J.) denote the Laplace transform of £, g, and H with respect to time variable £. Thus, using Theorem 2.4 with the help of Theorem 2.2
and employing the same argumentation as in Section 4 of Shibata [30], we have

Theorem 2.11

Letl < pg < 2N < 7 < o0, maxiq, q) <randT > 0 letQbea bounded domain in 2, whose boundaries 5 and 1" are both
w2~ '/* compact hyper-surfaces. Then, for any initial data (flg, Ug, Tg) € W (R2) % B8P x W ¥ and right-hand sides f, g. H,
and k satisfying (2.5) and {2.6), problem (2.17) admits a unique solution (#,u, 7} with

6 € W0, T Wy (s, u e L((0.T), W2(Q)M) N WO, ThLa)"), T & W0 T, whv ).
Moreover, there exists a positive constant iz such that 6, u, and r possess the estimate:
E‘emgﬂ“f;‘,(<oﬁ;,»s',_‘,«s}n + el en@n fe™ull,_ onmwien * {gemf‘vhzf;uo.ra,wixsza)
= bl + Wollg-vm g + Irollwgesn (2.18)
,f,g;e’?‘(f,g, ”Hgtpuar:.wi”«s:u + ﬁemkﬁ{;&i(),?l,%ﬂ}f{?H + ﬁemaskﬂz;.«u‘m,w;"zszn%

for any 5 € (0, 1] with some positive constant C depending on 1; but independent of T.

Under the aforementioned preparations, we finish proving Thearem 2.7. We took for a solution (#,u, 1) of the form # = x + U =
v+ wandt = i + ¢ where (x, v, U/} and (w, w, @) are solutions to the following problems:

Bk 4 Aok + padivv =1 in 2 x(0.7)
oGV 4 Agv) - DivSiv) + VP (p. k) — pDivy =g inQ2 x0T
D+ AgW + yi — 8Div) =H in Qx0T (2.19)
v =0 inSx(0,7), L
(Stv) — P'{pad + fig)n =Kk inI"x {0, 7),
(K, ¥, 0 Ye=a = (B, 1, 10) in £2,
i b padiv = Aok in 2«0, Ty
Dt W — DivS(w) + VP {pa)er) — {ﬂ)ig»:: = peAoV ﬂ Q= {0,T)
B & pg — SD(W) = Ag in Qx{0.1),
#=0 in S x (0.7), 220
(S(w) — Plip el + Bon =0 in T x (1),
(W, @)i=0 = (8,0,0) I,
respectively. By Theorem 2,17, we know the existence of x, v, and ¥ that solve (2.19] and possess the estimate:
le™kllyron ey + €73l @n + e vil, qonwian + 1€ ¥iwwnwion
=C ':M‘)?gw;xs‘a) + ““ﬁ?iﬂixg—r( ey T llwien {2.21)

e WK onwicen T+ 1878l uen e+ 55‘-’”5”5"31pt<n,n.w;“uwu} :
for the sake of simplicity, we set
Jpa = Mollwicen * ﬁ“G“ai‘; o gy + ITolwyen

el . Lo feBal o s e ki :
+ e MK oy T 1€ Glyrong@n e ekl ot cxrne

where n = min{n, 1)/2, and 1y and 1; are the positive numbers appearing in Coroflary 2.10 and Theorem 2.11, respectively. Let
{T(1)};0 be the semigroup associated with (2.12) and let z(x, 5) = v{x,5) ~ d(s) i’{t RUTORIN - 75 Io1 -T9 Defining ), w, and ¢ by

ot
({0, WE 0, @0 0 = Ag j Tt — IR, 5h Pzl 5), ¥, 5))ds (2.22)
o
by the Duhamel principle, we see that o, w, and ¢ satisfy the equations
Bio + pedivi = Agx in §2 < (0, T),
peilo — Div S(W) + VP (pa 1) BDivg = pudolv —d(5) S vlskpaaped 0N Qx0T
B + p@ — SDIW) = Aot in Q2 % {0,7),
W o=0 in$x% (0,71, axs
(S(w) — P {psaol + fgl-n =0 in = (0,T)
(), W, ¢ rmp = (0,0,0) in Q.
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Because (z(- 5),ps I = Oforany &= 1,..., Mand s € (0, Tywhen § = #, by Corollary 2.10, we have

