
rssN 0972{871

Far East Journal of
Mathematical Sciences (FJMS)

Volume 107 , Numbe r 1 , 2018' PP 37 -52

EVALUATION OF MLE AND TSLS METHODS

FOR FITTING SPATIAL LAG MODEL

AND ITS APPLICATION

by

Jajang,

B. Pratikno and Mashuri

' PushPo Publishing House

tl+ X',ffi";il33i:l'JHf"""^'
@@xr;grm,r:gm;[H;[i:".

Ta

4

Reprinted from the F,

I

?'

I

,.



611812021 h,l8hpa Publshing Hous€

Institutional Prlce List I Reviewers I Eook & Monographs I Conference I Contact Us

SEARCH

Home Publication Ethics Guidelines lournal Submit a Manuscript Individual Subscriber Login

impact Factor
Far East]ournal of M rthematrcalSciences
(FlMs) Edltorial BoardJoumal Home

Edhorial Board

Gr.lidollnes for Authors

Subscrib6

Contant

Publcstion Ethics and

Publcstion Malp-aciice

Statorn6nt

Joumal Mstrics / lmpacl

Fac.lor

Department of
Mathematics
selAsuk University
Faculty of Science

Campus, 42075 Konya
Turkey

ICombinatorial Group and
Semigroup Theory,
Algebraic and SpecKral
Graph Theoryl

Department of
Mathematics & Computer
Science

Saint Louis University
221 N. Grand Blvd.
Saint Louis, MO-53103
USA

lNoncommutative Ring
Theoryl

Chaohui Zhang

Department of
Mathematics

Morehouse College
Atlanta, GA 30314
USA

IRiemann Surfaces and

Quasi Conformal
Mappings, Ahlfors-Bers
Theory of Teichmuller
Spaces and Modull
Spaces, Mappinq Class

Groups and Nielsen-
Thurstons Classillcation
of Mapping Classes,

Hyperbolic Geometry,
Low Dimensional
Geometry and Topoloqyl

Depart nent of
Mathematics
Southwestem University
1001 E Unlversity Ave
Georgetown, TX 78626
USA

lGraph Theory. Graph
Labelingl

Department of
Mathematics
Tripura University
Suryamaninagar, Agartala
- 799022, frbrra
India

IAnalysis]

Chelllah Selvaraj

Departrnent of
Mathematics
Periyar University
Salem-636011Tamll
Nadu
India

lParticular Ring theory
Homological algebra and
Representation Theory of
Algebrasl

Ahmrt Slnan Ccvik Alison Harr

Categories

Joumah Llsi

AlJoum€b

yrsA
C.cdil C.rd6

Ashish K, Srivastava B. C. Tripathy

Claudio Cuev.s
www.pphmi.com4oumah/ims_editorial_board.htrn

or{LIt{E suBr'tlssro

oltu{E su8}, 55roN LATEST ISSUE

Payrncnli Accet led

oNLIirE SUBUtSStOT'l

oNulrE suEt{tSsrolr

oflu E SuEHtsstoN

ol{Ll}aE suSMlssror{

D. S. Sankar

1/5

J

Far East
Journal

of
Mathematical

Sciences

*1::1t""

SUEMIT AH ARNCLE

SEARCH WITHI" ]OURJ{ALS

q,



611a12021

Departamento de

MatemAitica
Universldade Federal de
Pemambuco

Recife-PE, CEP. 50540-
740
Brazil

IDifference Equations,
Periodicity and Ergodicity,
Dispersive Estimates,
Fractional Differential
Equations, Functional

Differential Equations,
Integral and Integro-
Dafferential Equationl

E. Thandapanl

Ramanujan Institute for
Advanced Study in
Mathematics

University of Madras

Chennai- 600 005
India

lDifferential Equation
(ODE & PDE) and

Difference Equationsl

Hong-Xu Li

Department of
Mathematics
Sichuan University
chengdu, Sichuan
610054
China

IFunctional Differential
Equations, Ordinary
Differential Equations,

Almost Periodicity,

Nonlinear Functional
Analysisl

Jay M, Jahangiri

Department of
Mathematics

Kent State University
Burton, Ohio 44021-9500
USA

IComplex Analysis]

