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Abstract

An improvement of uni-directional wave model so called AB equation
was proposed to study wave groups that appeared in the wave tanks of
hydrodynamic laboratory [2]. The model was revised version of the
KdV equation and could be interpreted as a higher order KdV equation
for wave above finite depth and in certain approximation it became the
KdV equation. In this paper, we will focus to investigate the evolution
of the envelop of modulated wave which is described by the nonlinear
Schrédinger equation (NLS). We derive the NLS-type equation from
the AB equation. The asymptotic method is used to find the equation.
The signs of the coefficients of the NLS-type equation that determine
whether experimentally relevant wave groups are possible exist or not
will be compared by the other NLS-type equations. The effect of the
dispersion relation and the nonlinearity terms of the model to existence
of experimentally relevant wave groups will be presented.
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1. Introduction

Many theoretical investigations that deal with evolution of wave groups
have been discussed. One of them was the theoretical investigation of wave
groups evolution discussed by van Groesen in [1]; in the literature a KdV-
type equation was used for uni-directional wave model and an NLS-type
derived from the KdV equation as amplitude equation for modulated waves
in water waves. In this paper, we will use a new KdV-type equation so called
AB equation as a uni-directional surface wave model. The model was already
proposed by van Groesen and Andonowati [2]. The model was improvement
of the KdV equation and can be interpreted as a higher order KdV equation
for wave above finite depth and in certain approximation it becomes the KdV
equation. The nonlinear terms of the model were also improved to include
the effects of short wave interactions. The model can be used for all wave
lengths and correct for any depths (see [3]) and given by

om = —@A{n + % A(nAn) - %(An)2 + % B(nBn) + %(Bn)z} M)

where n represents elevation, A = axc/@ and B = \/EC‘1 are pseudo
differential operators with symbol é(k) = Q(k)/k (in the form of Fourier

transform) with Q(k) = cok %ﬁkh), co =+/gh, g and h are gravity

acceleration and water depth, respectively.

Equation (1) will be solved by using third order asymptotic expansions
where the elevation n(x, t) is expanded by power series in a small parameter

€. The expansions then obtain three linear partial differential equations up to
the third order expansion and can be written as

omY + Jgan® = o, 2

o+ JgAn® = ~JgA 3 A D) - 3 (An®Y

+ 5 BB+ 5 )2, ®)
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am(?’) n \/aAn(?’) — _\/EA[% A(n(l)An(Z) n n(2)An(1)) _ % (2An(1)An(2))

+ % B(nWBn2 + n@eq®) + %(ZBn(l)Bn(z))} (4)

Notation n(i) denotes the ith order approximation of n. Equations (2)-(4)
relate to the first, second and third order equations, respectively.

In equation (2), the dispersion relation of AB equation can be obtained
by taking n(l) = ae'kox-0l) ith amplitude constant a. Then we find

dispersion relation ® = Q(kg). The dispersion relation is the same as the
dispersion relation for modified KdV equation in [1].

The paper is organized as follows. In Section 2, we will derive the NLS-
type equation for the AB equation. The NLS-type is well-known as
amplitude equation for modulated wave in water waves, see Dingemans [4].
By choosing the solution of AB equation as monochromatic with modulated
amplitude and applying third order asymptotic method, we found the NLS-
type equation. The coefficient of the NLS-type will be compared with other
NLS-type.

In Section 3, the characteristic of wave groups for AB equation will be
discussed. The characteristics of wave groups are determined by looking
coefficients of NLS-type equation that are found in Section 2. Section 4 will
be focussed on comparison of the coefficients of NLS-type of AB and the
other NLS-type. Conclusions are written in Section 5.

2. Standard NLS-type Equation

Here we look for an envelop equation derived from the AB equation. The
equation is based on investigating wave groups propagation. To the end, the
solution of (2) will be chosen in the form of a monochromatic wave with
modulated amplitude a(x, t),

n®(x, t) = a(x, t)elko*-V 4 cc, (5)

Here kg and o represent wave number and frequency of the monochromatic,
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respectively; c.c means complex conjugates. Expression (5) is called first
order harmonic mode.

Substitution of (5) in (2) yields

(ata)ei(kox—mt) _ imaei(kox—mt)
48 Y = () A" (ko) (SFa)e 0 ) = o, ©)
n=0

where A is symbol of pseudo differential operator A in the form of Fourier

transform and A" represents nth derivative of A with respect to k.