t
@, 0, W 0, @0, Do = C/ e M k(9,200 53,0 (S ey 95
. Jo N

Thus, by Holder's inequality and the change of the integral order, we have

o7

j (@™ (G, 0, W 1), G D o) P
d 1

T t g
5 Cj ([e"”““‘"e”"i‘@(k'i-,s),zi‘,s). ;"/i',s))tiwx,gm,ds) dt
0 \Jo B
t

pip

T 2 Bip
= C e (@B (k (-, ), 20 S W S0y P IS e ds dt
W, (02}
Jo Jo v 20
: o T T
= Cy PP / (e”“ﬂ{x‘{-,s).zb,sy,df{-,s)}ii‘,d.gt(.,gyﬁds/ e M dt
Jo S Js

T
=Cy? [ @k (5,20, 50, W S oy 05
SO ¥

which, combined with (2.2}, furnishes that

lle™ (W, DM, om i = Cyg: @24
Because o, ¢, and w satisfy the shifted equations
@ + ho® + pudivie = Aoler + &) in Q% {0, Ty,
Pa (W + AW — DivSIw) + ViP'(pe)) — DIV
= pudo(W + v - d(S) pIINLVORIN JE 1T 1) inQ x(0.7)
8 + Aof + y@ - SD(W) = Aol + ) in 2 (0,T), {2.25)
w=0 in$x1(0.T),
(SIW) — P/l + pg)-n=0 in 1" = (0, T),
(0, W, ¢ in £,

by Theorem 2.11,{2.21), and (2.24), we have

£ Wod I s 1 or B | HI5ay i 5
e @l enwiean T fle™ Wil contn + 1€ Wi, qenmwiemn (2.26)

Lt s A
+ e @l onmian = Crar

When § # @, setting o = @@ = g and W= W, we have Theorem 2.7.
Finally, we consider the case S =@ let

M ot
m=0, 9 =§ W= W 4 Appadis) Z j (vl 5), piladspi.
et {0

Because (2.1 1)holds and p; is the first-order polynomial, we have divu = divy +divw, S{u) = S(v) + S(w), D(u) = Div} + D(w), and
T2y = V(v + W) Thus, by (2.22} and (2.25), we see that #,u,and 7 satisfy Equation 2.1. Moreover, by (2.21) and (2.26), we have

15 134 . 75 " } o " 3
fie™ Bl o mwd ccan + e Bl qanwian + e DWilpwang@n

) p A {2.27}
+ €MVl can oo + e tlwconwicn = g
Using the first Komn inequality, we have
H
ut Mg < CHIDE N g + 3l shpodell
£}
which, combined with (2.27}, furnishes that
Mo st /e
e u, 9 conmican =€ %iie’*in(u(-,snﬁ;pim, L@+ Y {f (e |(ul, s), pi )ni}"dS) %
Eamt 9
" ; i {2.28)
<C %}M +3 (/ (e {ul-5). pe }s‘zflpds) %
g% a
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Thus, combining (2.27} and (2.28}, we have

oG WG oS aglt )
e Mllwsconwen + He"duliuansen + el onwican

M ; AP
+ et conmican £ € %jm + § (f ("' i(uls) P )QDPdS) % .
; S2) : A
£==1

This completes the proaf of Theorem 2.7,

3. A proof of Theorem 2.9
In this section, we prove Theorem 2.9. For this purpose, first, we consider problem (2.2} with & = 0, thatis

ﬁ ;),gv§

i =f in€,

—DivS(u) + P(pe)V8 — fDive =g  ingl,
ypr—dD(u) =H in 2, (3.1}

u=0 on§

(Stu) ~ Pip bt + prm =k onl.

