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Abstract

KP-type equation is known as a wave equation with two spatia
dimensions. The eguation was derived in 1970 by Kadomtsev-
Petviashvili. In this paper, we discuss the monochromatic wave
propagation in KP-type equation that contains exact dispersion relation
and nonlinearity in the x-direction. AB equation is taken as the
nonlinear wave eguation contained in that KP-type. The equation is
revised version of the KdV eguation for wave about finite depth and
in certain approximation it becomes the KdV equation. The third order
asymptotic method is applied for solving the KP-type equation by
choosing monochromatic wave as a signal input. Comparison between
the dispersion relation of KP,g and the other KP type is discussed to
analyze the suitability of wave number of the KP. We also simulate
the monochromatic wave propagation using the solution of the KP.
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1. Introduction

KP-type equation was derived in 1997 by Kadomtsev-Petviashvili as a
generalization of Korteweg de Vries equation (KdV). The difference between
KP and KdV equation is in the spatial dimension [7]. KP equation has
two spatial dimensions, so sometimes we call for KP type equation to be a
multidirectional wave equation. In this paper, we discuss the monochromatic
wave propagation in KP-type equation that contains exact dispersion relation

and nonlinearity in the x-direction.

AB equation is a new type of KdV equation. The equation has been
presented in 2007. The model is an improvement of the KdV equation and
can be interpreted as a higher order KdV equation for waves above a finite
depth and under certain approximation it becomes the KdV equation [1, 2].
The model has exact dispersion properties and the nonlinear terms of the
model is also improved to include the effects of short wave interactions. The

model is given by
1 1 1 1
om = _\/EA{T] + 5 AAn) — 2 (An)* + 5 B(nBn) + Z(Bn)z} (1

where 1 represents elevation of the wave, A = 6\/&3 and B = @C_l are
g

pseudo-differential operators with Fourier’s symbol C(K) = %, Q(k) =

ook tanh(kfb)’ C =+/0hy, g and hy are acceleration gravitation and

khy
water depth, respectively.

First, we begin with derivation of KP type equation from the simplest
second order wave equation:

ot = ¢ (0% + oy, 2
with ¢y = +/gh, where the dispersion relation is

o = 5 (kg +ky). 3)
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which assigns the frequency of wave ® with wave numbers of a harmonic
wave in the directions X and y. The unidirectional wave with only direction X

is given by
ofn = cjoxm. )
Equation (4) can be rewritten as
(Ot = Co0x) (Bt +Gdx)n = 0, ()

equation (5) represents wave equation that propagates towards the left and

right directions. The right direction of the wave propagation in (5) is written

by
oM + Cpdxn = 0. (6)

The dispersion relation of (6) is ® = CyKy, while the multidirectional wave
that propagates only to the direction X has ky << Ky, therefore its dispersion

relation is given by:

® = Coky/1 + (ky/kx)2

2 2
~ cokx[lJr%%J = co[kX +%E—1J @)
X
Equation (7) can be written in differential equation form as
o = —Co(Oxn + 0% ). ®)
We rewrite the equation (8) in more appealing way as

0o + cpdn] + 2-o3m = 0. ©)
Equation (9), which in the literature is often called the standard of KP
equation that includes the wave equation in X direction only as the simple

wave equation 0in + Cyoyn = 0.
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In the same way, if we take the dispersion relation and the nonlinear

wave equation of X direction as the classical KdV
1 3 3
O + OxN + ¢ 0xn + 5n0xn =0, (10)

we obtain the standard KP equation as follows:

Oyl 0 + 00 + L3 + 2nden |+ 2 6% = 0. (11)

6 2 2 7Y
While, if the nonlinear wave equation is taken as AB equation
1 1 2 1 1 2
om = —JgA N+ AnAn) = 2 (An)* + - B(nBn) + 4 (Bn)” |,

we obtain the standard KP equation as

0|2+ OA 1+ 5 AlnA) - (A & BnBn) + 5 (Bn)? |

%ot o, (12

We then denote the KP equation in (12) by KP,g. The derivation of KPap

can also be seen in [3].