Pushpa Publishing House

School of Applied

Sciences and
Mathematics
Universiti Teknologi

Brunei

Jalan Tungku Link Gadong

BE 1410
Brunei Darussalam

IOrdlnary and Partial
Differential Equations,
Mathematical Economicsl

Haruhide Matsuda

Department of
Mathematics
Shibaura Inst of Telh
307 Fukasaku, Minuma-
ku

Saitama, 337-8570
Japan

lGraph Theoryl

I. s. Rakhamov

Department of
Mathematics

Faculty of Computer and
Mathematical Sciences
LJniversiti Teknologi MARA
(uiTM)

shah Alam
Malaysia

IStructural theory of
finite-dimensional
algebras; Lie and Leibniz

algebras; Dialgebras;
Commutative Algebras;
Algebraic aeometry;
Invariant theoryl

fln-Lin Liu

Department of
Mathematics
Yangzhou UniveEity
Yang2hou 225002
China

IGeometric Function
TheoryI

oHLtNE SUBt{ISSlOi

oNLIt{E SU0HtSSIOll
or{LINE SUStitSSlO

oNLlilE sua lsslor{

oNLIflE SUBt{ta9IOr{

OHLI'.E SUBHTSSIOII

ten4,.pphmi.com4oumals,/trms_editorial board.htrn 215

I onr-rrr suarrssrox I



6t18t2021

Llngyun cao

Department of
Mathematics

Jinan Universify
Guangzhou 510632
China

lComplex
Analysis,Complex
Differential (difference)
Equationsl

Moonja Jeong

Department of
Mathematics
Unlversity of Suwon
Suwon Kyungkido, 440-
500

South Korea

IComplex Analysis]

Pu Zhang

Department of
Mathematics
Shanghai liao Tong
Unlversity
Shanghai 200240
China

IAlgebra Representatlon
Theory and Quantum
Groupsl

@t

Pushpa Publishing House

Magdalena Toda

Department of
Mathematics and

Statlstlcs
Texas Tech University
Lubbock TX

USA

IGeometry, Integrable
Systems, Mathematical
Physics, and Non-Linear
Partial Differential
Equationsl

Nak Eun Cho

Department of
Mathematics
Pukyong National
University
Busan 608-737
South Korea

[Complex Analysis,

Geometric Function

Theory and Unlvalent
Functionsl

Qing-Wen Wang

Department of
Mathematics
Shanghai University
99 Shangda Road

Shanghai,200,144
China

lLinear Algebra, Matrix
Theory, Operator Algebral

I

$ahscnc Altinkaya Satoru Takagi

Department of
Mathematics
Faculty of Arts and
Science

Uludag University
Bursa
Turkey

IGeometric Function
Theory; Bi-univalent
Functionsl

Global Education Center
(Math Dept.)
Waseda University
1-5-1 Nishi-waseda

Shinjuku, 169-8050
Japan

lPartial Differential
Equations; Functional
Analyslsl

I

ofiLurE suBHtsslot{

oNtIt'lE suBt4lsslo

or{LI E SUBUTSSIO

o LtxE suBtrtlsslo

or'lLrNE suEr.flsstox
OITLIN€ SUBT.IISSIO

ONLINE SUBi{ISSIOiI
o ua{E su6Hrssr

www.pphmj.com/joumals/trms_editorial board.htm 3/5



6t18t2021 Pushpa Publashing House

Sunil Duft PurohitSourav Das

Department of
Mathematics

National Institute of
Technology Jamshedpur
Jamshedpur-831014,
lharkhand
India

lComplex Analysis,
Special Functions,

Orthogonal Polynomials,

Inequallties, Continued
Fractions, Asymptoticsl

Department of
Mathematics
Rajasthan Technical

University
Unlverslty College of
Engineering

Kota - 324010 Rajasthan

India

ISpecial Functions,

Fractional Calculus, q-
Calculus, Geometrlc
Function Theory, Integral
Transforms, Mathematical
PhysicslI

Takashi Koda

Department of
Mathematlcs
University of Toyama
Toyama 930-8555
Japan

IDifferential Geometry]

T

Vrrnold Vivin J.