We start with

Lemma 3.1

letl < g < e N <r <2 and /., > 0. Assume that maxigq, q') < r.Let{, bethe number defined in Theorem 1.1.Let £2 be a bounded
domain in 5, whose boundaries S and T" are both w* " compact hyper-surfaces. Then, for any (f, g Hy e W%(Q)andk e wiay
satisfying the condition:

(g.po)a+kp)r =0 (£= 1,....M) (3.2

when § = @, problem (3.1} admits unique solutions f € W;{Q) andu € W§( Q) possessing the estimate:

A ‘V’ijiwj"(il) = C(Q%(f,g,ﬂ}i%wéu(n, + lkllg o)) (3.3)
&:mark 32
Recall that W2(© W isthesetofallu € Wé(Q}“, which satisfies (2.10).
Proof ]

Setting v = ¥ ~HaD(u) + H) in (3.1) and inserting the relation divu = p_'finthe second equation and boundary Eondiﬁon.;\rje have
j ‘ Pe divu = f inQ;
LDiv (D) ~ Pllpaily = g inQ, (34)
i (1'D{w) — P(pPhin =K onl.
with ' = p+y~ 88,9 = g+ Divly —pT iy R and K = k(v —p jp L4y fHIN.In the sequel, we use the estimate:
Rl < Clbllugeeny =01, (3.5)
which was proved for example in Maryani (151 By (3.5,
19 e + 1K e < CUT @ Wil
Moreover, by (3.2) and the divergence theorem of Gauf}, we have
(g.pio + K par =0 ((=1..M 36)
To quote 2 result due to Shibata [31 1, we introduce the space W:;', o] defined by
W () = lp € W () | el = 0L

Forany g € W, (Q), itholds that the Poincarés inequality:

el @ = CIVell, @ for any ¢ € Wy -{82). 37

Then, by (3.7}, we have

1tF.o1al < iflLaliel o = Cilflle e iVe il .
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)
which implies that f € W)($2) in terms of the terminology defined in Shibata {31]". By the Hahn-Banach theorem, there exists an
Fe L, (Q)" such that f = divFand [Fl, ) < Clflen-
Instead of (3.4), first, we consider the equations:

{ padive = f inQ,
AoV — Div(p'DiV) = P'{pjpl) = in Q. (3.8)
(DU}~ P(p.rphn =k onT.

According to {31], there exists a large Lo > 0 such that problem (3.8) admits unique solutions v € Wé(m” andp € W? (£2) possessing
the estimate:

i 3

Ivlwzn + IPllwgeen = Ctlflu o + gl + 1
Moreover, by the divergence theorem of GauB, we have
- r sz i’ N s -
Jolv,pr) = (g poia + (K pelr — % (Div), Dipe i — FlipaHp. divpoia.

By (2.11) and (3.6), we have (v, p ) = 01 =1, M), sothatv € W2
Settingu = v + wand f = p + qin (3.4}, we have

podivw =0 in,
~Div {/Diw) — P'lpa)all = Aoy In €2, 3.9
('Diw) — P{p.iglin =0 onl.
The problem
{ padivw =0 inQ,
] Jv — Div (' D(w) — P {pa)al) = AoV in Q, (3.10)
l ('Diw) — Plipghn = onT.

is uniquely solvable according to a result due to Shibata [31], and the inverse operator concerning problem (3.10} is compact, so that
by the Riesz-Schauder theorem, the uniqueness implies the existence in problem (3.9}, This fact is called by the homotopic argument
in the sequel. Thus, we examine the uniqueness of problem (3.9). Letw € WiQ) andq £ Wc‘, () satisfy the homogeneous equation:

pedivw =0 in €
—Div (' Diw) — Pipagh =0 in &, ERE))
('D(w) ~ Flipghn =0 on

First, we consider the case where 2 < g < 2. Then,w € W%im and q € W1(£2), so that multiplying the second equation of 3.11) by
w, integrating the resultant formulas on §2, and using the divergence theorem of GauB, we have

W ;

?ﬁbéwmfz&ﬁ) =0
because divw = 0. Thus, Diw) = 0, namely, w € Rq. On the other hand, w satisfies (2.10), so that w = 0. Moreover, by the boundary
condition, we have q = 0 too. Thus, we have the unigueness, so that the Riesz-Schauder theorem implies the unigue existence of
solutions to problem (3.9). When 1 < g < 2, the uniqueness follows from the existence of the dual problem with exponent g’ > 2. Then,
we also have the uniqueness when 1 < ¢ < 2, and therefore the Riesz-Schauder theorem implies the unique existence of solutions
to problem (39) when 1 < g < 2. Summing up, we have proved the unique existence of solutions # € W {Q)u & Wiy, and

v & W@y for problem (3.1). The estimate (3.3) foltows from the Banach closed graph theorem, which completes the proof, 0

in the sequel, we prove Theorem 2.9. In view of Lemma 3.1 by the small perturbation argument, there exists a small 4g > 0 such that
problem (2.2} can be solved with 4 € © and [A] < A Namely, Theorem 2.9 holds for 4 € O with |A] < Ao Thus, inthe sequel, we
consider the case where Re & = 0and o = JA] < Av.1n this case, setting # = A~ (f — p.diviw)and ¢ = (A + ¥ HAD{u) 4 Hy in(2.2),
we have a generalized Lamé system:

[ ]
Pt~ DivS(u) =g inQ, u=0on 5, S;um=Kkonl, 3.12)

where we have set
Sa(u) = (ji + flA 4+ y) 7 HDW) + (- )+ P pa et idiv,
g =g (Plp.)a V= BlA + y) DivHY,
K =k (Plpyd = B+ ) THIN

§ The space Wé' Y (52) was defined in (31), but we justquote @ cosult because of Shibata {31}, so that we do not state its definition.
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Because Ag < 1A] < 2. by 3.5)

1 e + 1K Bz < Caosy (.8 M 00y + ikl wacey)
To solve (3.12), first, for fixed 4, we consider the equations:
pektl—~ DivS;iu) = g'in{Z, u=0ons5 S;un= Konf, {3.13)

with new resolvent parameter « € . Note that if (g, k) satisfies {3.2), then (g’ k') also satisfies (3.23. Employing the same argumentation
a5 in Shibata and Tanaka [32] or Enomoto, von Relow and Shibata [24}, we see that there exists a large «p > 0 depending on A such
that for any x> xp and (g, K') € Lgi€ P ox W) satisfying (3.2), problem (3,13} admits a unique solution u & W2(52)¥, Because
the solution operator of problem (3.1 3) with & = & is compact, by the Fﬁiesz»Scha%er theory, we see that the uniqueness implies the
existence in problem (3.12). Thus, we axamine the unigueness. Let u € W2(Q }¥ be a sofution of the homogeneous aguation:

peiu—~DivSyiul = 0in Q, u=0onS S;lun= fonl, (3.14)

First, we consider thecase 2 < g = 20.1n this case, u Wf(‘;’ y¥. Thus, multiplying the first Equation 3.14 by u and using the divergence
theorem of Gaul}, we have

—_— 1 o e Bl o , N —
0 = p,g»*iluigi“-“ Es 5{1’. + BlA +y) ‘Mg;D(u)eifz@, 4 {{v =)+ PUpapei ‘)ijdwuﬁiggr {3.15)
WhenRe A > 0,Rep. A~ = OandRe Bl + ¥}~ '8 = 0,50 that taking the real part of {3.15), we have

0z p.ReAlul ) + %%}Dw;;{fﬂm 4 (v — oldivul o) (3.16)

Because [divul} o, = (N/4)ID(W)I? gy, bY (3.16), we have

0 (v " u ) ldveld e

provided that Re 2 = 0. Because we assume that v - &&3 4t > 0, we have divu = §, 50 that by (3.16) and the assumption thatp > 0,
we have D(u) = 0, provided thatReA = 0. When § # #, we have uls = 0, 50 that the first Korn inequality [Vul o) = € ID{u e
does hold. Therefore, Vu = 0, which implies that u is constant. But, uls = 0, so that finally we arrive at u = 0. On the other hand,
when § = @, u satisfies (2,10}, so thatu = 0 too. Therefore, we have the uniqueness, which implies the unique existence of solutions
to problem (3.12) for each Jowith ig = 1A} < Ay when2 < g < 2 When 1 < g < 2, the uniqueness follows from the existence for
the dual problem, so that in this case, we also have the unique existence of solutions. 1f we know the unique existence of solutions 1o
13.12) for one i3, by the small perturbation argument, there exists a small number & depending on .y such that the unique existence
of solutions to (3.12) holds for & € T with |1 — A;| = §.Because the set GoeC|RAz0 do 2= A1) is compact, we have
the unique existence theorem holds forany {4 € © | Red = 0, ko < 1Al = A4} with uniform constant C in the estimate (3.3). This
completes the proof of Theorem 29.