In this paper, we use equation (12) as a model of two spatial dimensions
water wave and using the asymptotic method solve the equation and also
study the wave propagation. The paper is organized as follows: In Section 2,
we discuss the comparison of dispersion relation of KPxg and KP with

KdV, to see the relation between wave numbers ky and ky for each of

the equations. The asymptotic method is used to solve the KP,p and
monochromatic wave as a signal input is discussed in Section 3. In Section 4,
we discuss the simulation of KP4p together with the contribution of each term

in KP solution. Conclusion is provided in Section 5.
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2. Dispersion Relation of KP-type Equation

In this section, we discuss the dispersion relation of KP type with KdV
equation that is given in (11) and KP,g equation as in (12). For KP type with
KdV, the dispersion relation is obtained by taking the linear part of the
equation

ax[atn Lo+ %ain} 4 %aQyn 0. (13)

We can rewrite the above equation as
Co A2
00t + Oy 8Xn+6ﬁxn+ dyn = 0. (14)

i(kyx+kyy-ot)

By choosing a monochromatic wave n = ae + C.C, we get

2, 1,4 2
kxm—kx+€kx—%ky=0. (15)
The dispersion relation is obtained from (15) as

2
1,3 k
w:kx—gkﬁ%k—i,

where ¢y, = 4/ghy.
In the same way for KP4g, its dispersion relation is obtained as follows:

2 QKy) C 2
ka«/_x T ky =0

Ky = ky Q(Ky ) + 2 0 k3,

so we get

|£’
77| x~
<o

o = Q(ky) + (16)

x
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The relation between wave numbers K, and ky for KP-type with KdV and

KPup equation for various o is given in Figure 1, where o = 3.14 (red),

o = 2.5 (green), o = 1.2 (yellow), ® = 0.7 (blue).
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Figure 1. The relation between wave numbers Ky and ky for KP4p (a) and
KP type with KdV (b).

Figure 1 shows that wave numbers Kk, and ky in KP,p satisfies
ky << ky for various ® as well as required in KP type equation [7], but for

KP with KdV, the wave numbers ky and ky are satisfied only for o > 5.

3. Third Order Asymptotic Calculation of KP Equation

In this section, we discuss a solution of KP type equation using the
third order asymptotic method. Mashuri et al. used the method for solving
nonlinear water wave equation while studying the propagation of surface
water wave based on modified KdV-type equation [4] and deriving
Nonlinear Schrodinger equation (NLS,g) in [5]. Also, the method is used for
studying the bi-chromatics wave propagation over varying bottom [6]. We

rewrite the KP,p as
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1 1 2 1 1 2
Ox| 0 + JgA N + 5 AlAn) - (An)* + 5 B(nBn) +  (Bn)

Coaz

+7 yT]ZO

First, we take the solution of the equation as power series in € until the third

order:

n= sn(l) + szn(z) + 83n(3). (17)
By substituting (15) into (12), and collecting the polynomial terms in &, &?
and 83, we get three partial differential equations as follows:
ox@m® +Jgan®)+ 25300 ~ o, (18)

1 1
5x(5m(2) +@An(2))+%5§m(2) =5x(—«/§f°{§ A(H(I)Aﬂ(l))—Z(An(l))z

+ 5808 )+ 4 )2 ], (19)

ox@n® +JgAn)) + %5%(3 )
- ax(_\/g,{% A A+ nan®) L (anDan® 1 Anan)

+ % B(n(l)Bn(z) i n(2)|3n(1)) i %(Bn(l)Bn(z) i Bn(2)|3n(1))D‘ (20)

In the first order equation (18), the solution can be chosen monochromatic
wave with amplitude a, frequency ® and wave numbers along X and y

directions as Ky and ky, respectively. We have

n® = ad® + cc, 1)

with 6 = kyX + kyy — ot and c.C representing the complex conjugate.
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Substituting (21) into (18), we obtain

k2
o = Q(ky) + —C20 —ky , 22)
X

k) = Sk .

The relation between frequency and wave numbers in (22) is called the exact
dispersion relation of KP.

with

By using asymptotic method for the wave equation, a resonance term
appears in the third order term of the solution as a consequence of the
nonlinearity. The resonance term is produced from interaction between the
first and second order solutions. The resonant contribution has to be made to
vanish in order to satisfy valid condition for asymptotic solution. To achieve
this, we use Lindstedt-Poincare’s method [8] by correcting the wave numbers
and doing expansion of wave numbers. The method was also used by
Mashuri et al. [4, 6] for the same reason. The wave number is given in the

power series as follows:
Ky = kO + ek{l) + 2k,
ky = k{ + ek + £2k{?). (23)
Therefore, the first order solution (18) is given by
n(l) = ae® + cc, 24)
with 0 = (k)((o) + 8k)((1) + szk)((z))x + (kg,o) + skg,l) + szkg,z))y — ot. The exact
dispersion relation is obtained by substituting (24) into (18) as follows:

0)?

k!
o =K+ %ﬁ (25)
X
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where

Substituting the first order solution into the second order equation (19) and

using Taylor’s expansion of A and C about k)((o), we obtain
ox(@m® +JgAn®) + % o3

+ia(-ikMo + ik (kOO (k) + kPek(?))e?)
~2k{k{Vae® = RHS, (26)

with RHS; as the interaction between the first order solution and the second

order solution

. 1 1
RHS = -2ika? g~ A% () A + 5 A A%

1 1 i
+7 B2 (k") AC2k") + 5 B(k() B(2k)((0))A(2k)((0))} e,

From (26), we get (k)((l), kg,l)) = (0, 0) and the second order solution is

chosen to be of the form

n® = a,e?® 1 cc. 27)

Substituting n(z) into the second order equation (26), we obtain the

coefficient of the second order solution as

o)
) = )
T kY20 - 20C2kD) - 26,(KD))

with
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o, = 222 g H A (k) AK) + 1 AKD) 2 2K0)

B AK) + 5 B4 Bk Ak |

The third order solution can be found by substituting the first and the second
order solution into equation (20) in the form:

ox@m® +gAn)) + %6%(3 )

& Do — IO IORI (1) + 2 (1) + ()]
- 2042 )|

+ (2k§1)w — 2k [4kOkPe 2k + 2k P2k

- %4(2k§0)k9))j a,e7% = 4,60 1,9 1 ¢,

with

1 = 3K~ 2 AR AL + 5 2l (AK)
+ MK AGKY)) + 3 22, B() B2K()
5 2 (B + B BEKY) | AGK) ™,

72 = 10| 3 am A A2 + 5 e (2K~ AGL) AGS)
5 28B4 B2 + 5 2y (B2 + B B |

) A(k)((O))eie'
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Since k = (k)((l), kg,l)) = (0, 0), we get the wave number corrections kg(z) and

kg,z) which satisfy
Al K20 I () + O - DD =72 28)
Therefore, the wave number of the solution can be written as
k = (ke ky) = (K, k) + (K, k{P).
The third order equation then becomes
0,0 + Jgan®) + %Gin“) =1, 1 cc (29)
The third order contribution to the solution is taken as

n(3) = a3e3ie + C.C. (30)

Substituting (30) into (29), we find the coefficient of the third order solution
as

a "

{31k 310 + VoG - 252 (4 |
The solution of the KP4 is given by

n=n® 4 0@ 4@,

2)

where n(l), n( , n(3) are given in (24), (27) and (30), respectively.

4. Monochromatic Evolution

In this section, we simulate the KP,g with monochromatic wave that

discussed before as a signal input. For the simulation, the parameters of
the wave are taken to be a=0.05m; h=5m; ¢g= 9.8m/s2; k)((o) = 3/m;

kg,o) =1/m; kg,z) = 0/m.
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Figure 2. Wave profile at t = 0 (left) and t = 10 (right) with monochromatic
as signal input.

The wave profiles and the contribution of each solution at t =0 are

given below.

(c) (d)
Figure 3. The profile of wave at t = 0 (a) with the first (b), second (c) and
third (d) order contribution of the solution of KP.
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While the wave profiles from each side are shown in Figure 4. Figure
4(a) shows wave profile at t =10, (b) and (c) show wave profile in X-side

and y-side, respectively, and the last figure (d) shows the direction of wave
propagation.
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Figure 4. Wave profile at t = 0 (a), looked from X side (b) and y side (c), the
direction of wave propagation (d).

5. Conclusion and Remark

In this paper, we studied the monochromatic wave propagation using

KP-type equation as wave model. By using in the same way when we derive
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KP for the simplest wave equation, KP,p can be derived including the AB
equation as a wave equation in the X-direction. By using the dispersion
relation, KP,p is more satisfactory for the requirement of the wave number of
KP- equation compared with KdV. Two wave numbers correction that we got
from the third order solution depend on each other. Also, we simulated the
monochromatic wave propagation for certain parameters of wave numbers
and amplitude. The second and third order solutions give contribution of the
first order solution depending on the parameters that we choose. But for
monochromatic wave, the parameters do not make so significant effect to the
first order solution.
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