For an envelop which has a large spatial extension, we introduce a
scaling in the spatial variable. Along spatial variable & is introduced a frame
moving with velocity V. Thus we write a = A(E, 1), & = &(x —Vg4t) and

T = ¢’ with group velocity V. Applying these expressions into (6), we

obtain
(~eVg0eA + %0, A)e" —inAde®
+Vg nZﬁ(—n” A"(ko)e"(@BA)E =0, ()
with 6 = kpx — ot.
Since @ = Q(kg) and Vg = Q'(kg), from (7) we obtain
0. A - %Q”(ko)agfl — 0(e). ®)

For the second order solution, the right hand side (RHS) of equation (3)
is obtained as interaction between solution of the first order with itself,

RHS = —\/EA(zko)H(éz(ko) ~ A2(kg))

+ 2 (Ako) A(2ko) + é(ko)é(Zko))}AeZie ‘e
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The solution of the second order equation can be chosen as
n@(x, t) = (b(x, 1)ed® + ¢(x, 1)) + c.c. 9)

This solution is superposition of the second order double harmonic mode and
second order nonharmonic long wave.

Substituting (9) into the second order equation, we find

(00)e%% — 2iwbe?® + 5,c + /g Z%(—i)” A"(2kg ) (87)e %
n=0 "~

. Z%(—i)” A"(0)(a"c)e?® = RHS.  (10)
n=0

For solution of b and c, we will follow the same line as in solution for a.
We then introduce b = B(E, 1), ¢ = C(§, 1), & = e(x —Vgt) and © = &2t for

equation (9). Then we get in the second order equation
—2ioBe?® + \[gA(2kg)Be?® = RHS. (11)

Collecting term %9 in (11), we get

C
BE ™) = 30(kg) - 2ko)

A2 (12)
with

_ Q(kp) (1 gké 1 1

In the third order equation, a resonance term and a constant term will

appear due to interactions between first and second order solution in the
nonlinear terms of AB equation. The constant term can be written as

o QO] g kC?(ko) 29 2
(V - Q(0)0:C - = {éz(ko) : +é(ko)é(0)}a§|A|,(13)

while the resonance term can be written by
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- @ [[2A%(kg) A(2kg) + 2B(kg) B(2kg) Ako)
+ A(ko ) (B2(kg) — A2(ko))]AB
+[2B(ko) Alkg ) B(0) + (B2(ko) + A%(kg)) Ak )] AC]e®
- (8TA - % iQ"(ko)afA)eie. (14)

These terms have to be vanished to satisfy solvability condition for
asymptotic valid solution. Therefore from (13) we get

Q'(O){ g koéz(ko)Jr 29
2| C?(kg) 9 C(kg)C(0)
Q'(kg) - €'(0)

C= LAF. (15)

By substituting (15) into resonance term (14) and using solvability
condition, we obtain an equation for the amplitude .4 given by

0. A +ipoZA +iy| APA =0, (16)
where the coefficients of equation (16) are given by
1 14
p=-5Qko)and vy =+

with y; = Dy and y, = DyF,, where

2k a2 24 kg ,1[ g k§C%(ko) |, =
Dl = g C (kO)C(2k0)+ é(Zko) + 2 [éz(ko) g Jkoc(kO),
kg 1( g kiC’(ko)), A
Dz‘dm+zh¥ww g J%qu
Q(2kp) Q(ky) (1
h= ZQ(ko)—g?(Zko)[ 20390k ~0(2ko)|

gkg 1 1
+mm&mm+m%ﬂ’
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- Q/(0) o k), 2
27 2@ (ko) - Q0)) | E2(ky) g C(ky)C(0) |

Equation (16) was known as standard NLS-type equation and we denote
thisas NLSxg.

3. Characteristic of Wave Groups

The parameters B and y are the important parameters in the NLS
equation. They determine the kind of wave groups that described by the
model [4, 1], so this will be looked first. We will demonstrate this by looking
for ‘steady’ solution. Next, we try to compare with other NLS-type
equations. One of them is NLS-type that derived from the KdV equation, we
called it by NLSkqy. The solution of equation (16) will be solved by

choosing the ansatz as
A(e 7) = F(g)e ™), (17)

Substitution of (17) in (16) yields
~i(£) (&) +iBf (&) + f (&) = 0. (18)

Here f’ and f"” denote the derivative of f with respect to &. Equation (18)
can be rewritten as

BE(E) = £F(8) - yF3(&). (19)

Considering (19), we observe that the solution very much depends on
coefficients B and y. Multiplying each side by f'(§) then integrating them

with respect to &, we find

gL (f)2 % —y%f4+E=—V(f)+E, (20)
where

V(f)=—(i%f2 if ) 21)

for some constant E. The constant E can be regarded as energy when we
consider this by interpreting the equation f as a mechanical system (i.e.
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Newton’s equation of motion for a particle with mass  under the influence
of a conservative force with potential energy V (f)).

In the sequel, we denote V.. corresponding to the sign £ in (21) and *vy,
with y > 0. The graph of this function can be seen in Figure 1. The

continuous line shows the V., while the dot line shows the graph of V_.