4. A proof of Theorem 1.3

To prove Theorem 1.3, we start with

m LT
I{Zl ;nc:i p.q < =, let T be any positive number, and let < be a bounded domain in %% whose boundary I is a w2 " compact
hyper-surface with N < r < 2c. Then, the following two assertions hold:
1. We have
,Eiﬁ—) zliu(t}p’@?”""(&"Bi = C’.i]u(<,0}%§5£g-—'fmm’ + 1T
for any u € L,(10, T), W () 7 W0, T), La(2)) with some constant C independent of T. Here, we have set
1 T) = [ill, conserezn + Ml conmwicn:
5. Assume that maxig, ') < r. Then, we have
iVullwz o) = Cliulle, forany u € L2},
fuviiwg s = Cllviwg e iviwge forany u € W, (S2),v € W21, (4.1

vl ey < Clullge IVl for any u,v € Le(2)-
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Proof
Lemma has been proved in [15] (cf also in {3 11), so that we may omit the proof. A

From now on, we prove Theorem 1.3. Let ¢ be a small positive number, and we assume that initial data (f, Vo, T0) € Dyp(S2) satisfy
the conditions:

2 s
“pe < pa+ 0 < gPe
s <Petto< 3P a.2)

6ol sy * ﬂ“cﬁgélsj--i'c"gn + Hrollwieeny =€
and the orthogonal condition {1.18). Secause we choose an « small enough eventually, we may assume that 0 < ¢ = 1. Thus, by
Theorem 1.1, there exists a Ty = 0 such that problem {1.10) admits a unique solution with T = Tp. Let T be a positive number, and we
assume that problem (1.10) admits a solution (#, u, w) with

0 & W0, T), Wi, ue L0 Wi n W10, 201, (M), @ & W (0 T), Wi
satisfying the condition:
1 5 : v =
—pa < pa A BOLE < 7D forany (x,) € @ x (0,T), sup § Vul-, s)dsl, = 0, {4.3)
3 3 Gere ¥ fel )
where o is the positive number appearing in (1.7}, We may assume that0 = ¢ < tand T = To. Let
1ty = 1"l conmian * e daull, oty an + 1€ Ul onmpan * e luw qanwion
with some positive constant 1 for which Theorem 2.7 holds. Our main task is to prove
1) < Mile + W% @4

with some constant My independent of ¢ and T. To prove (4.4), we start with

18C Hlwisn = Cllifollwycen + iy,

‘lu(, t}ﬁﬁ “1ipNioy = Cﬂ%ugsisj B oen + WD, (4.5)

le?";t)%w;g{}) < CUll Tai%w(i{”) + W
In fact, writing fix, t} = fh + j;i},{i(v,s)ds and wix, t) = fo + ‘[giisw(‘, 5)ds, we have the first and third inequality in (4.5} The second
inequality in {4.5) follows from Lemma 4.1 (1). Hereinafter, the letter C stands for generic constants independent of T and . 1ts value

may differ even in a single chain of inequalities. By Holder's inequality, we have

vy

At t . ot Ve
jﬂ )z @5 f&CU; e “”‘“dS) ([Q (e"”‘;iut-,n!%wg&,)"ds) < Cl1). (4.6)

To estimate the products, we use the Sobolev embedding theorem:

m [
T 6lwzeen = T Ml Wi = Clflagesy @7

j=1 =
because N < g < . Because 2 < p < o, we have g4 TP C W), thatis,
z!féiw\;(s},} 1: Cﬂifﬁ b1 ~-1/p2 ¥ (‘;8)

i £

Recall the definition of nonlinear terms £, u, ), gi0, u,e), B0, w0l and L(f,u,w). Using (3.5), (4.3), (4.5), (4.6}, (4.7}, and (4.8) and
noting that Vg, (0} = 0, Vp(0) = 0, Vi (0), and V5(0) = 0, we have

e (fto,u,m), hid, uw), Lt w el eowian T fle"*gld, u, )l oniien < Ce + HEY'. 4.9
By (3.5}, (4.7), (4.3}, (4.5,(4.6), (4.7}, and {4.8) and noting that Ve (0) = 0, Vpi0) = 0, Vow {0}, and Vi{0) = 0, we also have
flesdhtt, o, (oows iz = Cle + . (4.10)

To obtain {4.9) and (4.10), we used the fact that (¢ + Wk < (1/2)? + (/DU < e + WY’y because of 0 < € = 1.