Department of
Mathematics
universlty College of
Engineering Nagercoil
(Anna University
Constituent College)
Nagercoil-629 004
Tamil Nadu

I ndia

IGrdph Theory]

T

Wei Dong Gao

Center for Cornbinatorics
Nankai University
Tianjin 300071

China

INumber Theory and

Combinatoricsl

Tongzhu Li

Department of
Mathematics
Beijing Institute of
Technology

BeUinq, 100081

China

IMoebius Geometry,
Geometry of
Submanifolds, and
tuemann ceometryl

vladimir Tulovsky

Department of
Mathematics and
Computer Science
Saint lohn's university
300 Howard Avenue

Staten Island, NY 10301

USA

IPartial Differential
Equationsl

Wing-Sum Cheung

Faculty of Science
Department of
Mathematics
university of Hong Kong

Poktulam Road

Honq Kong

llnequalltleslI
Xlao-run Yang

Department of

ws/u,.pphmj.oorn4oumals6ms_€ditorjal_board. htm

Xiaochun Fang

Department of

ol{uflE suBt{tssl

oflur{E suBHtsstor{

ol{LIt{E

ollLltlE suEHrsstotr

orifl-tr{E suEl"flsston
otrllItE suBmlsst

ONLIIIE SUBIII
ONUI'E SUBHISSIOII

4t5



6t18t2021 Pushpa Publishing House

Mathematics and Mathematics
Mechanics Tongji University
Chlna Unlversity of Mlning Shanghal 200092
and Technology China
Xuzhou, liangsu, 221008 [Functional analysis;
China Operator Algebra and

[FractionalCalculusand Application]
Applications, Analytical
and Approximate
Solution, PDEs, Fourier
Analysis, Wavelets, Signal
Processingl

I
Yilmaz simsek

Department of
Mathematics

Faculty of Art and Science
University of Akdeniz
07058 Antalya
Turkey

[special numbers and
Polynomials; Generating
Functions; Special
Functions; q-Series and
p-adlc q-Analysis;
Analytic Number Theory;
Modular form and
Dedekind and Hardy
Sumsl

tl
Young Bae lun

Department of
Mathematics Education
Gyeongsang National
Unlverslty
Chinju 650-701
South Korea

IBCK/BCL-Algebra and
Universal Algebral

Yong cao Chen

School of Mathematical
Sciences

Nanjing Normal University
Nanjing, Jiangsu 210023
China

ICombinatorial Number
Theory, Analytic Number
Theoryl

Zhenlu cui

Department of
Mathematics and

Computer Science
Fayetteville State
University
1200 Murchison Rd.,

Fayettevi lle

NC 28301
USA

INlultiscale Modeling of
Soft Matters, Perturbation
Analysis, Numerical

Analysis, Approximation
Theoryl

T

I'lome lournals Books & Monographs Institul onal Price List Refund Policy Disclairner poli.y

o,.,"u., ,o]llt, *.ElitEil',%el[ BBll*&, 1o?3}t6"8"g[],€lfiLr.esolution with Microsoft lnternet Explorer 6 or newer

ot{UxE su8t lsstot{

ONLIHE SUBMISSI

oNut{E su!!ttssto

OI{LIIIE SUEMISS

ollLI E SUE|{ISS

o u E SuBr.rlssro

www.pphmj.com/joumals/[ms_editorial_board.htm

Copyright 2012

5/5



611812021 Pushpa Publshing Holse

Institutional Price List I Reviewers I Book & Monographs I Conference I Contact Us

SEARCH

t' Volume 130 (2021)

+ Volume 129 (2021)

+ Volume 128 (2021)

r Volume 127 (2020)

+ Volume t26 (2O2O)

+ Volume t2S (2O2O)

+ Volume L24 (2O2O)

r Volume 123 (2020)

* Volume t22 (2O2O)

+ Volume 121 (2019)

+ Volume 120 (2019)

1 Volume 119 (2019)

+ Volume 118 (2019)

+ Volume 117 (2019)

t Volume 116 (2019)

+ Volume 115 (2019)

