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Abstract

In this paper, we focus on investigating the traveling of bi-chromatic
wave in the hydrodynamic laboratory. For the purpose, we use KP-
type equation as a wave model. The equation is known as a water
wave equation with two spatial dimensions proposed firstly by
Kadomtsev-Petviashvili. Different from the other KP, in this paper, we
propose the KP-type that contains the AB equation as a unidirectional
equation. AB equation is an improvement of Korteweg de Vries
(KdV) equation. The AB equation can be interpreted as a higher order
KdV for wave about finite depth and in certain approximation it
becomes the KdV equation. The solution is obtained by using the
asymptotic method up to the third order. We also use the bi-chromatic
wave as a signal input in the solution. Then we simulate the bi-

chromatic wave propagation in the KP.
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1. Introduction

KP-type equation is a water wave equation with two spatial dimensions
but mainly propagates only in one direction. Firstly, the KP equation was
derived by Kadomtsev-Petviashvili in 1970. The equation is a generalization
of the Korteweg de Vries (KdV) equation for two spatial dimensions
[3, 8]. The equation is also a well-known model for dispersive, weakly
nonlinear and almost unidirectional waves [4]. In this paper, we concentrate
on studying the traveling of bi-chromatic wave in KP-type equation that
contains the AB equation as a unidirectional wave model. The equation is
then called in this paper as KP,p.

AB equation is a new type of KdV equation. The model is an
improvement of the KdV equation and can be interpreted as a higher order
KdV equation for wave above finite depth and in certain approximation
it becomes the KdV equation [2, 5-7]. The model has exact dispersion
properties and the nonlinear terms of the model are also improved to include
the effects of short wave interactions.

We first study the solution of KP,p using the third order asymptotic
method and taking the bi-chromatic wave as a signal input. The bi-chromatic
is a sum of two monochromatic waves with the same amplitude and different
wave numbers and frequencies. We choose the bi-chromatic wave because
in practical situation the dispersion and nonlinearity develop much more
complex wave phenomena such as large envelop deformations and breaking
as reported in [9, 10]. The paper is organized as follows. In Section 2, we
discuss the water wave model that we use in the paper. The asymptotic

method is applied to solve KP,p and choosing bi-chromatic wave as a signal

input is discussed in Section 3. In Section 4, we discuss the simulation of bi-

chromatic wave propagation using KP,p and the contribution of each term

in KP solution. Conclusion is given in Section 5.
2. Mathematical Model Equation

The wave equation that describes wave propagation with two spatial
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dimensions is given as follows. We start from the simplest water wave

equation in x-direction
o/n = cgorm. (1)
Equation (1) can be rewritten as
(0 = 00x)(0; + g )n = 0. 2

Equation (2) describes the water wave equation that propagates to the
right and left in x-direction. For the right direction of the equation
om + cpd,m = 0, it gives the dispersion relation ® = cyk,. Meanwhile for
the wave propagating in multi direction with mainly in x-direction has

k, << k,, therefore the dispersion relation is given by:

® = cohpy1 + (ky k)

2 2
1k 1 K

~ cokx[l + Ek_;J = co[kx + Ek—yJ 3)
X X

In other way, in differential equation form, equation (3) can be rewritten as
-142
om= _CO(axn + 0, ayn)' 4)
In more appealing way, equation (4) can be rewritten as

C
0.[om + o]+ 5-a3n = 0. 5)

Equation (5) is known as the standard of KP equation including the
unidirectional wave equation in x-direction only as the simplest wave

equation Om + cpd,n = 0. Meanwhile the KP-type equation will be

obtained as

1 3 C
6{% +o,m+ gafm + Enaxn} + joain =0, (6)
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if we take the wave equation in x-direction as the classical KdV equation

| 3
oM+ 0,M + 0 + 30 = 0. (7

In the same way, modified KdV equation with exact dispersion relation
proposed in [1] gives the KP equation as

. . 2 €0 A2
d.[om + iQ(=id, )n + 66,m" ] + 7ann =0, (8)
where the wave equation in x-direction is given by

oM + iQ(—id )n + c6,m> = 0. (9)