The function V has minimum and maximum values at f = +1//y with

the maximum value 1 and the minimum value — i.
4y 4y

15 3 Z05 0 05 1 15
f

Figure 1. Graph of the function of V_ (solid line) and V_ (dashed line) with

y =1
Let us consider the case for V_, by using the initial condition of V, where

the maximum of V is % we get

Togne_Lyo_ Lyea o (L2 s1lyay 1
Bz(f) = 2f y4f +E_( 2f +v 4f )+4y*, (22)

where y* = |y |. Equation (22) can be rewritten as

11y
f ‘ﬁ[ =% f J (23)
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The solution of (23) is given by

1

Y

Thus, the solution of (16) is given by

A(E, 1) —%tanh[ \/;_B g) ei". (25)

0,8

0,6

0,4 4

0,2

T T
8 6 4 2 1] 2 4 6 8

Figure 2. Dark soliton for y = =1 and § = 1.

As an illustration we choose y = -1, B =1, the wave amplitude is the
modulus of A. The wave amplitude with respect to & can be seen in Figure 2.
The solution is not suitable for surface water wave equation. Therefore for y
negative, the AB equation was not describing solitary wave. The solution
(25) is called dark soliton.

While for the case of V., it is required that the water is in rest at infinity,
then fand f' are zero for & tends to infinity, therefore it gives E = 0, and

we get

2 12 1c4 (Y2 1c4
B(f) =45 f y4f+E_(2f y4fj. (26)
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Choosing g = \/g f and doing some modification, we can rewrite (26) as

, 1
(97 =5@-9%9" 27)
From the expression (27), we get
g
g(§) = sech(—j. (28)
VB
So, the solution of (16) for y positive is given by
2 £ it
A, 1) = \/: sech(—je : (29)
VB
(4] *
s s ” 2 2 2 ‘ 6 8

Figure 3. Bright soliton for y =1 and § = 1.

By the same way as for the solution (25) but here y =1, the solution
(29) is called “bright soliton” or soliton (see Figure 3).

4. Comparison of the NLS-type Equation

For the modified KdV (mKdV), the equation with exact dispersion
relation (see [1, 5]) is

om + (=0, )n + %axnz 0. (30)
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The coefficients 3 and y of its NLS-type equation are given by
1 ., 9
B =5 (ko) and y = 7 ko(og +02)

with

-1 and = Ko
" Qkg) - Q(0) © 27 20(ke) - Q2Kp)

S0

Equation (30) is in non-dimension form. The relation between the normalize
variables and the physical variables is given by mnp = hm, Xjgp = hx,

h k
tlap =t (E) Kiab = 17 @lab = © (%)

By using the above relation for the AB equation, comparison between
coefficient of NLS-type of AB and KdV can be seen in Figure 4. The
coefficient B of NLSug is the same as of NLSyqy (see Figure 4) since their

dispersion relations are the same. The coefficient  is always positive.
Next let us consider the value of y. For long wave case (small k), the
coefficients y of NLSapg and NLSkqy are really closed. However, for the

short wave case, the coefficient y of NLSg is larger than y of NLSyqy . The

order of coefficient y for NLSpg and NLSkq, are (’)(k5/2) and O(kg/z),

) NLS
respectively, such that the order O(Y—AB) ~ k.
P y YNLSkqv

Since the solution is occurred for By > 0, and we know that > 0, so
there is critical wave number Kk such that for k > kg, Py > 0. For
NLSag, Kerit = 1.47 while for NLSkqy, Kerit =1.15 and 1.46 < Keyjt <

-1
4.24 for BBM (see [1]), which has dispersion relation o = k(l + % kzj .

Observe that although the dispersion relations of mKdV and AB equation
are the same, but their kg; are different. This is caused by the effect of

nonlinearity term of each other, as we know that their nonlinearity are
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different. kgjt of NLSup is closer to the value ~ 1.36 which is found when

the wave groups are considered for the full set of equations describing
surface waves on a layer fluid [4] than of NLSkqy .

According to sign B and y where wave groups that are relevant for
laboratory experiment only exist when their sign are positive, Table 1 shows
summarize of sign of § and y for each equation.

Figure 4. Parameters  (left) and y (right) for NLSpg (line) and NLSkgqy
(dot) at the top, and for NLSpg (line) and NLSggy, (dot) in normalize
parameter.



Wave Group Evolution in KdV-type Model

41

Table 1. The table of kg; for various models with their dispersion relation

Model Dispersion relation Laboratory wave groups
1. . .
KdVv k(l—gk j impossible
1,1
BBM k(l—gkzj for 1.46 < k < 4.24
mKdV k4/(tanh(k)/k) k > kgpit = 1.15
AB k4/(tanh(k)/k) K > kepit = 1.47

5. Conclusion

In this paper, we studied the derivation of envelop equation which is
called NLS equation. By using the AB equation as a uni-directional wave
equation, it was shown that the amplitude equation for wave groups not only
depends on the dispersive properties, but also depends on nonlinearity of the
models. Although the dispersive property of AB equation is really the same
as the modified KdV equation in [1], the critical k for each equation is
different. The critical k for AB equation is closer to the value that found
when wave groups are considered for the full set of equations describing
surface waves on a layer fluid [4]. It is caused by the nonlinearity of the AB
equation which is different from the KdV equation.
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