.t Volume 114 (2019)

+ Volume 113 (2019)

r Volume 112 (2019)

t /,r. /,pphmi.corrjoumaldarlicles/1785.htm

Joumal Home

Editorial Board

Guidelines for Authors

Subscribe

Content

Publication Elhics and

Publication Malpractice

Statement

Joumal Metrics / lmpact

Factor

Content

Guidelines lournal Submit a Manuscript

Impact Filctor

Volume 1O7, Issue 1,
Pages L - 294

(October 2018)
Articlesl-19of19t11

ON THE RECIPROCAL
SUMS OF PRODUCTS OF

LUCAS NUMBERS
by: Younseok Choo
Page: 1 - 11

Abstract I Add to my cart

A HOVING ASYI'.IPTOTES

ALGORITHM FOR A
CLASS OF NONLINEAR
PROBLEI"IS WITH
LOCATABLE AND
SEPARABLE NON-
sllooTHNEsS
by: Mohamed Tifroute and
Hassane Bouzahir
Page: 13 - 36

Abstract I Add to my cart

EVALUATION OF MLE
AND TSLS ]IIETHODS FOR
FITIING SPATIAL LAG
MODEL AND ITS
APPLICATIOT{
by: Jajang, B. Pratikno and
Mash uri
Pagei 37 - 52
Abstract I Add to my cart

EXACT SOLUTIONS OF
THE VARIAfiIT
BOUSSINESQ
EQUATIONS
by: Fen Wang and

Zhongzhou Dong

Page: 53 - 69
Abstract I Add to my cart

SUEHIT AN ANTICLE

sEAnclr wITHItt JounilAls

1t5

q.

J

Far East
Journal

of
Mathematical

Sciences
(FJMS)

LATEST ISSU€



Far East Journal of Mathematical Sciences (FJMS)
© 2018 Pushpa Publishing House, Allahabad, India
http://www.pphmj.com
http://dx.doi.org/10.17654/MS107010037
Volume 107, Number 1, 2018, Pages 37-52 ISSN: 0972-0871

Received: December 12, 2017;  Revised: July, 26 2018; Accepted: July 30, 2018

2010 Mathematics Subject Classification: 62H11, 65C05.

Keywords and phrases: MLE, TSLS, SLM, poverty.

EVALUATION OF MLE AND TSLS METHODS

FOR FITTING SPATIAL LAG MODEL AND

ITS APPLICATION

Jajang, B. Pratikno and Mashuri

Department of Mathematics

Jenderal Soedirman University (UNSOED)

Purwokerto 53122, Indonesia

Abstract

In this paper, we study two parameter estimation methods, maximum

likelihood estimation (MLE) and two-stage least squares (TSLS) for

fitting spatial lag model (SLM). We use Monte Carlo simulation to

generate the data used and evaluate the methods by the root of mean

squared error (RMSE) criterion. Statistical analysis of real data sets is

presented to demonstrate the conclusion of the results. In this data, we

use poverty data and factors affecting poverty which consist of the

number of people who graduated from junior high school, shares of

industry GDP, agricultural GDP, trading GDP and services GDP. The

result shows that the best choice in fitting SLM is MLE. Analysis

results based on MLE method conclude that the increase in share of

agriculture GDP causes significant increase in the number of poor

people. Conversely, the increase in share of services GDP causes

significant decrease in the number of poor people. The increase in the

number of people who graduated from junior high school, share of

industry GDP, share of trading GDP causes decrease in the number of

poor people, but they are not significant.
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1. Introduction

In recent years, spatial regression model has been developed to take

spatial dependence. The models that involve statistical dependence are

often more realistic [7, 8]. A fundamental concern of spatial analysts is

to find patterns in spatial data that lead to the identification of spatial

autocorrelation or association [15]. Taking spatial dependences into account

when dealing with spatial data is very important, and neglecting them can

cause problems. For example, ignoring spatial lag structures causes ordinary

least squares (OLS) estimators to become bias and inconsistent. The spatial

weights matrix is one of the most convenient ways to summarize spatial

relationship in the data. Spatial weights matrix is a nonnegative matrix

that specifies the neighborhood set for each observation. Here, the data

are collected from different spatial locations. Spatial weights matrix

characterizes cross-section dependence in useful ways. Their measurement

has an important effect on the estimation of a spatial dependence

model [1, 9, 14]. The prediction result becomes accurate if we found a

representative spatial weight matrix and parameter estimation method. There

are many to create spatial weights matrix [10]. However, the most commonly

used spatial weights matrix is a binary matrix based on geographic distance

and contiguity.