In this paper, we discuss the KP-type equation using the AB equation in
[2] as a unidirectional wave equation given by

ax[ﬁm + @A[n + %A(nAn) - %(An)2 + %B(an) + %(Bn)zﬂ

C
+ 705% =0, (10)
with the AB equation given as:
1 1, o 1 1,2
om = —Vgd n+5 AmAn) = 7 (4n)’ + 5 BmBn) + £ (Bn)* | (D)

where m represents the elevation of wave, 4 = 8"\/_6' and B = \/EC_I
g

represent pseudo-differential operators with symbol C(k) = %, Q(k) =

tanh(khy )
kg

then denote the KP equation in (10) by KP,p. The derivation of KP,p also

cok , ¢o =+/ghy and g represents acceleration gravitation. We

can be seen in [4].
3. Asymptotic Solution of KP with Input Bi-chromatic Wave

In this section, we discuss the solution of KP,p equation using third
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order asymptotic method. The method is used also in [5-7], when they solved
the KdV equation and the AB equation. By using the third order asymptotic
method, the elevation n is expanded in power series in € up to third order,
and written as

n= sn(l) + azn(z) + 83T](3). (12)
Substituting (12) to the KP,p (11) and collecting the terms g, &2 and 83,
we obtain three partial differential linear equations as follows:
¢
ox@m" + gy + Lo <o, (13)

0,(0m™® + Jgan®) + 230
g 5 AOan®) - 5 (any

S 1 , (14)
+5 B V8n®) 4 (B

0,(0m®) + Jgn®) + L ain®
_ ax(_@ AB AW an@ 1 0@ )
_ %(AH(I)AT](Z) + AT](Z)ATI(I)) + %B(H(I)BH(Z) + T](Z)Bn(l))

+ %(Bn(l)Bn(z) + Bn(z)Bn(l))D. (15)

In the first order equation (13), we choose bi-chromatic wave which is the

sum of two monochromatic waves with amplitude a, frequencies ®;, ®;;
and wave numbers &, and k,, respectively, in x- and y-directions. We write

the bi-chromatic in the form

n(l) = a(eie1 + 92 )+ c.c. (16)
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where 0 = kyj,x + k), y —of, 0y = kyx +kp,y — 0yt and c.c. represents
the complex conjugate.

Substituting equation (16) into (13) obtains the relations between wave

number k and frequency o as follows:

2

co ki
o = Q(klx)+7°—k1y : (17)
X
0] k22y
0y = Q(kzx)+7—k2 , (18)
X

where

/tanh ki h

Q(klx) = COklx k( }llx _0),
1x"*0

tanh(ktho)

ko) = cokyy|—F 5
2xM0

The relations in equations (17) and (18) are known as exact dispersion

relation of the KP,p.

By using the asymptotic method for solving the AB equation will
produce the resonance term in the third order solution as reported in [5-7].

The same condition for the KP,p in handling the problem, we can correct

the other parameter of the wave. Here, we use Linstedt-Poincare method for

handling it by expanding wave number & as a power series in € as follows:
ke = K 4 ekl) + 2D =12 (19)
The first order solution (16) will be given by

n(l) = ar(eiel + eie2) +cc. (20)

; (KO gD 4 o24(2) (0) M o202y oy =
with 0 —(ij +eky + ek )x+(kjy +eky) + ek, )y-—ojt j=1,2.
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The exact dispersion relations (17) and (18) will be obtained as follows:

o k07
wJ-:Q(k(O))+20 J(yo); =12, 1)

where

o tanh(£ )y )
= C I

Q(k§2)) k(o%
Jx

;o J=1L2 (22)

Figure 1 shows the relation between kl()(c)) and kl(g) that is suitable for

assumption of the KP,z for various .

1.6 7
1.4 A

.81
06y

il

Figure 1. Relation of wave numbers in x-direction (k) and y-direction

(ki) for various o.