Copyright © 2015 John Wiley & Sons, Lid. Math. Meth, Appl, S¢i. 2016, 39 2202-2219
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Applying Theorem 2.7 t0 problem (1.10) and using {49 and {4.10}, we have

M t g
i = Cle + ey +d(s Z (f (e’ l{uf-, s}, ps )Qi)f’ds) L [ERES

P |

Now, we consider the case where S = @, namely, diS) = 1. According to the argumentation due to G. Strohmer [27], the Lagrange
transform x = Xg(&t) = £ + jguiévsxds is a bijection from & onto Qo= jx = X&) | § € 1 and from [ onto Iy = Ix =
K (E,0) | £ € §}, 50 that denoting the inverse map by Y(x,1), by {1.9), we see that p{x. 1) = p= + Y, 0, 0, vix, 0 = YK 08,
and 1(x, 1) = o{¥(x, 1), t) satisfy Equation 1.1. Because we assume that g € Sym(&™), we know that © € Symi{Z"), too. Let J be the
determinant of the Jacobi matrix of the transformation: x = X, (&, 1), and then noting that p(§ + j'éu(gﬁ,s), t) = pe + BLED and
ik + [lulg,s). 0 = u(E. 1), we have

d / (p( vl 1) yex
o e, L. L) P
dl { t bl
= U (ps + OLE, DIE O - PelE + [U£E.s}dsylie.r}d$j
dr{Ja Jo
. i
= [ eltpe + 66,0060 PeCE ¢ [ e odsvce, 0 ¢
2 s B

& £
+j (ps + H{g,t))utis,n‘ﬂ,{p; (4% [utsﬁﬂdﬁﬁi,t)ds
e Ja

: 1
+f {ps + geE uE D - peE + [n{é‘.s&dsm;i{s,ﬁ dt.
£2 a0

Because 4,J(5, t) = (divvix H1J(E D, by (1.1}, we have

?‘J‘:(lmgév A, DEDME D & (pe + A, Dl ndE T
= {thtpw) + v Vipv) + pvdiv g, b
= [p(dyv + v - V) b (g o+ div (pvnviHE
= {DivTiv, p) + pDIV T)E, )

Moreover, representing pg (x) = (Lﬁi Ao oo }_‘?L‘ a,wx;} + bwithay + a, = 0.we have

¢ N N
i ! 1 )
uls, - delpelé + f w(E, s dsh = 3 auidE, w0 = 5 Z(a@. 4 apuE 0§D = 0.
o = £ =1
Summing up these two facts and using the symmetry of r and (2.11), we have

g—! (pl, OV, e ddx = (DivT(v, p) + S0V, pria,

£2,

= .M%(ows,mpt e, — (v = p)dive,divpoe, + (P dvPoa, = ‘%H.Dim Pe, =0

Thus,

i3
[ (p. + H{E, DulE, Hpats + j ull, syds)HE NdE = ((px + Bylo.Pide =0 (E=T1..., M) {412}
Jer o

foranyt € (0, T Because J(&, 1) = det(t + Va{_jg‘?asé,s;ds}) and ¥(0) = 0, we may write JE, 1y in the formy
HED =1+ vl f\?u{g,s)dn
JO
where vy = v (K} is a C™ function with respect to K defined on K| < o with vg(0} = 0. Moreover, we write

.

4 4
pelE + f u(E, s)ds) = pe§) ‘+Aff ulé, s)ds
i) 1)

Copyright © 2015 John Wiley & Sons, Ltd. Math. Meth. Appl Sci. 2016, 39 2202-2219
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with some constant matrix A;. And then, by (4.1 2},%&have

= 1
ug, t.prlao = ~p7! (p* (u{u!),%; Vo ( [ ‘?uis,s)ds))
e 4.13)

st g H 3
%p*iu{-,t).Aa/ i, sydsii tho +] BLE, DUE DPis + [ u(&,s)dﬂ)(%,t;dé)
Jo 2 Jo

(e

Thus, using {4.3) and (4.13], we have

itat, 0, P el = CllPolly o) Heial, 0w 4.14)
which furnishes that
M e e
3 ([ (@ j(uls), pe }g‘zipds) < Cle + WY 4.15)
gy WO

Combining (4.11) and (415}, we have (4.4).