In the spatial model, we found endogenous problem in the model.

Therefore, classic method such as ordinary least squares (OLS) is not

relevant to solve the problem. The OLS estimator will be biased as well

as inconsistent for the parameters of the spatial model [2]. The

inappropriateness of the least squares estimator for models that incorporate

spatial dependence has focused attention on the maximum likelihood

estimation (MLE), generalized method of moment (GMM) and two-stage

least squares (TSLS) methods approach as an alternative [11, 12]. In this

paper, we characterize and compare MLE and TSLS methods to estimate the

parameters of SLM model.

The rest of the paper is organized as follows: Section 2 presents spatial

lag model and parameter estimation methods. Monte Carlo simulation is
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given in Section 3. Statistical analysis of real case sets is presented in

Section 4. Concluding remarks are provided in Section 5.

2. Spatial Lag Model and Parameter Estimation Method

2.1. Spatial lag model

Spatial lag dependence or spatial lag model in a regression model is

similar to the inclusion of serially autoregressive term for dependent variable

in a time-series context. Spatial lag model (SLM) is specified as [2, 3]

,εXβWyy  (1)

where y is the 1n  of the response variable, X is the 1n  matrix of the

non-stochastic explanatory variables, W is the 1n  non-stochastic weights

matrix,  is a spatial autoregressive parameter, β  is a parameter vector, and

 ni  ,,,,, 21 ε is an 1n  vector of innovations.

2.2. Maximum likelihood estimation

Maximum likelihood estimation of the SLM models described involves

maximizing the log-likelihood function with respect to the parameters. The

method of maximum likelihood selects the set of values-values of the model

parameters that maximize the likelihood function. The model (1) represents

an equilibrium, so  WI  is assumed to be invertible. The equilibrium

vector y is given by    .1 εXβWIy   It follows that Wy

   .1 εXβWIW   We assume that the errors are normally distributed

   1supσ,~ 2 iiΝ I0ε and the matrices  WI  are nonsingular.

For errors are normally distributed, it can be expressed by

 
 

.
2

exp
2

1
22 










 εεε

nn
f (2)

Based on nonsingularity condition of the matrix  ,WI  we can

rewrite equation in (1) as    εβXWIy  1 or   .βXyWIε 

Furthermore, from (2), we can find pdf of y by Jacobi transformation method
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[4, 6]. Let WI 
dy
d

J be the Jacobi transformation from  to y.

By using the Jacobi method, we can denote pdf y as

    .Jεy ff  (3)

Hereinafter, substituting WIJ   and    XyWIε into  εf

in equation (2) results in

 
 

     
.

σ2
exp

2

1
22

ρWI
βXyWIβXyWI

y 










 




nn
f (4)

We can see that equation (4) has 2,   and .β Furthermore, we use

  ,,; 2yf  instead of  yf for expression of the pdf. Thus, with

reference to (4), the likelihood function is

 yβ,, 2

 
     

.
σ2

exp
2

1
22

ρWI
βXyWIβXyWI 










 




nn
(5)

The expression in (5) is actually quite a pain to differentiate, so it is almost

always simplified by taking the natural logarithm of the expression. This is

absolutely fine because the natural logarithm is a monotonically increasing

function. This is important because it ensures that the maximum value of

the log of the probability occurs at the same point as the original probability

function. Therefore, we can work with the simpler log-likelihood instead

of the original likelihood. The logarithm of likelihood function of (5) can be

denoted as

     2ln
2

ln,,ln 2 nWIyβ

     
.