Substituting the first order solution (20) into (14) and applying Taylor’s
expansion to the operators A and C about k)(CO) obtains the second order

equation as follows:
0.(0,m? + Jgan@)+ L CO 20 + akV (o - ik kO (KO + 20 (kD)) ™

+akll)(o - DRV HY) + 20(H)))e>
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- kl(g)kl(;)coaeiel - kg(;)kgljcoaeiez

= (xleZiel + oczeZiez + a3ei(91+92) + (x4ei(91_92) + c.c. (23)

It should be noted that in equation (23), we drop the sign of hat (*) for
simplicity. The right hand side of equation (23) is the interaction between
the first order solution and itself. The coefficients of each term are given as

follows:

o = —2ik1(§)@a2[ A2,y a0y + L A(k(o))Az(zkl(g))
1B 00) 4k + 1 B(k(O))B(zk(O))A(2k1()?))},
= —2ik§§)@a2[ A2 4Ky + L 5 AU 4> k(0
1 B20) 4k) + B(k(o))B(zk(O))A(zk(O))}
ik + k) ga [ LAY 4 0) 40 + 10
+x (A(k(o)) + AN A2 (kO + 10y
+= B(k(o))B(k("))A(kl(g) + k%)
L 0®) + B B + B) Ak + kgg)g)},
oy = — ik — KDy Jg a[ AGKO)AGD) A — 1))

1
+ L (AKD) ~ AR £ ROKY)
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3 B BED AR - )
L 0®) + B B — k) AR - & (?))}.
In this second order equation, we also get the first wave numbers correction
given by:
*D. £y =,05 ;=12 (24)

therefore, equation (24) will be
¢
0,(0m™® + Jgan®) + 230

= ocleZiel + oczeZiez + (x3ei(91+92) + oc4ei(91_92) +cc. (25)
The second order solution from equation (25) is chosen to be of the form
n(z) = a2162i91 + a2262i62 + a23ei(61+92) + a24ei(91_92) + cc. (26)

The coefficients of the second order solution are obtained by substituting

equation (26) into (25) and given as follows:

a1 = (4k(0)0) + 2ik, 0)\/_14(2]{(0)) Zco(kl(;)))z) ’
ary = %2

2 Do, + 200 g 42kD) - 26y (k0)?)
a a3

.
(kY + D) (01 + @3) + g AR + KN = 2 (k) + k(o))

4

(K K5 (0~ 02) + iV (k) —15) = T (k) — k)

(@27
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Meanwhile the third order solution can be found by substituting the first
order solution (20) and the second order solution (26) into (15) as given by

0,0m™ +Jgan)+ L ain®

kl(z)w ae'® 2k(0)k(2)C(k(0))ae 1)k(l)C(k 0))ae
' i C i
~ KOKOKDC (D) ae™ = kDK + 2kk(D) ae™
+
+ KPw,ae™ - 206D (kD) e - kKD C(k(D) ae™

ORI RD) 0™ — G + 20

4k( )w1a2162'91 + 4k(1)w2a2282'92 + (k(l) + k )((nl + @) apye’*102)
+ (KD = kD) (0 = 05) azge™®02) 4 (8K Ok Dc(2k(?) - 8K Ok Dk D (2k(V))) ay >
+ (8K D 2k0) - 8k Ok kD (260)) aype?®2

+ (2069 + KDY KD + kD) ek + 60) = (1O + KOV (D + E) (kD + kD)) apse?™ |+ cc.

+

(KD KD~ KD K2~ 0 - K0P R - K™

- 4C0k1()(3)k1(;)021€2i91 - 4C0k£(;)k£{v)azz€2i92 - Co(kl(g) + ké())}))(kl()l) + kgl)}))az3€i(el+92)

_ co(kl(g) _ ké(;))(kl(;) _ kély))az4ei(el’92)

_ Bt 4 B0 +B3ei(29++9,) +B4ei(29,+9+) +B5€i(29*_9’)

i(20_

+ Bge 0 4 [37616* + Bgeie* + c.c.