Finally, using (4.4), we shaw that solutions can be prolonged to any time interval beyond (0, T). Letr (¢) = (2My) ~tt SIM) €
be the two roots of the quadratic equation: My (x* + ¢)—x = 0.0 < ¢ < (M)~ 2, then 0 < r_(¢) < ry(e)and ro(e) = Mye + Ole?)
ase - 0+ 0. Because I(t) — Dast — 0 and (1) is continuous with respect to £ as long as solutions exist, there exists an g ¢ (0, 1)
such that

Ity < r-{e) < 2Mse {4.16)

foranyt € (0, Thand e € (0,¢). By (4.5),
ﬁfﬂ‘»r)ﬂw;(g},; + liu(, }-)&53;*; YR ey + ;Yi’“}{’l T’gwi_{gg & MZ(‘ o My (517)

with some constant M- independent of ¢. By (47), [6( Tl = CUPG Doy = CMae, 5o that choosing ¢ so small that CMae <
(1/3)p., we have

2 . 4
g;?« < po b X TY < ‘éi)«. (4.18)
We cansider the nonlinear equations:
A 4 pedivi = F(A,0,@) nQx(T,T4 T
e8¢l — DivS(iH) + P(p) V6 — fDive = g(d,4,@) inQx(I,T+T)
{ ey + }'ff) — Dy = lz.(é, @, Q=T T+T (4.19)
i ($(G) — P'(p. )it + fan = h(f,u.a) onfy < (T,T+ T o
a4 =0 on Sx (T, T+ Ty
(08,0 s = BLTH U T et Ty NG

which is the corresponding equations to main problem for time interval (T T+ T1). Here, A, 8, @), (4, 8,6),L(9,0,@), and hid, b, o)
are nonlinear functions defined by replacing #. .o, and jo"%?’uds by @,0,o, and {; Cuds + __;";Vt‘xds in {1.12), respectively. Because
}a IVul, s} ds = Ce as foliows from (4.7) and (4.16), employing the same argumentation as in the proof of the local well-posedness
for problem (1.10) because of Maryani [1 5] or the local well-posedness for the compressible barotropic viscous fluid flow because of
Enomoto, von Below, and Shibata [24], we can choose positive numbers ¢ and T; so small that probiem (4.19) admits unique solutions
#, 4, and o with

e WHTT+ T We(@), e LT+ T, W2()™) W UT, T + T L)),
w € W, T + Th), WolS2),

satisfying the estimates

F _ 1 - 8
] N8, Ot < 0/2, 3o~ < P +8(x,t) < 3P ()€ Qx (T, T+ T {4.20)

if we define #, @y, and u; by

fix,ty for0<t<T, wr) = iuix,!! forQ<t=<T,

G forT<teT+T, 0 oo forT<t<T+Ty,

wix,t) for0<t<T,

Gty forT<t<T+T,

Copyright © 2015 John Wiley & Sons, Lid- Math. Meth. Appl. 5¢i. 2016, 39 2202-2219
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then f, e, and u; solve (1.103in (0, T + T1} and

By € Wi(O,T + T), Wy (), w € (0.7 + T, WA W (0T + Tad L™,
@y € WO, T +Th), W, (2)).

Moreover, by (4.16), (4.7), and {4.20), we have .‘3;3* < ps + (x5} < %p* and

ot ¥ P
sup 'if Vg, s)asli o = [ VU, ) ands 1‘*[ VA, sHie. ands
Jo Jo r

gt T,

< Mse +a/2

with some constant M, independent of ¢. Choosing ¢ > 0 so small that Mye < /2, we see that t and u, satisfy (4.3), replacing 7 by
T + T,. Therefore, we can prolong #,u, and @ 1o (0,7 + Ty ). It follows from (4.17) that Ty is independent of €, s0 that we can prolong
#, u, and o to time interval (0, ~) finally with loc) < ri(el which completes the proof of the existence part of Theorem 1.1. But, the
uniqueness follows from the local in time unique existence theorem {Thearem 1.1}, which completes the proof of Theorem 11
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