σ2
ln

2 2
2 βXyWIβXyWI  n

(6)
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There are the following requirements: the existence of the log-

likelihood function for the parameter values under consideration, continuous

differentiability of the log-likelihood, boundedness of various partial

derivatives; the existence, nonsingularity of covariance matrices; and the

finiteness of various quadratic forms. Here, there are the conditions to ensure

that these assumptions hold. These conditions are all diagonal elements

of W are zero, ,1sup ii  the matrices  WI  are nonsingular for

,11  i .,2,1 ni   The innovations i  are independent identically

distribution,   ,0iE   ,022 iE and   ,4  
iE for some .

To avoid calculating WI ln  in (6), Ward and Kristiani [17] proposed

that   
i i ,1lnln WI

       
i

i
n

2ln
2

ln;,,ln 2 Iyβ

     
,

σ2
ln

2 2
2 βXyWIβXyWI  n

(7)

where nii ,,2,1,   are eigenvalues of the matrix W. The resulting

vector of first partial derivatives of equation (7) is a set equal to zero and

needs to be solved for the parameter values.

Let  β,, 2 and  .ˆ,ˆ,ˆˆ 2 β  The values 2ˆ,ˆ  and β̂ are

estimators for , ,2 respectively. The maximum value of   βy,,ln 2

is obtained when we consider 2ˆ,ˆ   and .β̂

To obtain maximum of the function in (7), we have to find critical points

by partial differential [16],    ,0;ln ˆ 



y

      ,00;,,ln 2 

 XXβyWIyββ  (8)
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  yβ;,,ln 2

 

     .1 0yWβXyWIWWI0  tr (9)

Under the usual regularity conditions, the maximal likelihood estimates

that are found as solutions to the system (8)-(9) will be asymptotically

efficient [2]. Clearly, this system of highly nonlinear equations does not

have an analytic solution and needs to be solved by numerical methods. Part

of the first order conditions has solution which can be used to construct a

concentrated likelihood function. There are some methods/algorithm can be

used to solve this nonlinear equation, such as Newton-Raphson, gradient

descent and Broyden-Fletcher-Goldfarb-Shanno (BFGS) algorithm. In this

paper, we use BFGS algorithm in optimization problem in equation (7).

Let H and  be Hessian matrices and gradients operator, respectively.

A starting point  0  and estimate of    02 ln   must be given. The

iteration is then ,3,2,1k

(1)        k
k

kk H   ln11

(2)      kkks  1

(3)          kkky   lnln 1

(4)
    
   

    
    .1 kk

kk

k
k

k
k

kk
k

kk
sy

yy

sHs

HssH
HH







2.3. Two-stage least squares

Two-stage least squares (TSLS) method is one of the methods that can

be used to solve the endogenous problem. In the TSLS method is used the

instrument variable. The instrument variable is a new variable correlated

to the response variable, but uncorrelated with residual. From equation (1),

we can express    ,1 εβXWIy   so we can show that   εyWE
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    .01   εεWIWE  Therefore, we cannot use OLS method to estimate

the parameters of the SLM model. As an alternative, we can solve this

problem by using TSLS method. Let  XyWZ and .





 βθ Then the

model in equation (1) can be written as

.εZθy  (10)

Due to   ,0εyWE  Kelejian and Prucha [11] suggested a TSLS based

on instruments  .,,,, XWXWWXXH 32  Therefore, the estimator of

θ  is given by

      .yHHHHZZHHHHZθ   111ˆ (11)

The TSLS method can be produced in three steps [13]:

1. Obtain the consistent estimates of β by instrument variables, where

XWWXX 2,, are instruments in SLM.

2. Estimate  and  by GMM using samples constructed from the

functions of model errors.

3. Use estimate of  and  to perform a spatial Cochrane-Orcutt

transformation of the data and obtain more efficient estimate of .

3. Monte Carlo Simulation

In this study, we simulated data of the SLM model used by Monte

Carlo simulation method. Here, we set intercept ,20   slope 21   for

different coefficients of spatial  lag  and sample size   ,4.0,3.0n

7.0,6.0,5.0  and 0.8. Furthermore, the process of data generation that is

used to evaluate the estimation methods is conducted as follows:

(1) Given W as a contiguity matrix.
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(2) Fix the parameters ,20  21  and 7.0,6.0,5.0,4.0,3.0

and 0.8.