Since (k(l) k(l)) = (0, 0) and (kglx), k(l)) = (0, 0), we get

Ix >
0,0 + Jgan®) + %Oain(”

(P = 26V = KO kD) - Kok ae™
N
+ (k520 - 24 (kD) - KR (k) - ko)) ae®

= B 4 BaedO- 4 Py £i(20,+0.) By £i(20_+6,) +Bs £i(20,-6.)

i(20_-90,)

+ Bge + Be'%* + g~ (28)
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with

- -3ik0g [—— aay AGKD) 42k ) + = aa21(A(k(0)) + A2K) 43Ky
+ 2 aay BHD)BEKD) + 3 aay (BHD) + B(2k(0)))B(3k(O))} AGBKY),
B = ~3ikNg | 5 aans S ACKE)) + 3 aan (ALY + 4K AG3HY)
5 B BOASY) + 5 aann(BY) + A BORE) | AGHD),
= —i2k + k) g [—% aays AO) AR + 1Y) ~ T aay AKYD) A4
a3 (D) + A + KD + 5 aay (A + ACKD) JACHD + k)
+ L aaysBH) B + k) - Ly BUL) BKD) + ( aary(B(K)
+ B + K0 + L aan (BRD) + BA g)))jB(zk(o) i) )} A 1 K0,
4 = =29 + k) /g [ = aaps AGK) A9 + k) - aazzA(k(O))A(2k§?C))
" G aays (AGR) + AR + K0) + L aa(AD) + A(zkg?)))j 42K 4 1))
5 aansB) B + K1) - S aan B B+ aars (BUY)
+ B + KO)) + L aary (BUD)) + B ))jB(zkg?) ' kff?)} A9 1 £0)),
Bs = —i2kY k) /g [— aary A ) A(KO — ) + = aaZIA(k(O))A(Zk(O))

(aa24(A(k(O))+A(k1(3) KO+ L aaZI(A(Zkl()?))—A(k(o))))A(Zk(O) 1Y)
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+ 2 a0y B ) B ~ D) - L aay B(1D) BKD) + ( aary(BH)

+ B — k) + %aa21(8(2k1()?)) - B(kg?)))j Bk - i) )} A2k -0,

Bs = —i(2k? — k) /g [ aang AG) A K0 + L aay akD) 421D

" (% aasg(AGS)) ~ A ~ KO)) + L aay (a(240) - A(k“))))j A2 — 50

+ L aany B BUD) ~ kD) + L aaypBHD) BKD) + ( aarg(BKY)

+ B + £y 1 1 aazz(B(k(O)) N B(zk(o))))s(zkgg) _ k(o))} AR — k),

B, = —ik Vg [ aas A(klo))A(zk(O))——aa2 A 4k - K0y

I —

+ = aays A(K) 4k + )

1 1
5 aan (ACKD) — (D) + 5 aary (A ~ kD) + ()

7 \ \S]

1
+ L g (a0 + 1) - A(k(")))jA(klO))

Eaaz1133(140))3(2/40))+ aar B B — 10y

+ Eaa23B(k(O))B(k1(O) + k(O)) + (2 aaZI(B(Zk(O)) + B(kl(g)))

+ 2 aary(BHD — k) + BRY)

+ L aays(BHD + K0 + B(k(o)))jB(k(o))} A,
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. 1 I
Bs = —iki") g [5 aan AGKS)) 4(2kS)) + 5 aarg Ak Ak — K5)

1 1
+5 aays ALY AGKY + k) + (5 aay(A2KS)) = A(KY)))

+ 5 aang(-AKD ~ D)+ AR + 5 aars (AR + K - A(kfg)))j A

1 1
+ 5 aay B BOKLY) + 5 aay BIKY) BUY) — k)
1
+ 5 aaysBIEY) B + )
1 1
(g aan(BRE) + BUS) + aany (B - 1) + B+

+ 2 aayy(BUD + K0 + B(kl(g)))jB(kl(g))}A(kg )