(3) Generate X explanatory variables: uniform,  .50,20U

(4) Generate    .,0~ INiidtN

(5) Generate  tyN  from equation (1).

(6) Estimate the parameters 10 ,   and  by MLE and TSLS.

(7) Repeat stage (1) until (6) B time  .500B

(8) Determine average of RMSE of MLE’s and RMSE of TSLS’s.

The RMSE’s MLE and RMSE’s TSLS yielded from Monte Carlo
simulation for various sample sizes  n and coefficients of spatial  lag  are

listed in Table 1.

Table 1. The RMSE’s MLE and RMSE’s TSLS for variations n and 

3.0 4.0 5.0 6.0 7.0 8.0

n MLE TSLS MLE TSLS MLE TSLS MLE TSLS MLE TSLS MLE TSLS

20 1.024 1.111 1.175 1.274 1.436 1.558 1.899 2.058 2.728 2.950 4.412 4.728

40 0.984 1.023 1.025 1.066 1.112 1.157 1.278 1.329 1.621 1.685 2.445 2.536

60 1.008 1.035 1.071 1.098 1.186 1.216 1.403 1.439 1.833 1.880 2.853 2.920

80 1.047 1.068 1.143 1.165 1.315 1.340 1.649 1.681 2.297 2.340 3.684 3.747

100 1.095 1.112 1.240 1.259 1.500 1.523 1.965 1.995 2.824 2.866 4.674 4.736

200 1.202 1.211 1.455 1.466 1.876 1.890 2.583 2.602 3.837 3.864 6.414 6.455

300 1.005 1.010 1.023 1.028 1.058 1.064 1.134 1.139 1.310 1.317 1.772 1.780

400 1.012 1.016 1.045 1.049 1.099 1.103 1.220 1.224 1.482 1.488 2.135 2.142

500 1.030 1.033 1.071 1.074 1.158 1.161 1.335 1.339 1.703 1.708 2.555 2.562

Based on Table 1, we can see that RMSE’s MLE methods are smaller
than RMSE’s TSLS, e.g., for 3.0 and ,100n  the RMSE’s MLE

1.095 is smaller than the RMSE’s 1.112.TSLS   Further, all of RMSE’s
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MLE are smaller than RMSE’s TSLS for various n and . However,

the differences between RMSE’s MLE and RMSE’s TSLS are small,
especially for n large. These results are consistent with the properties of

MLE estimation method. In this data simulation, the errors are normally

distributed, so we can say that in that case, MLE is most efficient.

Figure 1. RMSE’s MLE and RMSE’s TSLS of the SLM model from various
sample sizes  n  and coefficients of spatial  .lag 

Figure 1 shows the RMSE from different parameter estimation methods

for 20n  to 500 and 2.0  to 0.8. For ,20n  we see that RMSE’s
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MLE is smaller than RMSE’s TSLS, whereas for ,20n  the differences of

RMSE’s MLE and RMSE’s TSLS are very small. Further, all of the plots

RMSE vs coefficients of spatial  lag  have trend positive, so we can say

that the increase in coefficients of spatial lag causes increase in RMSEs.

4. Implementation of Estimation Methods

4.1. Data

The data used in this study were taken from BPS statistics of

Central Java province [5]. The estimation method of spatial lag model is

implemented to poverty data in Central Java province. The poverty data

consisted of one response variable and five predictor variables. The response

variable is the number of poor people, whereas five predictor variables are

percentage of the number of people who graduated from junior high school

(EDU), share of industry GDP (industry), share of agricultural GDP (AGRI),

share of trading GDP (trading), and share of services GDP (services). Firstly,

we describe distribution of the number of poor people in Central Java

province using quantile map analysis. Here, we use GeoDa software version

1.8 to create quantile map. Figure 2 shows the distribution of the number

of poor people for 35 districts. First class is described by the white color

which represents the number of poor less than 9.87%. The second class is

described by light orange color which represents the number of poor people

between 10.9%-12.6%. The third class is described by the orange color

which represents the number of poor people between 13%-14.9%. Finally,

the fourth class is described by the dark orange color which represents the

number of poor more than 14.9 percent (Figure 2).