From equation (28), we get the wave number correction kl(f) and

kl(sz) for the first monochromatic and kgc) and kgzy) for the second

monochromatic
a(kP (o1 - 2Pk D) - KVRDC D) - KDk = B
a(k{) (0 = 20C(k0)) - KDV K)) - Kokl = Bs. (29)
Moreover, the total wave number of the bi-chromatic is obtained as
(ks fay) = (2, k) + (62, K2,

(koo bay) = (652, K9) + (K52, &) (30)

X

with (kl(f ), kl(f))) and (kgi), k%)) satisfying (29). Therefore, the third order

equation (28) will be
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3 3 €0 ~2..(3
2 (om™ + Jgan®)+ joayn( )

— Ble3i91 + Bze3i92 + B3€i(291+e2)

i(292 +91) i(261—62) i(262 —61)

+ B4e + B5e + B6€

The solution of equation (31) can be chosen as

3i0 i(20,+6_)

1’](3) = a31e3le+ +azpe” T + azze + azge

+ a35ei(2e+_e*) + a36ei(2e*_9+) + c.c.

+ c.c.

i(20_+90,)

€2))

(32)

We get the coefficients of the second third order solution by substituting

(32) into (31) in the form

a3 = Py
. 9 ’
3k Goy + iV AGH) - =2 (KY))?
az; = P2
30 (-3i0; + g AGKY) - 258 (1))
433 = Ps ’
12k + K (=i20; + 0y) + g 42k + K2)) - L0 (26O 4 10y
1x 2x 1 2 1x 2x 2 ly 2y
ayy = B4 ’
i(2k5) + K) (=20, + o) + g ARk + KDY = 2 (2k5) + )Y
ays = Bs - ,
(2K = K)oy — 0y) + 2 ACKY = K) = 2 2K0) + k)
a6 Pe

(2K = kY (i(20; = ) + g AQKY) — KY) -2k - )Y |

We summarize that the solution of the KP,p using third order

asymptotic solution with the bi-chromatic wave as a signal input is given by
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@ 4,

n= n(l) al
with n(l), n(z), n(3 ) given by equations (20), (28) and (36), respectively.

4. Bi-chromatic Wave Propagation in KP,;z Equation

In this section, we simulate the propagation of bi-chromatic wave

in KP,p for various time with the parameter amplitude a = 0.1771m,

ki, = 1,2511/m, kyy = 1,1617/m related to frequency ® = 3,14rad/s.

For t = 0, we have the bichromatic wave in the source and also the

direction of wave propagation can be seen in Figure 2.

INCUURRT

4

Al \\\m\

o 10 20 30 40 50 B0 70 80 90 100
%

Figure 2. The bi-chromatic signal at ¢t = 0 (left) and the direction of wave

propagation (right).

The contribution of second order and third order solution of the KP,p in

the position ¢ = 0 can be seen in Figure 3.

The second and third order solutions give contribution to the
amplification of amplitude of the first order solution. We then simulate
the bi-chromatic wave propagation at ¢ =120s. After 120 seconds, the

amplitude of wave increases to 0.2m, and the signal at that time can be seen

in Figure 4.
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(b) ©

Figure 3. The second order solution n(l) (left) and the third order solution

n(z) (right) that contribute to the first order solution n(l).

Figure 4. Signal of bi-chromatic wave at ¢ =120s for a = 0.1771m,
ki, = 1,2511/m, ki, = 1,1617/m.

5. Conclusion and Remark

In this paper, we studied the traveling of bi-chromatic wave in the
hydrodynamic laboratory based on KP-type. By using third order asymptotic



Traveling of Nonlinear Bi-chromatic Wave ... 115

method, we obtained the third order asymptotic solution of the KP with
bi-chromatic wave is taken as a signal input at the source. We also studied
the bi-chromatic wave propagation using the solution of the equation. In the

first order solution, we have result that the dispersion relation of KP,p is

satisfying the requirement of the wave number in the KP equation. Two
wave number corrections that we obtained from the third order solution
depend on each other. While the second and third order solutions give
contribution to the first order solution and the parameters of the bi-chromatic
are so significant effect to the first order solution. One of the effects can
produce resonance term if the frequencies are close to each other.
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