Evaluation of MLE and TSLS Methods … 47

Figure 2. Quantile map of poverty data in Central Java province.

4.2. Model fitting

After a descriptive analysis, the next analysis is to find a relevant model

for poverty and its factors. Here, we specified spatial lag model (SLM) and

spatial error model (SEM). The SLM and SEM models for this poverty data

are expressed in equations (12) and (13):

 


n

ij iiijiji TRDINDEDUywy 3210

niSERAGR iii ,,2,1,54  (12)

and

,543210 iiiiiii SERAGRTRDINDEDUy 

 


n

ij jiji niw .,,2,1,  (13)
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To choose the best model between SLM (12) and SEM (13), we use

the statistics lagLM  and .LMerror  The statistics lagLM  and errorLM are

expressed in equations (14) and (15):

  
        WWWtrWXXXXXIWX

nW




 21

2

lagLM (14)

and

  
 

.LM
2

2

error
WWWtr

nW


 (15)

The distributions of lagLM  and errorLM are Chi-square distribution

with degree of freedom 1. We use minimum p value to choose the model.

The values of statistic, parameter and p value of lagLM  and errorLM  are

listed in Table 2.

Table 2. Statistic test of SLM and SEM models

Statistic Parameter p value

lagLM 4.0388 0.045

errorLM 6.1162 0.013

We can see that the p value of lagLM is less than .LMerror  Therefore,

we use SLM for modeling poverty data. After choosing SLM model, we

estimate parameter of SLM. Here, we again use MLE and TSLS parameter

estimation methods. Figure 3 shows RMSE’s MLE and RMSE’s TSLS of
the SLM model. There are two graphs in the chart. The orange graph shows

the RMSE of MLE method and the blue graph shows RMSE of TSLS

method. We can see that RMSE of MLE is less than RMSE of TSLS

method. Therefore, we can say that the MLE is better than TSLS for

modeling the poverty data.
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Figure 3. RMSE of MLE and TSLS methods of poverty modeling in Central

Java province.

Based on Figure 3, we then use ANOVA’s MLE for modeling and
analysis. Table 3 shows ANOVA’s MLE of SLM model.

Table 3. Analysis of variance of poverty model

Variable Coefficient Std. error z-value Probability

W. poverty 0.4591 0.1560 2.9429 0.00160

Constant 24.23953 10.3837 2.3344 0.01958

EDU 0.25014 0.13428 1.8628 0.06248

IND 0.04021 0.04915 0.8181 0.41329

AGR 0.30412 0.07407 4.1056 0.00004

TRD 0.02310 0.13740 0.1681 0.86651

SER 8.64677 4.05475 2.1325 0.03297

Based on Table 3, the coefficient of W. poverty is significant, so we can

say that adjacent districts influence each other. Further, from Table 3, we see

that there are two significant predictors, namely, shares of GDP agriculture

and GDP services. The coefficient of share of agriculture GDP is positive.

This means that when share of the agriculture GDP increases, the number

of poor people increases. The coefficient of services GDP is negative. This
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means that when the share of services GDP value increases, the number

of poor people decreases. The relationship between education, share of

GDP industry and GDP trading is negative. This means that when all of them

decrease, the number of poor people decreases, but they are not significant.

5. Conclusion

Estimation methods are influenced by the error distribution

characteristic. In the SLM model, we simulate normal distributed errors for

sample size  n  from 20 to 500. Based on data simulation, all of RMSE’s

MLE are smaller than RMSE’s TSLS, so we can conclude that the MLE’s
method is more efficient than TSLS’s method when the errors are normally

distributed.

Analysis of the estimation methods MLE and TSLS on SLM for

modeling real data shows that the best choice in fitting SLM is MLE. Based

on ANOVA’s MLE, the coefficients of spatial lag and two predictors are

significant, whereas the others are not significant. The increase in share of

agriculture GDP causes significant increase in the number of poor people.

The increase in share of services GDP causes significant decrease in the

number of poor people. The increase in the number of people who graduated

from junior high school, share of industry GDP and share of trading GDP

causes decrease in the number of poor people, but they are not significant.
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